Chapter 7 Techniques of Integration

7.1 Integration by Parts

Concepts and Vocabulary
1. True.
2. uwv— [vdu

Skill Building

3. We use integration by parts with u = x and dv = €2* dz. Then du = dz and v = $e**. We

obtain
1 1
2x _ ~ 2 _ ~ 2z
/xe der = x<2e > /26 dx
/62:” dx
1
(3) +e

1,..2x _ 1 2z
Sxe e +C|

N = N =

4. We use integration by parts with v = x and dv = e 3* dz. Then du = dx and v = —%e_%.

We obtain
1 1
/xe‘Bm de = x(—ge_&”) —/(—56_3””) dx

1 1
= ——3$8731 + 3 /6731 dz
1/ 1
—3x —3x
= + +C
e 3 ( 3° )

= —%xe_% — %8_31 + C'|

5. We use integration by parts with v = x and dv = cosxdx. Then du = dx and v = sinx.

We obtain
/xcosxdw = xsinx—/sinxdw

= zsinz — (—cosx) +C

= ‘:vsin:v—i—cosgc—i—C‘.
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6. We use integration by parts with v = 2 and dv = sin (3z) dx. Then du = dx and v =
2(—cos (3z)) = —3 cos (3z). We obtain
1 1
x| —3cos (3z) ) — 3 cos (3x) ) dz

/ x sin (3x) dz
1

1
— g cos (3z) + 3 /cos (3z) dx

1 1/1
—gTcos (3x) + 3 <§ sin3x> +C

= |—zxcos(3z)+ $sin(3z) + C|

7. We use integration by parts with « = Inz and dv = /x dz = /2 dz. Then du = % dx and
v = 223/2. We obtain

/\/Elnxda: = (lna:)<§x3/2) —/<§x3/2) (é) dx

2 2
= gsv?’/zlnx—g/:vl/zdx

2 2(2
§I3/2 Inx — g <§I3/2) + C

= %x?’/anx—%xg/Q—i-C’.

8. We use integration by parts with u = Inz and dv = =2 dz. Thendu = 2 dzandv = —z~ 1.

We obtain
/x_2lnxdx = (Inz)(-z7") —/(—x—l)(é) dz

1
_ﬂ+/x—2dx
X

= |-kz_140|

x x

9. We use integration by parts with u = cot™!  and dv = dz. Then du = (—ﬁ) dx and

(cotlx)(x)—/(—ﬁ)(x) do

= xcotflx—l—/?xﬂd:r.

Let u =1+ 22, then du = 2z dz, so zdx = d2—“. We now substitute and obtain

1d
/cot_lxd:v = :vcot_lx—i—/——u
u 2

v = x. We obtain

/co‘f1 T dx

1 1
= :Ccot_lx—i——/—du
2 U
1 1
= zcot :c+§ln|u|+0

= xcot_1x+%ln|1+x2‘+0

= xcotflx—l—%ln(l—l—xz)—l-C’.
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1

10. We use integration by parts with © = sin™'z and dv = dz. Then du = —— dz and

11.

12.

V1—x2
v = x. We obtain

/sin_lxda: . (sin_lx)(x)—/<ﬁ>(:c)dx

= xsin~

1x—/*dw
Vi—a2

Let u =1 — 22, then du = (—2x) dz, so xdz = (—%). We now substitute and obtain

1 d
fartese = oo [ 324
= :zrsin_la:—l—%/u*l/zdu
.1 1 1/2
= Isn :C—|—§(2u )+C

= ‘xsinflx—l—m—i—(}".

We use integration by parts with u = (In :v)2 and dv = dx. Then du = 21% dx and v = x.

We obtain
/(ln:c)zd:r = (1na:)2x—/:c<21nx>d:c
x

z(lnz)® — 2/1nxdw

We use integration by parts again with v = Inx and dv = dz. Then du = % dr and v = .

We obtain
/(ln:c)de 2(lnz)? — 2 [(ln:c):c - /;c@) d:c}

= z(lnz)* -2 [(ln:c):c —/lda:]

= z(lnz)® —2[(nz)z — 2] +C

= |z(lnz)® —2zInz+ 22+ C|

We use integration by parts with u = (Inz)* and dv = zdz. Then du = 21% dx and

v = %:102. We obtain
21 5 _/ 1 5\ (2nz
(Inz) (2:10 ) 5% — dx

/x(lnx)2 dx
%xz(lnxf—/xlnxd:r

We use integration by parts again with v = Inx and dv = xdx. Then du = %dw and
v = 3x?. We obtain
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/x(lnx)de = %ﬁ(m)? - [(m@@ﬁ) —/<%x2> (é) d:c}
1
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13. We use integration by parts with v = 2% and dv = sinzdr. Then du = 2zdx and
v = —cosx. We obtain

/a:Qsin:rda: = xQ(—cosx)—/(—cos:c)@x)d:c
= —a:2cos:c+2/:1:cos:1:d:1:

We use integration by parts again with v = 2 and dv = cosxdz. Then du = dzr and
v = sinz. We obtain

/:CQSin:vd:v = —z%cosxz +2 [xsin:v—/sinxdw}

= —xQCosx+2xsinx—2/sinxdx

= —x?cosx 4 2xsina — 2(—cosxz) + C

= —ZCQCOS$+2$Sin$+2COS$+C‘.

14. We use integration by parts with u = 22 and dv = cosz dz. Then du = 2z dr and v = sin .
We obtain

/:c2 coszdr = :cz(sina:)—/(sinx)(zzr) dx
= xzsinx—2/:zrsinxd:c

We use integration by parts again with v = z and dv = sinxzdx. Then du = dzr and
v = —cosx. We obtain

/xzcosxd:v = z’sinz—2 {x(—cos:v)—/(—cos:v)dw}

= xzsinx+2xcosx—2/cosxda¢

= :czsin:c+2xcos:1:—2sin:1:—|—0‘.
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15.

16.

We use integration by parts with « = z cosx and dv = cosx dx. Then du = (—z sinz + cosz) dx
and v = sinz. We obtain

/:vcos2xdx = (zcosz)(sinx) —/(sinx)(—xsinx—i—cosx) dx
= xcosxsinx+/xsin2xdx—/cosxsin:vd:v
= xcosxsinx—l—/x(l—cosQ:z:) da:—/cos:csin:z:d:z:

= :rcosa:sin:c—l—/xd:c—/xcoszzcd:c—/cosxsin:cd:c.

We add [z cos? x dz to each side, and then let u = sinz, so du = cos z dz in the remaining
integral. Upon substitution, we obtain

1
2/xcos2:cd:c = xcosxsin:c+§:1:2—/udu
, 1, 1,
= :vcos:vs1nx+§:v —§u +C
. 1, 1 . 5
= xcosxsmx—l—ix _§SIH z+C.

Finally, we divide by 2 to obtain

/:Ccos2xdx: %xcosxsinx—i—% 2—isianc—i—C’.

We use integration by parts with « = zsinx and dv = sinz dx. Then du = (z cosx + sinz) dx
and v = — cosxz. We obtain

/xsin2xdx = (a:sinx)(—cosx)—/(—cos:z:)(:z:cosa:—l—sinx) dx
= —xcos:z:sinx+/xc032xdx+/cos:1:sinxdx
= —xcosxsinx+/x(1—sin2x) dx—i—/cos:vsinxdx

= —xcosxsinx—i—/xdw—/xsin2xd:v+/cosxsinxd:v.

We add [z sin? z dz to each side, and then let u = sinz, so du = cosz dz in the remaining
integral. Upon substitution, we obtain

1
2/:1:sin2a:d:1: = —:ccos:csinx+§x2—|—/udu

: +1 2+1 2
= —xcoswsinz+ 2"+ -u
2 2

. 1, 1.5
= —xcosxs1n:1:—|—§x —|—§s1n x.

Finally, we divide by 2, add the constant of integration, and obtain

/:Csin2:vd:v = —%xcosxsinx—i— %ZC2+ %sinQ:C—i—C .
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17. We use integration by parts with « = x and dv = sinh z dz. Then du = dx and v = cosh x.
We obtain

/xsinh:vd:v = xcoshx—/coshxd:v

= |xcoshx —sinhz + C'|

18. We use integration by parts with v = x and dv = coshz dz. Then du = dx and v = sinh x.
We obtain

/:Ccoshxdx = xsinh:v—/sinhxd:v

= |xsinhz —coshx + C'|.

19. We use integration by parts with u = cosh™ z and dv = dz. Then du = \/% dx and

v = x. We obtain

1
cosh ™' xdxr = (cosh™ ' z)z — /x<7> dx.
/ ( ) V2 -1

Let u = 22 — 1, then du = 2z dzx, so xdx = ‘12—“. We substitute and obtain

/COSh_1 rdr = xcogh_l xr — /u_1/2 d7u

1

= gzcosh™ 'z — 3 /u_1/2 du
1

= ZCCOSh_l xr — 5(2\/’[7) + C

= ‘xcosh_lx—m—kO‘.

20. We use integration by parts with v = sinh™' 2 and dv = dz. Then du = \/%H dx and

v = x. We obtain
1
/sinh_lxd:c = (sinh_lx):zr - /:1:<7) dzx.
2241
Let u = 2% + 1, then du = 2z dz, so x dz = %*. We substitute and obtain
: -1 . —1 —1/2 du
sinh™ " zdxr = xsinh™ z— [ u £
S R ey
= gxsinh™ z — 3 U du
1
= gsinh 'z — 5(2\/5) +C

= ‘xsinh_lx—m—l—C‘.

21. We use integration by parts with v = sin (Inz) and dv = dr. Then du = w dx and
v = z. We obtain

/sin(lnx)dx - (sin(lnx))x—/x(w>dx

T

= zsin(Inz) —/cos (Inz) de.
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22.

23.

We use integration by parts again with « = cos (Inz) and dv = dz. Then du = %ﬂnm) dx

and v = z. We obtain
/sin (Inz)dr = xsin(lnzx)— [(cos (Inz))z — /x(%(lnx)) d:v]
= zsin(Inz) —zcos(Inz) — /sin (Inz) dz.

We add [sin(Inz)dz to each side, divide by 2, and add the constant of integration to
obtain

2 / sin(Inz)dr = xsin(lnz)—zcos(lnz)+C
. 1 . 1 ,
/sm (lnz)dez = g@sin (Inz) — 5T cos (Inz) + C =| 3 [sin(Inx) — cos (Inz)] + C ‘
We use integration by parts with u = cos (Inx) and dv = dz. Then du = %ﬁm) dx and

v = x. We obtain

cos(lnz)dr = (cos(lnz))z— [z —sin(lnz) dx
/ /

X

= zcos(Inz)+ /sin (Inx) dz.

We use integration by parts again with u = sin (Inz) and dv = dz. Then du = W dx
and v = x. We obtain

/cos(lnx)dx - xcos(1nx)+[(sinanx))x—/x(‘m;ﬁ) d:v]
— zcos(Inz) + zsin (Inz) — / cos (Inz) da.

We add [ cos(Inz)dz to each side, divide by 2, and add the constant of integration to
obtain

2/cos(lnx)dx = zcos(Inz)+zsin(lnz) + C

/cos (Inz)de = |3zcos(lnz)+ izsin(lnz)+C|

In

We use integration by parts with v = (Inz)® and dv = dz. Then du = 3% dx and

v = z. We obtain
2
/(111:17)3 de = (lnx)gx—/x<M> dx
x

= x(lnx)3—3/(lnx)2 dzx.

We use integration by parts again with v = (In ,T)Q and dv = dz. Then du = 21117:5 dx and

v = x. We obtain
2(inz)’ — 3 [(ln:v)2(x) - /x(2ln7x) d:v]

/(1n:v)3 dx
z(nz)® — 3z(nz)” + 6/lnxdx.
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We use integration by parts again with v = Inx and dv = dx. Then du = % dx and v = x.

We obtain
/ (Inz)® da

z(nz)® = 3z(Inz)® + 6 [(lnx)x - /x(l) d:v]

xT

z(lnz)® — 3z(lnz)® + 6z lnz — 6/ dx

= |z(nz)® —3z(nz)® + 6zlnz — 6z + C|.

24. We use integration by parts with v = (Inz)* and dv = dz. Then du = 4@ dx and

v = z. We obtain
/(1n:v)4d:v = (1nx)4x—/:v<4(lnTx)3> dx
= z(nz)! - 4/(11196)3 dx.

We use integration by parts again with u = (Inz)® and dv = dz. Then du = 3% dx

and v = x. We obtain
2
z(lnz)* —4 [(lnx)?’:v - /I<M> dx]
T

/(11196)4 dx
z(Inz)* — 4z(Inz)® + 12/(1n:v)2 dx.

We use integration by parts again with v = (In :10)2 and dv = dz. Then du = 21“% dx and
v = z. We obtain

Inx

/(m)‘*d;p = z(nz)* —4z(nz)® + 12 {(mf(;p) —/x<27) da:]
= z(lnz)" —4z(nz)® +12z(Inz)* — 24/1nxdx.

We use integration by parts again with v = Inz and dv = dz. Then du = % dx and v = .
We obtain

X

/(1”)4 de = z(nz)! —4z(nz)® + 12z(nz)” — 24 {(hm:):c - /x<l> d:c}

= z(nz)! —4z(nz)’ + 122(nz)® — 24z Inz + 24/ dx

= |z(na)' —4z(nz)’ + 122(nz)* — 24z Inz + 24z + C |

25. We use integration by parts with v = (Inz)” and dv = z2dz. Then du = 2122 4z and

V= %:103. We obtain
1 1 1
(lnx)2(§x3> - / <§$3) (2%) dx

/x2(lnx)2 dx
lxg(ln:c)2 - g/502 Inzdx.
3 3
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We use integration by parts again with u = Inz and dv = 2%dx. Then du = % and

v = 12%. We obtain
1 2 1 1 d

/:172(11117)2 dx §x3(1n:17)2 ~3 {(lnx)<§:c3) — / <§x3) f}

1 2 2

§x3(1nx)2 - 5:103 Inz + 9 /:v2 dx

1 2 2/(1
garg(lnzzr)2 - §x3 Inz + 3 <§x3> +C

= |i2¥(ln2)? - 2% na + 22° 4+ C |

26. We use integration by parts with v = (In x)2 and dv = z3dx. Then du = 21“7”” dx and

27.

V= ix‘l. We obtain

/ 2*(Inz)® dx
We use integration by parts again with 4 = Inz and dv = x3dx. Then du = % and

v = %x‘l. We obtain
1 n 2_1 n 1 _/ 1) dz
" (Inx) 5 [(1 x)(4x) 17

/:103(1n:10)2 dx
1 1 1
= 1:1:4(111:1:)2 — §x4 Inz+ g/:zr?’ dx

o () - [ (2e) (2 )

1 1
= Z:v4(1n:v)2 — 5/1'3 Inzdz.

1,0 w1, 1/1,
% (Inz) g% lnx+8(4x +C

= [izt(lnz)® - tating + 552t 4+ C|

We use integration by parts with « = tan™ !z and dv = 2?dx. Then du = H% dx and
v = %:103. We obtain
1 1 1
/:v2 tan txdr = (tarfl x) <§x3) — / (513) (1 m IQ) dz

15 1 z3

Let u = 1+ 22, then du = 2z dz, so xdz = 4. Since 22 = u — 1, we have 2° dz = = du.
We substitute and obtain

1 1 u—1
/J:Qtanflzzrda: = —I?’tanflx——/ 2 g
3 3 u

1 1 1
= §x3tan_lx—6/(1—z) du

1 1
= 5:103 tan~!x — E(U —Inlu|)+C

= %x3tan_1x—%((1+x2) —1n‘1+:v2’)+0

1 - 1 1
= §x3tan 1x—5x2+gln(1+x2)+0

)

where we have absorbed any constants with the constant C' of integration.
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28. We use integration by parts with v = tan™'2 and dv = xdzx. Then du = ﬁ dx and
v = %:102. We obtain

1 1 1
/:ctanflzcd:c = (tanflx) — 2 —/ —z? dx
2 2 14 22
2
= 1x2tan_1x—l/x—da¢
2 2/ 14z

2) _
— %xztanlx_l/(l—’—xi)ldx

1, 1 1 1
= §x tan x—§/<1—1+x2>dx

1 1
= 51'2 tan~ 'z — 5(1‘ —tan! x) +C

= %than_lx—%x—l—%tan_lx—i—C.

29. We use integration by parts with v = x and dv = 7* dz. Then du = dxr and v = % We

obtain
" - 7" 7"
7 x 1 "
= W7 mr)

7" x 1 7
Y ‘m(m) +c

— rx T
- In7 (1n7)2 + ¢l

9=

30. We use integration by parts with v = x and dv = 27%dz. Then du = dx and v = —15.

We obtain
Y B 92— 92—
/2 xdr = (x)(—1n2)—/(—ln2)d:1:

27%g 1
= _ e 271d
In2 + In2 v

_ _ﬂ_Fi _2_1 +C
o In2 In2 In2

_ 2 % g 2T
= |=m2 " T O}

31. Evaluate [ e~* cos (2z)dz using integration by parts.
Let u =e~* and dv = cos (2z) dz.
Then du = —e~%dz and v = [ cos (2z) dx = 3 sin (2z).

Now

/e—m cos (2r)dx = e B sin (2x)] —/ B sin(2:v)] (—e " dx)

1 1
= 5671 sin (2z) + B /efx sin (2z) dz.
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32.

Integrate [ e~*sin (2z) dz using integration by parts again.
Let u = e~ * and dv = sin (2z) dz.
Then du = —e~*dz and v = [ sin (2z) dz = — 3 cos (2x).

Now

/ = sin (22) dz = e~ [—%cos (2;5)} - / {—%cos (2@} (—e* da)
= e eos(2) / e~ cos (22) da

and

1 11 1 1
/e_w cos (2z) dx = 56_”” sin (2x) + 3 [—56_1 cos (2z) — 3 /e_w cos (2x) dw] .

Simplifying, we obtain
_ 1 .. 1 _ 1 _
/e ¥ cos (2z) dx = 3¢ “gin (2z) — 1€ *cos (2z) — n /e ¥ cos (2z) dx.
Add 1 [ e cos (2z) dz to both sides of the equation to obtain
_ 1 _ 1 . 1 _
e % cos (2z) dx + 1/¢ T cos (2z) dx = 3¢ Tsin (2z) — 1€ ¥ cos (2z)
5 [ _ 1o o _
1 /e T cos (2z) dx = 1 [2¢™"sin (2z) — e~ " cos (2z)]

/ e Y cos (2z)dr = % [2e™"sin (2z) — e~ " cos (2z)]

=| e *[2sin (2z) — cos (2z)] + C

Evaluate [ e~2*sin (3z) dz using integration by parts.
Let u = e~2* and dv = sin (3x) dx.
Then du = —2¢~2* dz and v = [ sin (3z) dz = —1 cos (3x).

Now

/ e % sin (3x) dr = e 2® [—% cos (3:0)] - / [—% cos (3@} (—2e7%" dz)

1 2
= —56721 cos (3x) — 3 /67296 cos (3x) dx.

Integrate [ e™2* cos (3z) dz using integration by parts again.
Let u = ¢~ 2® and dv = cos (3z) dz.
Then du = —2e~2* dz and v = [ cos (3z) do = § sin (3x).

Now

/ e 27 cos (3x) dr = e 2" E sin (333)} - / E sin (333)] (—2¢7*" dz)

1 2
= ge*h sin (3z) + 3 /6721 sin (3z) dz
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and
2
/6_% sin (3z) de = —=e ™" cos (3x) — 3 ge_% sin (3z) + /6_% sin (3z) dw}
Simplifying, we obtain
—2x : 1 —2x 2 —2x : 4 —2x :
e~ **sin (3x) dx = —g€ " cos (3x) — g¢ sin (3z) — g | € Tsin (3z) dz.

Add § [ e?*sin (3z) dz to both sides of the equation to obtain
4 1 2
/6_21 sin (3z) dx + 9 /e_% sin (3z) dx = —ge_% cos (3z) — §e_2w sin (3z)
13 -2z : 1 —2z —2x :
— [ e7**sin(3x) dx = ~3 [3e7%" cos (3x) + 2 *" sin (3z)]

1
/6_% sin (3z) dz = ——[3e™2* cos (3z) + 2e~*" sin (3z)]

— _%6*21 [3 cos (3z) + 2sin (3x)] + C

33. Evaluate [ e?*sinz dz using integration by parts.

Let u = €2® and dv = sin z dx.
Then du = 2¢2* dz and v = fsinxdx = —cosz.
Now

/62”” sinz dr = e**(—cosx) — / (—cosz)(2e** dx) = —e** cosx + 2 / e** cosx da.

Integrate [ €2 cos & dx using integration by parts again.

Let u = €2? and dv = cosz dz.

Then du = 2¢** dz and v = [cosz dz = sinz.
Now

/621 coszdr = e sinz — /sin:v (26% dx)
= e sing — 2/629” sinz dz
and
2x o 2 2x 2x _:
/e sinzdr = —e cosx+2(e 31113:—2/6 smxdaz).

Simplifying, we obtain

2T o 2x 2r : 2x :
/e sinzdr = —e** cosx + 2e 31113:—4/6 sin x dx.

Add 4 fe2”” sinx dx to both sides of the equation to obtain

/ezx sinz dx + 4/62”” sinzdr = —e** cosz + 2e** sinz

5 / e sinzdr = —e** cosz + 2e** sinz

/621 sinz dx =

(—62”” cos T + 2€%* sin :1:)

(S

2e*"(—cosz + 2sinz) + C




7.1 Integration by Parts 7-13

34. Evaluate [ 3% cos (5z) dz using integration by parts.
Let u = €3* and dv = cos (5z) dx.

Then du = 3¢3 dz and v = [ cos (5z) dv = L sin (5z).

Now
3x 3x L. L. 3x
e’® cos (bx)dr =e ¢ sin (5z)| — 5 sin (5z) | (3¢ dx)
1 3z : 3 3z s
= e "sin (5z) — [ €7sin (5z) dx.

Integrate [ €**sin (5z) dz using integration by parts again.
Let u = 3 and dv = sin (5x) dx.

Then du = 3e3* dx and v = [ sin (5z) dz = —1 cos (5).

5
Now
3z 2 3x 1 1 3x
e*sin (5x)dr =e 5 cos (5z)| — 5 cos (5z) | (3¢’* dx)
1 3z 3 3z
= —gecos (5z) + | € cos (5z) dz
and

1 3] 1 3
/631 cos (bx) dx = 5631 sin (5x) — R [—ge% cos (bz) + 5 /e3m cos (bx) d:v] .

Simplifying, we obtain
/639” cos (bx) dx = 16396 sin (5z) + ie?’z cos (bx) — 9 /e?’”” cos (bx) dx.
) 25 25
Add 3% [ €3* cos (5x) dx to both sides of the equation to obtain

9 1 3
/e?’z cos (5x) dx + % /e?’z cos (bx) dx = ge?’z sin (5z) + —e** cos (5x)

25
3 /e?’”” cos (bx) dx = 1 (56 sin (5x) + 3¢ cos (5z)]
25 25
1
/e?’”” cos (bx) dx = v (56 sin (5z) + 3¢ cos (5z)]

=| 57€3*[5sin (5z) + 3 cos (5x)] + C

35. We use integration by parts with u = e” and dv = cosx dx. Then du = e® dr and v = sinx.
We obtain

us us
/ewcosxdx = [emsinx]g—/ e’ sinx dr
0 0
K
= [e”sinw—eosinO]—/ e’ sinx dx
0

= [eﬂ(o)—l(o)]—/oﬂemsinxd:r

s
= —/ e’ sinx dz.
0
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We use integration by parts again with u = e* and dv = sinx dx. Then du = e” dx and
v = —cosx. We obtain

[ ercosear = (1 cosafy - [ e cosa) o)

— ([e”(— cosm) — e”(—cos0)] + /07r e’ Cos:vd:v)

(e -101+ [ osra)

T
= —e”—l—/ e” cosx dx.
0

We add fow e” cosz dr to each side, and then divide by 2 to obtain

v
2/ e“cosxdr = —e"-—-1
0
T s
—e™ =1 =
/ ecosxdr = = —62"’1.
O 2

36. Evaluate [ e~ *sinx dz using integration by parts.

Let u = e ™ and dv = sinx dzx.

Then du = —e *dz and v = [sinzdr = —cosz.
Now

/e*z sinxdr = e *(—cosx) — / (—cosz)(—e *dx) = —e “cosxz — /e*z cosz dx.

Integrate [ e~* cosx dz using integration by parts again.

Let uw = ¢ * and dv = cosx dx.

Then du = —e *dz and v = [ coszdz = sinz.

Now

/e cosxdr =e “(sinx) /sm:v zdw)

=e" smx—i—/ *sinx dx

/e_w sinxdr = —e *cosx — (e_”” sinx + /e_w sin x dw) .

Simplifying, we obtain

and

/e_”” sinzdr = —e “cosz —e Tsinx — /e_w sin z dx.
Add f e~ Tsinx dx to both sides of the equation to obtain
/e_”” sinz dx + /e_”” sinzdr = —e “cosz —e Tsinx
2 / e ¥sinzdr = —e”*(cosx + sinx)

1
/671 sinz dx = —§efx(cosx + sinz)
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So,

/2 1 x/2
i dy = — e .
/0 e Psinxdx 2[6 (cosx—l—sm:z:)}o
1
- [e_”/2(0 +1)— (1 + o)}

-[0-7)

37. We use integration by parts with u = 22 and dv = e 3*dx. Then du = 2xdxr and
v = —%e‘zﬁ, We obtain

2 1 2 2/
/ r?e 3 dr = [xz (——831>:| - / <——€3x) (2z) dx
0 3 0 0 3
1 _ 2

4 2 [?
= ——676—{-—/ ze 3% dx
3 3 Jo
We use integration by parts again with v = x and dv = e 3%*dx. Then du = dx and
v = —2e7%". We obtain
2 2 2
4 2 1 1
2 —3x —6 —3x —3x
dr = —- = —= — —= d
forva = Ao 3 (4))
4 4 2 1, 1 I
_ 4 2( o L5\ _of _L-30 _/ 30
36 —|—3({< 36 > O< 38 +3Oe T
4 e 22 s\ T 1 )
- 73 +3(( 3¢ )+3[3e .
_ A e 2(( 2 6\ 1] 1 50 1 50
= 3e +3<< 36 >+3[ 36 3e
B 4 4 2 2 1/1 1 _4
- 73 +3(( 3¢ >+3(3 3¢

—X

38. We use integration by parts with u = 2% and dv = e~® dz. Then du = 2z dx and v = —e
We obtain

/01 e dr = [2? (_e—z)](l) _ /01 (—e) (22) du

= [12(—6*1) — 02(—670)] + 2/ ze Cdx

0

1
= —e_1+2/ rve *dx.
0

We use integration by parts again with v = x and dv = e *dx. Then du = dx and
v = —e *. We obtain



7-16 Chapter 7 Techniques of Integration

/0 Rerdn = el 2<[I(—exﬂé - /0 e dx)

2oa)

39. Evaluate [ zsecz tanx dz using integration by parts.
Let u =z and dv = secx tan x dz.

Then du = dz and v = [ secz tanz dx = sec .
Now

/xsecxtanxdwszecx—/secxdac.

To integrate [ secx dz, multiply secz by secx + tana:

secx + tanx sec? z +secztan
secrdx = [ secv - ————— dx = dz
secx + tanx secx + tanx

Integrate using u-substitution:

Let uw = secx + tanz. Then du = (secxtanx + sec? x) dx.

Now
1 9 1
secrdr = [ —————— - (sec®z +secatanz)dr = [ —du=In|u| =1In|secx + tanz|.
secr + tanx U
(This also could have been found using a Table of Integrals.)
So
/xsecxtanx = zsecx — In [secx + tan x| + C.
Then

/4
/ rsecztanx dr = (E sec = —ln’secE +tanz’) — (0-secO — In [sec0 + tan0])
0 4 4 4 4
:( ln‘\/_—l—l‘) (0-1—1n|1+0])

= ‘/Tiw—ln(\/i—i—l)

40. We use integration by parts with 4 = z and dv = tan?zdx = (sech — 1) dx. Then
du = dx and v = tanz — x. We obtain

/4 /4
/ rtan’zdr = [z(tanz — x)]g/4 - / (tanz — x) dz
0 0
= [Z (tanZ - z) —0(tan0 — O)} — |In|secx| — 11:2 ”
A\ T 2" |,
72 15
16~ {ln ’sec—’ - —(—) <1n|sec()| - 50 )]
™

- <1n\/§—%)
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41. We rewrite flg Inxdx = flg Inz'/?2de = %flg Inz dz. We use integration by parts with
u = Inz and dv = dx. Then du = %dx and v = x. We obtain

9
/ In vz dx
1

/19 Inz dz

! ([(ma:)(ar)]? - /19 “’(é) dx)

3 (lmoy® -~ [ a)
LM )

[9mw3=1]

N~

[\)

Do =

42. We use integration by parts with v = z and dv = csc® x dz. Then du = dz and v = — cot x.
We obtain
3n/4 3n/4
/ resc?xdr = [z(—cot x)]f:;f - / (—cotz)dx
/4 m/4

[37T< cot 37T) W( cot ﬂ-)} + /377/4 cotxd
— | = e — x dx
4 4 4 4 /4

3 ™
<_7T + E) + [1n|sinx|]i/i4

4 4
+ | fsin 27|~ |si ”]
T n|sin —| — In [sin —
4 4
2 2
7T+<1n§—ln§>

[7].

43. We use integration by parts with u = (Inz)? and dv = dz. Then du = 212 4z and v = z.

We obtain

/18 (Inz)® dx

{(1n:v)2(:v)}j - /lx(zl%x) dz

(Ine)*(e) — (In1)3(1) —/821n:cdx

e—2/ Inxdz.
1

We use integration by parts again with w = Inx and dv = dz. Then du = % dr and v = .

We obtain

/16 (Inz)? dx

e—2 ([(m) 2] — /1% dx)
e—2 ((lne)e— (In1) (1) —/18 d:c)

e—2(e—(e—1))
e—2|
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44. We use integration by parts with v = z and dv = sec? x dz. Then du = dzx and v = tanz.
We obtain

/4 /4
/ rsec’rdr = [z (tanx)]g/4—/ tan z dx
0 0
= [%(tang) - O(tan())] [In [sec z])7/4
- [ln}sec%‘ - 1n|secO|]

T
4

= %—ln\/i
1

In2|

45. To determine where the graphs intersect, set 3lnx = xlnz, and obtain = = 3. Since
Inz >0 when 1 <z < 3, we have zlnx < 3lnx on the interval 1 < x < 3 and the area
enclosed by the graphs of f and g is

3 3
/ (31nx—xlnx)dx:/ (3—2z)Inzdx.
1 1

We use integration by parts with v = Inz and dv = (3 — z)dz. Then du = %d:v and

v:3:c——x We obtain
(o)) - 25
a:——:z: —2 dx
1

) o B
ws-[(s-3¢) - o)

= %ln3—4.

3
/(3—x)lnxdm = {
1
9
2

rl>|>—‘ [\3|>—~

46. To determine where the graphs intersect, set 4z Inx = z?Inx, and obtain z = 1 and = = 4.
Since Inz > 0 when 1 < z < 4, we have z?Ilnz < 4zlnz on the interval 1 < 2 < 4, and
the area enclosed by the graphs of f and g is

4
/4 (4xlnx —:10211196) dr = / (4:10 —:102) Inxdx.
1 1

We use integration by parts with v = Inx and dv = (4:1: — a:2) dx. Then du = %d:z: and

v =2z — —:1: . We obtain
4 /4 242 _ %:v3
- — 2 dx
1 1 €z
1

/14 (42 —2?) Inwde = {(lnx) (2:1:2 _ %xs)
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47.

48.

The area under the graph of y = e®sinz from 0 to 7 is given by fow e®”sinx dr. We use
integration by parts with u = e* and dv = sinx dz. Then du = e* dxr and v = — cosz. We
obtain

/ e’sinxdr = [ez(—cos:t)]g—/ e®(—cosz) dx
0 0
= [e7(—cosT) — €’ (—cos0)] +/ e® cosx dx
0
= e’r—i—l—i—/ e’ cosz dz.
0

We use integration by parts again with v = e* and dv = cosxz dx. Then du = €® dx and
v = sinz. We obtain

™ ™
/ e’sinzdr = € "+ 1+ [e"sinz]; — / e’ sinx dx
0 0
s
= € +1+ (e"sinm— eosin()) — / e*sinz dz
0
s
= " +1 —/ e*sinz dz
0
We add foﬂ e”sinx dx to each side, and then divide by 2 to obtain

2/ esinzdr = €"+1
0

™
. ™
/emsmxdac = 82“.
0

Since y = x cosx is nonnegative on [O, %], foﬂ/z xcosx dx is the area under the graph of

y:xcosxfromx:()tox:%.

0.6

0.4 y = XCOSX

0.2

0 ™4 2

Evaluate [z cosz dx using integration by parts.

Let w = 2 and dv = cosz dx.
Then du = dz and v = [ coszdz = sinz.

Now

/xcosxdz:xsinx—/sinxdaz:xsinx—(—cos:z:) =zsinz 4 cosz + C.

/2 .
Q?COSQ?dI:[ZESiH.I—FCOS,I]ﬂ/Q: —(1)+0|—[0+1]=[Z -1}
| 7= [3W+o] 5-1]

So,
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49. Since y = xe~* is nonnegative on [0, 1], fol ze~® dx is the area under the graph of y = ze™*

fromz=0tox=1.

}.‘
0.4
y=xe

0.2

—_ e ———————

Evaluate [ ze™* dz using integration by parts.

Let uw =z and dv = e"* dx.
Then du = dz and v = fe’:” dr = —e 7.
Now

/xeﬂ” de = —ze™* — / (—e™®)do =—ze™ " —e " = —e "(x+1).
So,

1
/ ve Pdr = [—e "(z+ 1)](1) =-2"—(-1)=|1-2|
0

3z 3z

50. Since y = xze®® is nonnegative on [0, 2], f02 xe3® dx is the area under the graph of y = xe
fromz =0 to z = 2.

gt

900

600

300

B e

Evaluate [ ze®* dz using integration by parts.

Let u = x and dv = €3% dz.
Then du = dz and v = [ €3 dx = %631.
Now

1 1 1 1 1
/xegz dx = x{gegf’:] —/ [gegm} dx = gxegx - §e3m +C= §e3m(3x -1 +C.
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So,

/0 re3® do = %[eﬁ(&v - 1)](2J = %[66(6 —1)—€e’(0-1)] =5 (5" +1) |

51. (a) The velocity of the object at time ¢ is given by

¢ ¢
v(t) = v(0) + / a(z)dx =8+ / e 2% gin z du.
0 0

Integrate f e~ 2% sin x dx using integration by parts.

Let w = e 2% and dv = sinz dzx.
Then du = —2e¢~2% dz and v = fsinacd:v = —cosz.
Now

/67% sinz dr = ™ (—cosz) — / (—cosz)(—2e~*" dx)
= —e Peosp—2 / e"%% cosz dx.

—2z

Integrate [ e~2* cosz dz using integration by parts again.

Let u = ¢ 2% and dv = cos z dz.
Then du = —2e~**dz and v = [ cosz dx = sinz.
Now

/6_% coszdr =e *sinx — /sin:v (—26_% d:v)
_ 2z - —2x _:
=e s1nx+2/e sin x dx

SO
—2x o —2x —2x —2x
/e sinzdr = —e COS:E—2<€ sma:—|—2/e sma:d:z:).

Simplifying, we obtain
/6_21 sinzdr = —e *Tcosx — 2 *Tsinx — 4 / e 2 sinx d.
Add 4 [ e ?*sinz dz to both sides of the equation to obtain
/6_21 sinz dx + 4 / e Psinzdr = —e 2 cosx — 2e Tsinx

5 / e Psinzdr = —e % cosx — 2e T sinx

/67296 sinz dx =

(—67296 cosx — 2" **sin x)

e

O | = O] =

2% (—cosx — 2sinz) + C
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Therefore,

e % sinx dx

o4
~

[
N~—

Il

oo

_l’_

O\M

t

1
=8+ |:—€_21(—COSLL' — 2sinz)
5 0
1 1
=8+ {ge_Qt(—cost —2sint) — geo(—cosO — 2sin0)
1
=8+ R [e™?(—cost — 2sint) + 1]
1
=8— R [e7%(cost + 2sint) — 1]
41

[e™?(cost + 2sint)] |

=

5

(b) The position of the object at time ¢ is given by

s(t):s(O)—i—/Otv(:c)dx:O—i—/Ot{%—%[e‘Qw(cosx—i—Qsinxﬂ} dz

Recall [e™?*sinz dr = %6_21(—cosx —2sinz) + C.

Similarly, [ e=2* cosz dx = te ?*(sinz — 2cosz) + C.
/efzx(cosx +2sinz)dz = /6721 cosx dx + 2 / e ?*sinzdx

1 1
= 5e”””(sina: —2cosx) + 2 {gezx(—cosx — 2sinx)

1
= ge_Qm(sinx —2cosx —2cosz — 4sinx)

1
= —ge_%(?) sinx + 4 cos x)

So,
(t) = /t —41 1 [ 2% (cos + 2sin )} d
s 15 5 e ST sinx T

{—26_21(3 sinx + 4 cos a:)} }

t

0

1 | 4
[—gezt(ii sint+4cost)_ } ~ 5

=2t — Le ?(3sint +4cost) — 5 |

52. (a) The velocity of the object at time ¢ is given by v(t) = v(0) + fot a(x)dr = 5+

fot x2e % dx.
Integrate [ x2e~® dx using integration by parts.
Let u = 22 and dv = e~ " dx.

Then du = 2z dz and v = fefx drx = —e 7.
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Now
/x2e_w dr = 2*(—e ) — / (—e ") (2zdz) = —2%e " + 2/:66_”” dx.

Integrate [‘we™* dx using integration by parts.

Let w =2 and dv = e~ * dx.
Then du =dz and v = [e *dx = —e ",
Now

/xefz de =z(—e ") — / (—e™*)(dx) = —we " + /efz dr = —ze ® —e "+ C.
So,
/I2€71 de = —x%e™® + 2(—17671 — 671) = 2% —2xe " —2e "4 C.
Therefore,
t
v(t) =5 —i—/ e dx
0
=5+ [—xzeﬂ” —2ze” " — 28796}8
=5+ [(~tPe ™" —2te™" —2¢7") — (0—0—2)]

=7—t2e P —2te7t —2¢7!
=[T—e (P +2+2)]

(b) The position of the object at time ¢ is given by

t t
s(t) = s(0) +/ v(z)dr =0 +/ (7— 2% —2ze™" —2e7 ") da
0 0
Using the previous results,

/ (7 — 227 — 2xe® — 26796) dzx

= 7/dx—/x2e_mdx—2/xe_wdx—2/e_mdx
=Tr — (—xQeﬂ” — 2ze " — 26796) — 2(—17671 — 671) — 2(—6796) +C
=7+ 2% +4ze " +6e %+ C.

So,

s(t) = /t (7—2%e™ —2ze™" —2¢7 ") da
0
= [Tz + e + dxe”" + 66_1]8
= (Tt+t?e " +4te " +6e7) — (0+0+0+6)
=Tt+t’e T4 4te "+ 6 -6
=le 1 +at+6)+7t—6]
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53. The volume is given by the integral fow/ *orzsinzdr. We use integration by parts with

u =27z and dv = sinx dx. Then du = 2w dx and v = — cosx. We obtain
/2 /2
/ rrsinzdr = [(2mz)(—cosz)|]/? — / (—cosz)(2m) dz
0 0
T T /2
= |:(27T(§)) (— cos 5) — (27(0))(— COSO)] —|—27r/ cos x dx
0
/2
= 27r/ cosx dr
0
= 27 [sina:]g/2

2 [sin g — sin O}

27

54. The volume is given by the integral fow/ *9rz cosz dz. We use integration by parts with
u =27z and dv = cosx dx. Then du = 2w dx and v = sinz. We obtain

/2 /2
/ 2rxcosxdr = [(2mx)(sin 90)]3/2 - / sinz(27) dx
0 0

{(2#(%)) (sin g) — (27(0))(sin O)} — 27 /Oﬂ/2 sinx dx
/2

= 7% —2m[—cosz]
= 72—-2n [— cosg — (- COSO)}

o]

55. The volume is given by the integral ff m(Inz)* dz. We use integration by parts with
u = (Inz)? and dv = 7 dz. Then du = 2z gy and v = mz. We obtain

/leﬁ(mfdx - [(m)?(m)]i_/le(m)<21;$>dx

{(1ne)2(7re) — (In 1)2(71'1)} - 27r/1 Inxdz

Te — 27T/ Inxdz.
1

We use integration by parts again with v = Inx and dv = dx. Then du = % dx and v = x.

We obtain
e — 2w([(1nx)x]§ - /195(%) d:c)

- 7Te—27r<[(lne)e—(ln1)1]—/le d:c)

= me—2m(e—(e—1))

/ 7(Inz)? dx
1
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2
56. The volume is given by the integral foﬁ/27r(a:\/sin:1:) dr = foﬁ/2 nr?sinzdr. We use

integration by parts with u = 722 and dv = sinxdr. Then du = 27z dz and v = — cos .
We obtain
/2 x/2 /2
/ ra’sinzdr = [(72?)(—cosz)] o = / (—cosz)(2mx) dx
0 0
T\ 2 T /2
= w(—) (—cos (—)) — (m0%)(— cos0) +/ 2wz cosx dx
2 2 0
/2
= / 2mx cos x dx.
0

We use integration by parts again with v = 27z and dv = cosx dx. Then du = 27 dxr and
v = sinz. We obtain

/2 /2
/ nx’sinedr = [(27z)(sin a:)]g/z - / (sinzx)(2m) dx
0 0

m (T : /2
[(27T(§)) (sm (5)) — (27(0))(sin O)} - 27T/0 sinz dx

= 71 —2n[- cosx]g/2

= 7 —2n {—cos%—(—cosO)}

57. Using the method of disks, the volume is given by

2

V—W/1€2 [f(x)]Qda:_ﬁ/le2 ($M)2dx—ﬂ'/le 22 Inz da.

Integrate [ z?Inx dz using integration by parts.

Let w = Inz and dv = z2 dx.
Then du = %d:z: and v = fa:de = %xg.

Now

The volume of the solid is

2

V:w/ 2 lnzdr
1
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58. Using the Shell Method, the volume is 27 f02 x- f(z)de =27 f02 x-ze3®dr =27 f02 x2e3% dz.
Integrate | 22e3% dx using integration by parts.
Let u = 22 and dv = €3* dx.

3

Then du = 2z dx and v = %e * as before.

1 1 1 2
/:1026% dex = 22 - 5631 - / ge% 2xdx = §x2e3w —3 /xeﬁ dx.

Integrate [ xe3® dr using integration by parts again.

Now

Let u = z and dv = €3% dz.

Then du = dx and v = %e?’z as before.
Now 1 1 1 11 1 1
/:Cegx de =z - gegx — / gegx dx = gxegz —3 ge?’z = —xed® — 5631
So
1 2/1 1
/(E263xd.’li — ngeBz _ g(gweBz _ §eSaf:) —|—C
1
— ngeBz 9I63x 4 27631
1
= ﬁeBI(Q:ﬂQ —617—1—2) +C
Therefore

2 2
1
27T/ 2337 de = 21 - | =¥ (9962 — 6z +2)
0 27 0

:2—7;[63'2(9-22—6-2-1-2)—63'0(9-02—6-0+2)]
= 2T 0606
—27(266 2)
=2 (13¢5 - 1)

59. Integrate [z f’(z)dz using integration by parts.
Let u =« and dv = f/(z) dx.
Then du = dz and v = [ f/(z)dz = f(z).

Now

/:zrf/(:zr)dx:uw—/v-du:xf(:z:)—/f(:z:)d:z:.
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60. We use integration by parts, with v = z and dv = f/(x) dz. Then du = dz and v = f(x).

We obtain
5
"2)dx = )d
| ar@ / f(w) da

= 5f(5) 18)
5(11) —3(8) - 18

= .

61. (a) Since y = Inx is nonnegative on [1,¢], A = [ Inzdz is the area under the graph of
y=Inz fromx=1tox=e.

¥

1

|
08 |
|
0.6 }
I
04 |
|
0.2 |
|
|
e
Evaluate f In x dz using integration by parts.
Let w =Inx and dv = dx.
Then du = 1 dz and v = [dz = =.
Now
1
/lnajdm = (Inx)(z) — /3:<— d:z:> =zlhx— /d:z: =zhhz—z=z(nz-1)+C.
x
So,

A_/lelnxdx_ [z(nz— 1)) =e1—1) - 1(0 1) =[1]

(b) Using the method of shells, the volume is given by

V=27r/ xf(:t)d;vz%r/ xlnzdx.
1 1

Integrate [z Inx dz using integration by parts.

Let w =Inzx and dv = x dx.
Then du = %d;v and v = [zdx = %;102.

Now
— l 2 1 2 l fl 1
/xlnxdaz-lnx<2x > /(23: )(x d:z:) = 23: Inz 2/:1:(1:1:

1 1
= §x2lnx— Zx2—|—C

= ix2(2lnx -+
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The volume of the solid is
e 1 .
V= 271'/1 v*Inzdr =27 - Z[x2(2lnx — 1)}1
T
=71~ ()

= %(62—1-1) .

62. Integrate [ f(z)f'(x)dx using integration by parts.
Let u = f(z) and dv = f'(z) dz.
Then du = f'(z)dz and v = [ f(z) dz = f(x).
Now
[r@r@de=u-v- [o-du= 1) f@) - [ ) ') da,
Add [ f(z) f'(x) dx to both sides of the equation.

2 / @) f () de = [f ()]

So,

b b
[ t@r@d =3 {if@r} =3P - Fr]

a

63. Let w = /7, then dw = ﬁ dz, so dx = 2w dw. We substitute and obtain

/sinﬁdm:/Qwsinwdw.

We use integration by parts, with v = 2w and dv = sinwdw. Then du = 2dw and
v = —cosw. We obtain

/2wsinwdw = (2w)(—cosw)—/(—cosw)(2)dw

= —2wcosw+2/coswdw

= —2wcosw + 2(sinw) + C

= ‘—2\/Ecos\/§+2sin\/§+0‘.

64. Let w = \/z, then dw = 2~ dz, so dx = 2w dw. We substitute and obtain

2VE
/eﬁ dr = /2wew dw.

We use integration by parts, with 4 = 2w and dv = e dw. Then du = 2dw and v = e".
We obtain

/2wew dw = (2w)(e¥)— / (e")(2) dw
= 2uwe" — 2/6” dw
= 2we¥ —2(e")+C
= |2yzeV® —2eVT 4 C|
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65. Let w = sinx, then dw = cosz dx. We substitute and obtain

/cosxln (sinz) de = /lnwdw.

We use integration by parts, with « = Inw and dv = dw. Then du = % dw and v = w. We

obtain
/lnwdw - (m@@)-/@)(%) dw

= wlnw—/dw

= whw—-w+C

= ‘sin:vln(sin:v) —sinx—i—C‘.

66. Let w =2+ €%, then dw = e* dr. We substitute and obtain
/exln(2 +e%)dx = /1nwdw.

We use integration by parts, with v = Inw and dv = dw. Then du = % dw and v = w. We

obtain
/1nwdw = (hlw)(w)—/(w)(%) dw

= wlnw—/dw

= whw—-—w+C
= 24 )In2+e")—2—-e"+C

= [2+e)l2+e’) — e +C|

where we have absorbed any constants with the constant C' of integration.

67. Let w = €%®, then dw = 2e2* dx, so €27 dx = % dw. We substitute and obtain

1 1
/641 cos (e%) dx = /ezw cos (ezw) X dx = /wcosw (5 dw) z/iwcoswdw.

1
2

(%w) (sinw)—/(sinw)(%) dw

I L [ wd
= 2wsmw B S w aw

We use integration by parts, with « = sw and dv = coswdw. Then du = %dw and

v = sinw. We obtain

1
/iwcoswdw

1 1
§wsinw - 5(—cosw) +C

— Lwsinw+ s cosw+C
= 2wsmw 2COS’LU

%ezx sin (62””) + % coS (629”) +C|.
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68. Let w = sinx, then dw = cosz dx. We substitute and obtain

/cosxtan_l (sinx)dx = /tan_l w dw.

We use integration by parts with v = tan~!w and dv = dw. Then du = H—# dw and

v = w. We obtain

1

/tan_lwdw = (tan_lw)(w)—/(w)<1+—w2) dw

= wtanflw—/rwuﬁdw.

Let y = 1 + w?, then dy = 2w dw, so wdw = %dy. We substitute and obtain

/tan_lwdw = wtaun_lw—/l (ldy)
y \ 2

1 /1
= wtanflw—i/—dy
Yy

1
= wtanflw—iln|y|+0

= wtanflw—%ln(l—i-wQ)—i-C’

= |sinztan™! (sinz) — 1In (1 +sin’z) + C|

69. We use integration by parts with u = 22 and dv = z¢®” dz. Then du = 2z dx and v = %ew2.

We obtain
/x3e””2 dr = (2%) <%ew2) — / (%ew2>(2x) dx

70. We use integration by parts with v = Inx and dv = 2™ dx. Then du = %da: and v =
L_zn*+1. We obtain

n+1‘r
1 1 1
/x”ln:z:d:z: = (nz)( ——2"! —/ ") (=) de
n+1 n+1 T

1 1
= 2" ing — 1 /:v" dx

n—+1 n +
1 1 n+1
= — ¢"ling— L +C
n+1 n+1l\n+1
— 1 +1 1 +1
= n—_H:E" Inx — (n+1)217" + C'|

71. We use integration by parts with u = x cos x and dv = €® dz. Then du = (—zsinx + cosz) dx
and v = e”. We obtain

/xex cosxdr = (zcosz)e® — / (—zsinx + cosx)e” dx.



7.1 Integration by Parts 7-31

72.

We use integration by parts again with v = —zsinx + cosx and dv = edx. Then
du = (—2sinz — zcosz) dz and v = e¢*. We obtain

/xez cosxdr = (zcosx)e® — <(—xsinx—|—cosx)em—/(—2sinx—:1:cos:1:)emdx)
= :Ccos:ve””—l—xsin:ve””—cosace””—2/sinxewd:§—/xcosxewdw.
We add [ ze® cosx dx to each side and divide by 2 to obtain
y
2/xezcosxdaz = xcosa:e””—l—a:sin:z:e””—cos:z:e””—2/sinxemd:1:
xT 1 xT : xT xT : xT
ze®cosxdr = g(xcosxe +xsinze® —coszxe®) — [ sinze® d.

We determine [ sinze” dz using integration by parts. Let u = sinz and dv = e” dz. Then
du = cosx dr and v = €. We obtain

/sinace”” dx = (sinz)e® — / (cosx)e” dx.

We integrate by parts again with v = cosz and dv = e*dx. Then du = —sinxdx and
v = e”. We obtain

/sinace”” dr = sinze® — [(cos x)e’ — / (—sinx)e” dw}
= sgsinze® — cosze® — /sin ze® dz.
We add [ (sinz)e” dz to each side and divide by 2 to obtain
2/sin:1:e”” dr = sinze® —cosze”

. . 1. - ©

sinze®dr = §sm:ve — §cosxe +C.
We substitute into the above to obtain

@ 1 . . v I | N
ze®cosxdr = §(xcos:1:e + zsinze” —cosxe”) — gsinze” —ccosze +C

= 2£L’COS$6 2£CS1H£L'€ 2smxe

= |3e” (zsinz +zcosz —sinz) +C|.

We use integration by parts with u = x sinx and dv = e* dz. Then du = (z cosx + sinx) dx
and v = e”. We obtain

/:zre”” sinzdr = (rsinz)e” — / (xcosz + sinx)e” dz.

We use integration by parts again with v = zcosz + sinz and dv = e*dx. Then du =
(—xsinz 4+ 2cosz) dr and v = e®. We obtain

/xew sincdr = wsinze® — ((xcosx—i—sin:v)ew —/(—xsinx+2cosx)ew dx)

= xsinxem—xcosxez—sinxem—/xsinxezdaz+2/cosxemda:.
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73.

74.

We add [ ze”sinx dz to each side and divide by 2 to obtain
Q/xexsinxd:v = xsinxez—xcosacez—sinxex+2/cosxexdac
ze’sinzdr = g(xsm:z:e —zcosze® —sinxe®) 4+ [ cosze” du.

We determine [ cosz e” dz using integration by parts. Let u = cosz and dv = e” dz. Then
du = —sinz dr and v = €. We obtain

/cosxew dx = (cosx)e” — / (—sinz )e” do = cosx e® 4+ /sinxew dx.

We integrate by parts again with v = sinx and dv = e® dx. Then du = cosz dz and v = e*.
We obtain

/cosx e’dr = cosze® + {(sin x)e’ — / (cosx)e” dw}
= cosze® +sinze” — /cosxex dx.
We add [ cosz e” dx to each side and divide by 2 to obtain
2/cosxewd:1: = cosze’ +sinze”
cosxetdr = §cos:ve +§s1n:ve +C.
We substitute into the above to obtain

1 1 1
/xemcosxd:r = g(xsina:e””—xcosxew—sinxem)—l- <§cosxew+§sinxew> +C

= %xsinxex — %xcos:z:e”” + %cosxex—l-C’ .

. . . I | _ — 1
We use integration by parts with u = sin” "~ « and dv = 2™ dz. Then du = Vi dx and

n41 .
v =2 —. We obtain

n+1 -
n+1
A X -
/x” sintzdr = sin

1 anrl
Ly — / dx.
il 1) Vime

We consider the integral f m dx and use integration by parts with u = m and

dv = dz. Then du = (ﬁf% dz and v = z. We obtain

1 T —2nx
/w+w”x:<ﬁ+w‘/WKW+w“>“

2
X X
= 771—‘1-271/76117
($2+1) (I2+1)n+1
2
T T —l—l)—l
= 7n+2n/7dx
($2+1) (x2+1)n+1

x 1 1
- o dr—om [ — .
(x2+1)n + TL/ (I2+1)n X ’I’L/ (:I:2+1)n+1 X
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We solve for [ W dx, and obtain
1 x 1 1
2n | —————dx = 7n+2n/7nd:r—/7ndx
/ (z2 + 1) (z? +1) (z* +1) (% +1)
1 T 1
on | ——der = ———+ 2n—1/7nd:v
/ e @ P | e
1 x 1 1
——dx = — 1—— ——— dx.
[arge = ey (5) [@pe
75. We use integration by parts with u = sin” ! z and dv = sin x dz. Then du =
(n —1)sin" 2z cosx dr and v = — cosz. We obtain
/sin” rdr = sin" 'a(—cosx) — / (—cosx)(n —1)sin" % xcosz dz

—sin" ' xcosx + (n—1) / cos® xsin™ % x da
= —sin" !acosx+ (n—1) / (1 —sin® ) sin" "% x da
= —sin" tzcosz+ (n—1) (/ sin" "2z dx — /sin” x dw)

= —sin" tacosx+ (n— 1)/sin"_2 xdr —(n—1) /sin" xrdz.

We add (n — 1) [sin” 2 dz to each side, and then divide by n to obtain

(I1+n-1) /sin”xdx = —sin" 'zcosz+ (n— 1)/sin”72:vdac
sin" ! z cos -1
/sin”xdx = 2 Temr LR /sin"fzxdx.
n n
76. We use integration by parts with v = sin” 'z and dv = sinzcos”™ z dz. Then du =
m—+1
(n—1)sin" 2z cosx dr and v = —COfnJrl L. We obtain
cos™tl g cos™tl g
/sin”xcosm:vdac = sin" ol ———T2) - / ———— " )(n—1)sin""?z coszdx
m—+1 m+1
sin" !z cog™mt! -1
= 2 2 a + " /sin"_szz cos™ 2 ¢ dx
m+1 m+1
sinf"'xcosmte  n—1
= - + /sin”72 :C(l — sin? x) cos™ x dx
m+1 m+1
sin" !z cogm ! -1
= 2 2 a + " sin" 2% x cos™ x dx
m+1 m+1
—1
_n ) /sin”x cos™ x dzx.
m
We add 2= [sin™ z cos™ z dx to each side, and then divide by ZE™ to obtain
m+1 m—+1
-1 sin" !z cos™t? -1
1+ r /sin"zcosmxdx - a7 x + n /sin"_2x cos™ x dx
m+1 m+1 m+1
on—1 m-+1 -1
ntm sin®xdr = - T x + n /sin"72 x cos™ x dx
m+1 m+1 m+1

on—1 m—+1
. sin T COS x n—1 o
sin"zdr = - + sin" 2 x cos™ x dz.
n+m n+m
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77. (a) We use integration by parts with u = 2% and dv = e**dz. Then du = 2z dz and
v = 1. We obtain

[ = (L) [ (L)

1 2
= g$2e5w - g/:vew dx.

We use integration by parts again with v = = and dv = e’ dz. Then du = dr and
v = %ew. We obtain

1 2 1 1
/x2e5w de = gx2e5”” ~ 5 {x(gef’m) —/gew dw}
%$285z _ 31765&0 4 3/651 dx

1
— _x2851__ <1 51)
5)

2.5z _ 2 .5z _2 5z
Te sere™ + 5=e +C|

Ut

(b) We use integration by parts with « = 2™ and dv = €** dz. Then du = na"~! dz and

v = %e’” ‘We obtain

1 1
n _kx n kx kx n—
/:v edey = =z (Ee )_/(Ee )(nx 1) dx

_ 1. n kxr _n n—1_kx
= |zxe kfx e dr |

78. (a) If [2e® dx = p(z)e”, then —(p(x)e””) =z3e®. So

£ (pla)e) = pla)e” +p/(w)e = a%e”.

Divide by e* to obtain p(x) + p'(z) = 2°.
(b) We use integration by parts with v = 23 and dv = e®dx. Then du = 322 dxr and

v = e”. We obtain
/x3em de = xe” —/(em)(3x2) dx

23e® — 3/x2ew dx.

We use integration by parts again with u = 22 and dv = e® dz. Then du = 22 dx and
v = e”. We obtain

/x?’ezda: = zle” —3[:1: e” —/(ex)(Zx)dx}

= 23" — 322" + 6/:66”” dx.

We use integration by parts again with v = z and dv = e dx. Then du = dx and
v = €e”. We obtain

/xgez dr = 2% —32%e* +6 [zez — /ex da:]

= 2% — 322" + 6ze” — 6 + C
= (23 —396 +6:v—6)ex+C.

We have found the polynomial ‘p(:z: =23 322 +62—6 ‘
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79. (a) We use integration by parts with u = sinz and dv = cosx dz. Then du = cosx dz
and v = sinz. We obtain

/sinx cosxdr = (sinz)(sinz) — / (sinx)(cosz) dx
= sin’x— /sin:v cosz dx.
We add [ sinz cosz dx to each side, and then divide by 2 to obtain
2/sinx cosxdr = sin’x

1
/sin:ccos:cd:c = Esin2x+01.

So we obtain | f(z) = 1 sin®z |

(b) We use integration by parts with u = cosz and dv = sinz dx. Then du = —sinx dz
and v = —cosx. We obtain

/sin:z: cosxdr = (cosz)(—cosz) —/(—cosx)(—sina:) dx

= —cos?z —/sinx cosx dx.

We add [sinz cosz dx to each side, and then divide by 2 to obtain

2/sin:v coszxdr = —cos’x
. L
sinx cosxdr = —5005 z + Cs.
So we obtain | g(z) = —3 cos® x|

(¢) From the identity sin (22) = 2sinz cosz we havesinz cosz = % sin (2z). So [sinz cosz dx =

1 [sin(2z) dz. Let u = 2z, then du = 2dz, so dz = 1 du. We substitute and obtain
. 1 .
/sm:v cosxdr = 3 /sm (22) dx
1 1
= - /sinu —du
2 2
1
= 1 /sinu du

1
= Z(—cosu) +C3

1
= —jcos (2z) + Cs.

So we obtain | h(z) = — cos (2z) |

(d) We have f(z) + C1 = g(z) + Cs, so isin®z + C = —Lcos’z + Co. We obtain

02:%6032:1:+%sin2x+01:%+C’1,so 02:%4—01.

(e) We have f(z) + C, = h(z)+Cj, so 3sin® z + Cy = —1 cos (2z) +C5. We obtain C3 =
7 cos (2x)+%sin2:1: +Ci=3(1- 2 sin? a:)—i—%sin?:z: +C1=3+C1. So|Cs =+ C1 |
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80. (a)
.
T X
8(x) T
-0.2 02 04 06 08 1.0 12
X
-0.1 —

(b) The area enclosed by the graphs of f and g is given by fol (2%e73% —aPe™37) do =

fol (x2 — x3)e_3f” dx. We use integration by parts with u = 22 — 2% and dv = e =37 dx.
Then du = (2:10 — 3902) dr and v = —%e_?’w. We obtain

/ @ et = [(;52 ) (_%e—swﬂ: - 1 (—%e_?’m) (20 — 302 da
{(12 - 1%) (—%e?’(l)) — (02 - 0% <—%e3<0>)]

1t s
+§/O (2I—3I2)6 3% dr

1t
= - / (290 - 3;102)6_3”” dx.
3 Jo

We use integration by parts again with u = 22 — 322 and dv = e 3 dz. Then
du = (2 —6z)dx and v = —1e73%. We obtain

/01 (2% —2®)e 0 de = %([(% — 327) (_%6390)]: _ /01 (_%GSm) (2 62) dw)
% [(2(1) -3(1)°) <—%e3<1>) ~ (200 - 3(0%) <_%63<O>>]

2 1
+ - / (1 —3x)e " dx
9Jo

1 2 [
= 56_3 + 9 /0 (1 —3z)e 3" da.

We use integration by parts again with u = 1—3z and dv = e ~3% dx. Then du = —3 dz
and v = —%e_m. We obtain

/o1 (2 —2%)e ™ dx = %673 - % Q(l ) <_6331>I) . /01 (_ E )(_3) dw)

3
3
- %e_3 + % {(1 —3(1)) (— 6_;(1)> —(1=3(0) (_ 6_;(0) )}

T2 20 1 5 L 50
T 9{ 3¢ 3¢
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ot
2':\
0 — N =t +H—
s 12 3 4 st
o+
4+
(b) Set 3e~'cos(2t) + 2e~'sin (2t) = 0 and solve for t. We obtain tan (2t) = —3, so

2t = tan~! (—%) + k7, where k is any integer. So the least positive number ¢ such

that z(t) =0ist =5 + g tan~' (=3) |

an— !

x_1 3
(c) We integrate [,° °* tan" (2) 3e ! cos (2t) 4 2e~*sin (2t) dt using a Computer Algebra
x_Llian~ 1 (3
System, and we obtain [,* * tan™ (8) (37t cos (2t) + 2esin (2t)) dt ~|1.890 |.

82. We use integration by parts with © = In (:C +Va? + a2) and dv = dx. Then

1+ 5 (22 + a2)_1/2(2x)
z+ V22 +a?
Lte(e?ta?) VTS
r+Vei+a2 Va2 +a?
Vo2 +a? +x
(z 4+ Va2 + a?)Va? + a?
1

= ———dzx
Va2 +a?

du dzr

and v = x. We obtain

x
ln(x—l— x2+a2)da::xln(x+ x2+a2)—/7d$.
/ ‘/$2+CL2

Let u = 2% + a2, then du = 2z dz, so zdx = %. We substitute and obtain

1
x2+a2) - §/u71/2du

(z+
xln(x—i— x2+a2) —%(2111/2)4—0
(z+

x2+a2) —vVz2+a2+C.

T

/1n(x+ x2+a2)dx = zln

zln (z

83. We use integration by parts with u = sin (bx) and dv = e** dx. Then du = bcos (bzx) dz
and v = %e‘”. We obtain

/ ™ sin (br) dz = (sin (ba:))<%e‘””> - / Gex) (bcos (bx)) dz

1 b
— _ 0T 3 b _ ax b d
¢ sin (bx) a/e cos (bx) dx
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We integrate by parts again with u = cosbx and dv = e*® dz. Then du = —bsin bx dx and
v = %e‘”. We obtain

/ " sin (bz) dw  — %e‘” sin (bx)—g {(cos (b;«))(ée“) - / <%e‘”>(—bsin (bx))dx}
= Lo sin ) - a_l;ew cos (bz) — Z_z / ¢ sin (b) da

We add Z—z [ €% sin (bx) dx from each side and divide by ‘i%bz to obtain

(1 + E) /e‘”” sin (bz) de = le‘”” sin (bz) — ie‘” cos (bx)
a? a a?
axr s a axr s b ax
/e sin (bx) de = Zr e sin (bx) — arpe cos (bx) 4+ C
_ e [asin (be) — beos (bz)] el
a? + b2

84. We use integration by parts with u = ¢ and dv = ¢/(¢) dt. Then du = dt and v = g(t). We
obtain

[ wwa=tgrs - [ ot a
0 0

— ag(x) — 0g(0) — / o) dt

~ agle) = [ atar

/2 . 53)Q) (= ™
85. (a) [, sin® z dox = §63543§2; (2)=|2|

/2 ;5 _ W@
(b) [y /" sin xdx_%_%'

(c) fow/2 cos® v dx = foﬂ/z sin® xdx = g

Challenge Problems

86. Suppose first that n = 2m + 1 > 1 is odd, so that m is any positive integer. By Problem
75, we have

s m— /2
w2 sin"lzeosz]™? n—1 [™2 . ne2
sin"zdr = |-———— + sin" "z dx
0 n 0 nJo
. n—1 .
sin"" " §cos 5 sin” ! 0 cos0 n—1 (™%
= |- ol + sin" " “ z dx
n n nJo

2

n—1 (™2

= sin” 2z dx.
n 0
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87.

We continue, and obtain

/2
/ sin"zdr =
0

2
n—1 (™%
sin" 2z dx
n 0

-1 _ /2
L (n 5 / sin”~* xdw)
n n—2Jy
—1n—-3(n-5 [/?
n—on z / sin” %z da
n n—2\n—-4),

n—1n—-3n—->5 2

n n—2n-—4
n—1n—-3n—->5

n n—2n-4 3
n—1n—-3n—-5 g
3

(

n n—2n-—4
(2m)(2m —2)---
2m+1)(2m—1)---(3) (1)

So the formula holds. Now suppose that n = 2m > 1 is even, so that m is any positive

integer. By the above, we have

/2
/ sin” x dx
0

and the formula holds.

n

-1 /2
i / sin" 2 xdx
0

n—-1n-3n-5 3 [™*

- n—2n—4”'1/0 sin® x dx
n—1n—-3n->5 31/W/2dx

n n—-2n—-4 42 ),
n—1n—-3n—->5 31m

n n—2n—-4 422

2m—-1)(2m —3)---
2m)(2m—2)---(4

S~— |
|
[\D\_/
S~— |

[a—y
S~—
VS
oy
N————

(a) We use integration by parts with u = 2™ and dv = e* dz. Then du = nz"~! dxr and

/:17"6”” dx = z"e”® —n/x"flez dx

Repeating, we obtain for some constants ¢ and k

v =¢e”. We have

/x"ewdx =

e’ —n (:C"_lew —(n— 1)/:6"_2ew dx)

(" —na™ M) e* +n(n— 1)/17"72696 dx

(x”—nx”fl—l—-u—l—kx)ex—i-c/exd:z:

" — na" 1+---+kw—|—c)ez+C
p(x)e® +C.
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(b) Since - (p(z)e®) = z"e”, we have p(z)e” + p'(z)e” = z"e”. Divide by e® to obtain

p(z) +p'(z) = 2™
(c) We show p(z) = >}, (—=1)* (n’_”k)!x"_k satisfies p (z) + p’ () = 2™. We have

p@)+p (@) = g(— e ST (g(_l)k (nf—'k),mk>
- m"+§_‘;( 1 (nf'k)'m”k+§(—1)kmf—’k)!(n_mmnk1
) z“g( v “"*é“”’“’l T e
- x"+:§j( 1k (nf’k), ’%Mé(— et (n_2!+ oy (ke
- :c"—i-:Z:( 1)k (nf’k)'x"f’wé(—l)k(—nfl (n_“’?) R
_ x"+7§( v i'k)'x’“k—é(—l)k (nﬁi'k)'xn—k

88. Use integration by parts with u = ¢®” and dv = 22" dr. Then du = 2ze® dx and

v = 22"+ We obtain
1 ! ! 1
—:E2n-i-lew2 _ / —I2n+l (217612) dx
2n + 1 0 0 2n + 1

1 2 /1 2n+2 22
e — T e dux.
2n+1 2n+1 J,

Starting with the n = 0 case, we repeat the above formula, and obtain

Lo, 1 1 9 22
e dr = el|l=-)— xe” dx
0 1 0

2n-+1

1
2
/ 22"e® dx
0

+ S~ =i

+ )

o 7N

A‘w wl =

—| o

S~— I

O\,_.OJII\D

8 B_‘

)

8 K
mﬂk

IS

S 8,
QU
5
~__

Il
: )
Do

—_

[
WD W W ~N

+ % (e(%) — g/ol 28 d:v)
2 3 . 2
z U7 5<;>(1>) +5(32)(1)/0 et do
o [1_§+”'+ (2n +(_1§)-1-l-2§3)<1>] (zﬁgfﬁ;@ /0 2”2 da.

So the formula holds for all nonnegative integers n.

89. We use integration by parts with v = f(z) and dv = e*dx. Then du = f'(z)dx and
v =¢e”. We have
/f(:z:)e:” dx = f(x)e” — /f/(x)e”” dx
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We continue, using u = f’ (z), dv = e and obtain

/f(:v)e”” dr = f(x)e® — (f’ (:v)em—/f” (:C)emdx)
— (@ - 1 @ye s [ 1w

= (@)= s @+ @) e [0 @ o
Since f(z) is a polynomial of degree n, f(™) () is a constant, k, and we have
/f(:v)e”” dr = (f (z) — f' (2) + -+ f07D (x)) e’ + /kem dx

= (F@—F @+ 2OV @) e ke +C
(f (@) = f/ (@) + £ k)" +C.

We nowhave f (x) = g (z) e* + C, where g (x) = f () — f’ (x) +--- £ k is a polynomial of
degree n.

90. (a) We use integration by parts with u = f/(¢) and dv = dt. Then du = f”(t) dt and take

v=1t—>b. We obtain
b
/ F()dt

(E=nrl - [ ree-ba

f(0) = f(a)

b
= -8B - -0 - [ -
b .
= F@b-a- [ -

(b) We use integration by parts on f; f"(t)(t — b)dt with uw = f(¢) and dv = (¢t — b) dt.
Then du = f"(t)dt and v = (t — b)*. We obtain

f0) — f@) = fa)b—a)- / £t — by dt

b b
Fa)(b—a) - (E(t 0] - [ rroze-o dt)

— Fla)b-a)
b g
—([%(b 00 - =02 @] - [T ey dt)
= ro-a+ L 00-wr s [T wpa

91. We use integration by parts with u = f(z) and dv = dz. Then du = f’(z)dz and take
v = z. We obtain

/ fadr = [ef@) / (@) da

b
— b0) -~ of(@) - [ af(@)do.
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Let © = f~ ( ), then f(z) = y, so f'(x)dz = dy. The limits of integration become
= f(a) and y = f(b). We substitute and obtain
f(®)
[ s =) -es@ - [ way
f(a)
S0

b f(b)
/ f(@)da + / £ () dy = b (5) — af (a).
a f(a)

92. (a) We use integration by parts with u = coshz and dv = e* dz. Then du = sinhx dx
and take v = e*. We obtain

/ew coshx dx = e* coshx — /ew sinh z dz.

We use integration by parts again with v = sinhz and dv = e*dx. Then du =
coshx dr and take v = e*. We obtain

/ ecoshzdr = e*coshx — {ew sinh z — / e” cosh x d:v]

= ¢€%coshz —e*sinhz + /em coshx dx.

The integrals cancel, and this will not allow us to determine the integral. Note that

e’ coshz —e®sinhz = e*(coshz —sinhx)

i e’ (671)

1.

This is expected, as any two antiderivatives of e® cosh z, as denoted by [ e” coshx dx
on each side of the equation

/e”” coshx dr = e® coshz — e® sinhx + /em coshz dx,

must differ by a constant. So their difference, e® cosh z — e* sinh z, must be constant.

(b) We rewrite cosha = emzefw, and obtain

/excoshxd:r = /ez<%> dzx

AP® Practice Problems
1. The velocity of the object at time ¢ is given by

U(t):v(l)—i—/l a(x)d:v:2—|—/1 In(z+1)dz.

Use integration by parts to find [In (z + 1) dz.
Let u =1In(z + 1) and dv = dz.
Then du = %Hda: and v = [dz = z.
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dx

Now /ln(x—i—l)dx:xln(ac—i—l)—/x-I+1

_xln(:zr—l—l)—/(l—%_i_l)dx

=zln(z+1)—z+n(z+1)+C
=(@+1)In(z+1)—z+C.

Therefore, v(t) =2+ [ In(z+1)dx
1
=24 [(z+)n(z+1)—a]
=2+4[t+1)In(t+1)—1 —(2In2—1), and

v(3)=2+[4In4—3] - (2In2—1)=2+4In(4) —In4 —3+1=|31In4]
The answer is B.

. Integrate [ z%e** dz using integration by parts.

Let u = 22 and dv = €27 dx.

Then du = 2z dx and v = feh dr = %ezx.

1 1 1
Now /x2e21 dx = z* (5621> — / (§€2m>(2:17 dr) = 517262:” — /xe% dz.

Integrate [ xe® dr using integration by parts.

Let uw = z and dv = e** dz.

Then du = dz and v = [ €**dx = %621.

1 1
Now /:Ce% dx Zx(§e2m) —/56% dx

1 1
= Zge?® — 2 /621 dzx

2 2
1 1
= 517629” — 1621 +C.

2
2 2z 1 2x 2z
Te —5176 + -+ C
_ 2z 1 2 1 _ 1,2 1 1

The answer is D.

1

. Use integration by parts to find [ cos™' z da.

1

Let w = cos™ z and dv = dx.

Thendu:—ﬁdmandv:fdx:x.
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1
Now/cosflxda:::rcosflx—/x~ <_ﬁdx) :Icosilx"—/\/l‘r_—g@daj'

To evaluate f \/1%7 dz,let w=1—22. Then dw = —2zdz, rdx = —dT“J, and

x dx

x 1
| == =
d
)
= —%/w_lmdw
()
2

=—yw+C
=—vV1—-22+4C.

So, /cos_lzvd:vzxcos_ dx:‘:vcos_lx—\/l—:EQ—i—C‘.

1 x
ot |
/\/1—:172

The answer is C.

4. Integrate [ze™* dz using integration by parts.

Let w =2 and dv = e * dx.

Then du = dz and v = [ e " dz = —e™".
Now /:vef”” dr = x(—eﬂ”) — / (—efz) dx

= —ge ¥+ /efx dzx

=—qge *—e *+C
=—(z+1e*+C

2
So, / ve "dr = [—(z + 1)6_1]3 =3¢ ?2—(~1)= .
0
The answer is A.

5. Integrate [ (3:102 + 2) sin x dx using integration by parts.

Let u = 322 + 2 and dv = sin z dz.

Then du = 6z dz and v = [sinzdz = —cosz.

So / (32% + 2) sinz dx = (32% + 2)(—cosz) — / (—cosx)(6z dx)

=|—(32*+2)cosz +6 [zcoszdx |

The answer is B.

6. Integrate [ zf’(x)dx using integration by parts.
Let u =z and dv = f/(z) dz.
Then du = dz and v = [ f'(z)dz = f(x).
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Now/xf’(:v)d:vz‘xf(:v)—ff(:v)dx—i—C‘.

The answer is C.

7. The diameter of each semicircular slice is vInx. The radius is %\/ Inx.
2
The volume of each semicircular slice of thickness dz is dV = % T (% In :C) dr = g Inzx.

The volume of the solid is V = f1€2 dV =% fle2 In z dz.

Use integration by parts to find [ Inz dx.

Let w = Inx and dv = dz.

Thendu:%dxandv:fd:c::c.

NOW/lnxdxlenx—/x-ld:vzgclngc—/d:vlenx—x—i—c.
T

2

So, g/ lnxd:vzg[xln:v—x]iz = %[(ezlneQ—ez) —(0-1)] =|Z(2+1)|
1

The answer is A.

8. Rewrite the differential equation % =(1+Inx)y as % = (14 Inx)dz.
Integrate both sides to obtain [ % dy=[(14+Inz)dz orIn|y| =2+ [Inzdz.

Use integration by parts to find [ Inz dx.

Let w = Inx and dv = dz.

Thendu:%dxandvzfdgczx.
NOW/lnxdxlenx—/x-ld:vzgclngc—/d:vlenx—x—i—c.
T

Thenlnly| =2+ [Inzdr =z +zlnz—z+C=zhz+C.
Applying the condition that y = 1 when x =1 yields In1=1-1n1+ C.
Thus, C =0 and In|y| = zlnz = Ina”.

Solving for y, [y| = #* and y = £2*. The condition y = 1 when z = 1 requires the positive
sign.

The answer is D.
7.2 Integrals Containing Trigonometric Functions

Concepts and Vocabulary
1. True.
2. True.
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Skill Building

2

2z =1-—sin’z.

3. Factor out cosx and use the identity cos

/cos5xd:c = /cos4:c cosx dr

= /(0052 x)2 cosx dr
/ (1 — sin® x)2 cosxdr.

Let u = sinx, then du = cosx dx. We substitute and obtain

/cos5xd:c = /(1—u2)2du

= /(u4—2u2+1) du
1 2
= 5u5—§u3+u—|—0

_ l1a
= 551n

5

x—%sin?’x—i—sinx—i—c.

2 2

4. Factor out sinx and use the identity sin“z = 1 — cos” x.

/singacd:v = /sinzx sin z dx
= /(1 — cos? x) sin z dx.

Let u = cosz, then du = —sinz dx, so sinx dxr = —du. We substitute and obtain

/sin3:cd:c = /(1—u2)(—du)
= /(u2 - 1) du

1 3
- by - O
3’[,L u +

— |1
= 3COS

3x—cosx+C|

1—cos (2z)
2

5. Use the identity sin®z = and obtain

/sin6 rdr =

(sin2 x) 3 dx

<1—cc;s(2a:)>3dx

(1 — 3cos (2z) + 3cos” (2z) — cos® (22)) dx

/ dx — g /cos (2z) dx + g /COS2 (2z) dx — % /C083 (22) dx

3 3
= 3°" 15 sin (2z) + 3 cos? (2z) dx — = /cos3 (2z) dx.

Il
ol — OOI}—‘\ \

—_
—_

oo
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We evaluate

/cos2 (2z)dx = /H#S(Zm)dx

= %/(1 + cos (4x)) dx
x  sin (4x)
27 s

+C.

And also
/cos3 (2z)dx = /cos2 (2z) cos (2x) dx
/ (1 —sin® (2z)) cos (2z) dz.

Let u = sin (2z), then du = 2 cos (2z) dx, so cos (2z) dx = dg—“. We substitute and obtain

/cos3 (2z)dz = / (1—u?) d7u

1 u’

sin (2z)  sin® (22)

= 5 — 5 + C.
We now obtain
1 3 3 in (4 1 /sin (2 in® (2
/sinGxdx = %= 1—651n(2x)+ §<g + smé :c)) - g(smé 2) _ sm6( :c)) +C

S — Lsin(22) + & sin (42) + & sin® (2z) + C |

and obtain

/COS4 rzdr = / (COS2 :1:)2 dzr

1+cos 2x) )

6. Use the identity cos? x = H%S(Qz)

dzr

(=5
- / (14 2cos (2z) + cos® (22)) da
i/

1
dx + = /cos (2z)dx + - 1 /C082 (22) dx

We evaluate

/cos2 (2z)dz = /H%Sux)d:c

= %/(1—|—cos (4x)) dx

x| sin(4x)
= 3t +C.
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We now obtain

1 1. 1/x sin(4x)
4 = — — — —
/COS i = 4“45m(2$)+4(2Jr 8 >+C

= |32+ 1sin(2z) + 55sin (4z) + C |

7. Use the identity sin? (rz) = 17%(2”) and obtain

/sin2 (rx)de = /1_#5(27“5)(&

1

= 5/(1—cos (27x)) dx

1 1 .
= 5(:17— %SID(QTFI)) +C

2 — Lsin(2mz) + C|.

8. Use the identity cos? (2z) = H%S(“) and obtain

/cos4 (2z)dz = / (cos® (21:))2 dz
_ / 1—|—C(;s(4:1:))2dx
(14 2cos (4z) + cos® (4z)) dz

1 1
dx + 3 /cos (4z) dz + n /cos2 (4z) dx

We evaluate

/cos2 (4z)dx = /H%S(Sx)d:c

1/(1 + cos (82)) dz

2
x  sin(8x)

= 3 16 +C.
We now obtain
1 1. 1/x  sin(8x)
4 = — — — —
/COS (2z)dzr = 4w+8sm(4x)+4(2+ G )+C

= |3z + §sin(4x) + gysin(8z) + C|.

9. Factor out cosz and use the identity cos? z = 1 — sin® x.

T us
/ cos® xdr = / cos* x cosz dx
0 0

s
= / (COS2 :1:)2 cosxdr
0

s
/ (1 — sin? :1:)2 cosx dzx.
0
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Let u = sinz, then du = cosx dz. The lower limit of integration is v = sin0 = 0 and the
upper limit of integration is u = sinw = 0. We substitute and obtain

™ 0
/ cos5xdx:/ (1—u)2du:@.
0 0

x is an odd function on a symmetric interval [—%, %} about 0, we have

/3
/ sin® x dx = @

—7/3

10. Since sin®

2 2

11. Factor out sinx and use the identity sin“x = 1 — cos” x.

/sin3 zcoslxdr = /sin2 x cos® z sinz dx
= / (1 — cos? x) cos? z sinx dz.
Let uw = cosz, then du = —sinx dz, so sinz dx = —du. We substitute and obtain
/sin3 zcoslrdr = / (1 —u?)(v?)(—du)
/ (u4 — u2) du
1

1
5 3
= —u’—--uP4C
5’[,L 3’[,L

= %COS5$—%COS3LL‘+C.

12. Factor out cosz and use the identity cos? z = 1 — sin® .

/sin4 xcosPxdr = /sin4 x cos® x cosx dx
= /sin4 T (1 — sin? :C) cosx dx.

Let w = sinz, then du = cosx dxz. We substitute and obtain

/sin4x cos®zdr = /u4(1—u2) du

- /(u4—u6) du

1 1
= 5o HC
= %sin5x—%sin7:v+0.

13. Integrate foﬂ/ % sin® x(cos 1)3/ 2 dx using trigonometric identities.

The exponent of sinz is 3, a positive, odd integer. Factor sina from sin® z and write the
rest of the integrand in terms of cosines.

/2 /2
/ sin® z(cos )%/ % da = / sin? z(cos )%/ % sin x dz
0 0

/2
= / (1 — cos® z)(cos )/ sin x d.
0
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14.

15.

Now use the substitution v = cosx and du = —sinx dx. Then sinx dx = —du. The lower
limit of integration becomes u = cos 0 = 1 and the upper limit of integration becomes

u = cos 5 = 0. Therefore,

/2 /2
/ sin® z(cos 2)%/% dx = / (1 — cos® z)(cos )32 sinx dx
0 0

= /10 (1 —u?) e/ (—du) = /1 (1 —u?)u®? du.

0

Use algebraic manipulation to rewrite (1 —u?)u®? in a form whose antiderivative is
recognizable: (1 — u2)u3/2 =32 —u"/2,

1 1
/ (1 — u2)u3/2 du = / (u3/2 — u7/2) du
0 0

,25/229/21722 _[s
—{5u gl Rl (0-0) =4 |

Integrate foﬁ/ ? cos® zv/sin = dx using trigonometric identities.

Then

3

The exponent of cosz is 3, a positive, odd integer. Factor cosz from cos® x and write the

rest of the integrand in terms of sines.

/2

/2 /2 ™
/ cos® zvVsinz dr = / cos® zvVsinz cosz dr = / (1 — sin? x) vsin z cos x dx.
0 0 0

Now use the substitution v = sinxz and du = cosxdz. The lower limit of integration
becomes u = sin 0 = 0 and the upper limit of integration becomes u = sin § = 1. Therefore,

/2

/2 T 1
/ cos® zV/sinz dx = / (1 —sin® z)Vsinz cosz dx = / (1 —u?)Vudu.
0 0 0

Use algebraic manipulation to rewrite (1 — u2)\/ﬂ in a form whose antiderivative is recog-
nizable: (1 —u?)y/u = (1 —u?)ul/? =ul/2 — 52
Then

1 1 1
/O (1-?)Vdu _/0 (w2~ u?/2) du = [§u3/2 - gum] _ (; - %) —0-0=[5]

0
Integrate [ sin® z(cosz)/? dz using trigonometric identities.

The exponent of sinz is 3, a positive, odd integer. Factor sinz from sin® z and write the
rest of the integrand in terms of cosines.

/sin3 x(cos x) /3 dx = /sin2 z(cos )3 sinz dr = / (1 — cos® ) (cos x)1/3 sinx de.
Now use the substitution u = cosz and du = —sinz dz. So, sinz dr = —du and

/sin3 z(cos )3 de = / (1 — cos® x)(cosx)l/3 sinz dx

= =t = - [ (=)t a.

Use algebraic manipulation to rewrite (1 —u2)u1/ 3 in a form whose antiderivative is
recognizable: (1 —u?)ul/? = u!/3 —47/3,
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Then

/sm3 x(cos )3 dx = / ul/? — 7/3 du = — §u4/3 - 3u10/3 +C
4 10
(3.0
4

10/3) +C

—| 3

10/3
= 75 (cosx) / —%(

cosx)4/3 +C|

16. Factor out cosz and use the identity cos? z = 1 — sin® z.

/cos3 rsin'/?zdr = /C082 x sin'/? z cosx dx

/ (1 — sin? :C) sin'/? z cos z dx.
Let u = sinx, then du = cosx dx. We substitute and obtain
/c053 rsin'?zdr = / (1 — u2)u1/2 du

= / (u1/2 — u5/2) du

2 2
= §U3/2 — ?U7/2 + C

= %sing/zx—7sm z+C|

) and use the identity cos® (£) = 1 —sin® ().

(5) o (5o = oo (3) 0 (n ()
(1 (3)) s () o3

Let u = sin (%) then du = 2 cos ( ) dx, so cos ( ) dr = 2du. We substitute and obtain

/sin2 (%) cos® (g) de = /(1 — ) (u?) (2 du)

17. Factor out cos (

/ sin

z
2

no

Il
[N}
—~
S

[
|
S

'
~—
U
S

18. Factor out cos (4x) and use the identity cos? (4z) = 1 — sin? (4z).
/sin3 (42) cos® (4r)dx = /cos2 (4z) sin® (4x) cos (4x) dx
/ (1 —sin® (4z)) sin® (47) cos (4) dx.
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Let u = sin (4z), then du = 4 cos (4z) dz, so cos (4z) dz = 4. We substitute and obtain

/sin3 (42) cos® (4z)dxr = / (1—u?)(uv?) oy
i
1
4

19. Integrate [ tan® z sec® x dx using trigonometric identities.

The exponent of tan z is 3, a positive, odd integer > 3. Factor sec x tan x from tan?® z sec®

and write the rest of the integrand in terms of secants. Use the identity tan? z = sec? x — 1.
/tan3 rsecd zdr = /tan2 zsec’ z -secrtanz dr = / (8662 T — 1) sec? z - sec z tan z dz.

Now use the substitution © = secx and du = secx tan z dx.

/tan3 zrsec® vdr = / (sec2 T — 1) sec’ z - secxtanz dxr = / (u2 — 1)u2 du.

Use algebraic manipulation to rewrite (u? — 1)u? in a form whose antiderivative is recog-
p

nizable: (u2 — 1)u2 =t — 2

Then

1 1
/tan3xsec?’:vdac=/(u2—1)u2du:/(u4—u3)du=gu5—§u3+C= %—%—FC.

20. Factor out secx tanz. Then let u = secx, so du = secx tan x dz. We substitute and obtain

/tanxsec5xdx = /sec4:1: secx tan z dx

= /u4du

1
5’&5—'—0

= %secf’x—i—C.

21. Integrate [ tan®/2 z sec? x dz using trigonometric identities.

The exponent of sec x is 4, a positive, even integer. Factor sec?  from sec* z and write the

rest of the integrand in terms of tangents. Use the identity sec? x = 1 + tan? .
/tan3/2 rsect xdr = /tan3/2 zsec’ xsec® zdr = /tan3/2 T (1 + tan? :1:) sec? z da.
Now use the substitution u = tanx and du = sec? x dx.

/tan3/2 xsect rdr = /tamg’/2 T (1 + tan? :1:) sec? rdx = /u3/2(1 + uz) du.

Use algebraic manipulation to rewrite u3/2 (1 +u2) in a form whose antiderivative is
recognizable: u%/2(1 +u?) = u®/2 + u7/2,
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22.

23.

Then

2 2
/tan3/2xsec4xdx:/(u3/2+u7/2) du:5u5/2+§u9/2+0

= %tan5/2x+%tan9/2x+c.

Integrate [ tan® x sec x dz using trigonometric identities.
The exponent of tan x is 5, a positive, odd integer. Factor tan zsec x from tan® zsecx and
write the rest of the integrand in terms of secants. Use the identity tan? z = sec? z — 1.

/tan5:vsec:vd:v=/tan4xtan:vsecxdx:/(secQ:v—1)2tanxsecxdx.

Now use the substitution © = secx and du = tan x sec z dx.

/tan5xsecxdx:/(seCQ:v—1)2tanxsecxdx:/(u2—1)2du.

Use algebraic manipulation to rewrite (u2 — 1)2 in a form whose antiderivative is recog-
nizable: (u2 — 1)2 =yt — 20 +1.

Then

/tan5xsecxd:v=/(u2—1)2du
z/(u4—2u2+1)du

1 2
=gu5—§u3+u—|—C
Lnod

=|gsec’ T — %sec3x+secx+0 .

Integrate [ tan® z (sec x)3/ % da using trigonometric identities.

The exponent of tan z is 3, a positive, odd integer. Factor tan z sec z from tan® x (sec :1:)3/2

and write the rest of the integrand in terms of secants. Use the identity tan? z = sec® x — 1.
/tan3 x (sec 1)3/2 dx = /tan2 x (sec x)1/2 tan x sec x dx
= / (sec® z — 1) (sec 2)"/? tan x sec x da.
Now use the substitution v = secz and du = tan z sec x dx.
/tan3 x (sec :v)3/2 dr = / (se62 T — 1) (sec x)1/2 tanzrsecrdr = / (u2 — 1)ul/2 du.

1/2

Use algebraic manipulation to rewrite (u2 — 1)u in a form whose antiderivative is rec-

ognizable: (u2 — 1)u1/2 =ub/2 — /2,

Then
/tan3 x (sec x)3/2 dx = / (u5/2 - u1/2) du

2 2
= ?U7/2 — §U3/2 + C

= %(seca@)?/2 - %(sec:zc)g/2 +C|
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24. Integrate [ sec* zv/tan x dx using trigonometric identities.

25.

26.

The exponent of sec x is 4, a positive, even integer. Factor sec?  from sec* z and write the

rest of the integrand in terms of tangents. Use the identity sec? z = 1 + tan® x.
/ sec* zvtanx dx = / sec? zv/tan x sec® rdx = / (1 + tan? :1:) Vtan z sec® z dz.
Now use the substitution v = tanz and du = sec? z dz.

/sec4 rvtan x dx :/(1—|—tan2 :v)\/tanxseCQ:vd:v z/(1+u2)\/ﬂdu.

Use algebraic manipulation to rewrite (1 + u2)\/ﬂ in a form whose antiderivative is recog-
nizable: (14 u?)y/u = (14 u?)u'/? = ul/2 4 u%/2.

Then

/sec4x\/tanxd:v:/(u1/2+u5/2) du = §u3/2+ %u7/2+0

= %(tangc)g/2 + %(tanx)”Q +C|

Factor out cscx cot x, and use the identity cot? x = csc?z — 1.
/ cot? xescxdr = / cot? x cscx cot x dx
= / (csc2:v — 1) cscx cot x dw.

Let uw = cscx, then du = —cscxzcotxdr, so cscxcotzdr = —du. We substitute and
obtain

/cot3:ccsc:1:d:1: = /(csc2x—1) cscx cotx dx
= /(u2 —1)(—du)

/(1 —u2) du

L3
= u—=-u"+C
3
= J|cscx — %CSC3$+O .
Let u = cot x, then du = — csc? z dz, so csc? x dx = —du. We substitute and obtain

/cot3x csc’xdr = /u3(—du)
= —/uSdu

1
—ZU4 + C

= —%cot‘lx—l-C’.
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27. We use the identity sin A cos B = £(sin (A 4+ B) + sin (A — B)) to obtain

/sin(3:c) coszdr = %/(sin(4:z:)+sin(2:z:))d:c

1 1 1
= 5 (_Z cos (4z) — 5 cos (2£C)> +C

— —%cos (4x) — %cos (2z) + C'|.

28. We use the identity sin A cos B = £(sin (A 4+ B) + sin (A — B)) to obtain

/sin:z: cos (3z)dx = %/(sin (4x) + sin (—2z)) dx

_ % / (sin (42) — sin (22)) dz

_ %(—%cos (42) — (—%cos (2x)>) e

—5 cos (4z) 4 5 cos (2z) + C'|

29. We use the identity cos A cos B = 3(cos (A + B) + cos (A — B)) to obtain

/cos:z: cos (3x)dx = % / (cos (4x) + cos (—2z)) dx

= %/(cos (4x) + cos (2x)) dx

1/1 . 1.
= 3 <Z sin (4z) + 3 sm(2:17)> +C

= | gsin(4z) + §sin(2z) + C|

30. We use the identity cos A cos B = £ (cos (A + B) + cos (A — B)) to obtain

/cos (2x) coszdr = %/(cos (3x) + cos (z)) dz

1/1 . .
= §<§sm(3x)+sm:c)—|—c

= |sin(3z) + gsinz +C|

31. We use the identity sin Asin B = 5(cos (A — B) — cos (A + B)) to obtain

L
/sin (22) sin (4z)dx = %/(cos (—2x) — cos (6z)) dx
= %/(cos (2x) — cos (6z)) dx

1/1 . 1.
ol <§ sin (2z) — g Sin (61:)) +C

= | 4sin(2z) — {5 sin (6z) + C |
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32. We use the identity sin Asin B = 1 (cos (A — B) — cos (A + B)) to obtain
/sin (3x) sin (z)dx = % / (cos (3x — x) — cos (Bz+x)) dx
= % / (cos (2x) — cos (4x)) dx
1/1 . 1.
= 3 (5 sin (2z) — 7 5in (417)) +C

= | isin(2z) — §sin(42) + C|

33. We use the identity sin Asin B = J(cos (A — B) — cos (A + B)) to obtain

/2

/2
/ sin (2z) sinzdx = / (cos (x) — cos (3z)) dx
0 0
/2
= sinx — - sm x)}
0

Lan (27)) - (sm0 - Ssins00)]

N = N = N = N =

w|u>/;)\
=
o
|
| =
=z.
=

|
(3
(

I
[eo]
=

34. We use the identity cos A cos B = z(cos (A 4+ B) + cos (A — B)) to obtain

N[

3

/077 cosx cos (4x)dx = (cos (5x) + cos (—3z)) dx

(cos (5x) + cos (3x)) dx

ﬁc\

1 s
sin (5z) + - sin (31:)]
3 0

N = N= N = N =

| — I ——
(S R

sin (57) + %sin (37) — <é sin (5(0)) + %sin (3(0)))}

I
=]

35. Integrate fo sin? z cos® z dx using trigonometric identities.

5

The exponent of cos z is 5, a positive, odd integer. Factor cosz from sin? z cos® 2 and write
2

the rest of the integrand in terms of sines. Use the identity sin? z = 1 — cos? z.
/2 /2 /2 5
/ sin? x cos® x do = / sin? x cos* x cos x dx = / sin? x (1 — sin? :1:) cosx dx.
0 0 0

Now use the substitution v = sinx and du = cosxzdx. The lower limit of integration
becomes u = sin 0 = 0 and the upper limit of integration becomes u = sin § = 1. Therefore,

/2 /2 1
/ sin? z cos® xdx = / sin? (1 — sin? x)2 coszdxr = / u? (1 — u2)2 du.
0 0 0

Use algebraic manipulation to rewrite u? (1 — u2) in a form whose antiderivative is recog-

nizable: u? (1 — u2)2 = u? — 2u* + uS.
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Then
1 ) 1
/ u2(1—u2) du:/ (u2—2u4+u6) du
0 0

1 1"
3 5 7
= - _2._ -
{311 £ +7u]0

1 2 1 3
:(5‘3+?>‘0:m

36. Integrate foﬂ/z sin® z cos'/? x dz using trigonometric identities.

The exponent of sinz is 3, a positive, odd integer. Factor sinz from sin® z and write the
rest of the integrand in terms of cosines. Use the identity sin? z = 1 — cos? x.

/2 /2 /2
/ sin® z cos™/? x dx = / sin? z cos'/? zsin x dx = / (1 — cos? x) cos'/? z sin x da.
0 0 0

Now use the substitution © = cosx and du = — sinxz dx. Then sinx dr = —du. The lower

limit of integration becomes u = cos0 = 1 and the upper limit of integration becomes
u = cos 5 = 0. Therefore,

/2 /2
/ sin® z cos'/? x dx = / (1 — cos? x) cos'/? zsinx dx
0 0

= /10 (1 —u?)u'/?(~du) = - /10 (1 —u?)u'/? du.

Using a property of integrals, — flo (1—u?)ul/?du = fol (1 —u?)u'/? du.

Use algebraic manipulation to rewrite (1 — uz)ul/ 2 in a form whose antiderivative is rec-
ognizable: (1 — u2)u1/2 =ul/2 — /2,

Then

1 1
/ (1 — u2)u1/2 du = / (u1/2 — u5/2) du
0 0

9 1
— 282 _ 2u7/2
3 7

:(§_§>—(0—0)= 2|

37. Integrate [ Z:)‘;ZZ dzx using trigonometric identities.

The exponent of sinz is 3, a positive, odd integer. Factor sinz from sin® z and write the
rest of the integrand in terms of cosines.

sin® z sinx | 1—cos?z .
5 dr = 5 sinz dx = 7251n:vd:v.
cos? x cos? x cos? x

Now use the substitution 4 = cosx and du = —sinz dx. Then sinx dx = —du and
-3 2 2 2
sin” x 1—cos*zx 1—u 1—u
der = | ————sinadx = —du) = — du.
/ cos2 / cos? x / u2 ( ) / u?
Use algebraic manipulation to rewrite 1;32 in a form whose antiderivative is recognizable:

2 2
1—w” _ 1 u 7u72_1.

u2 T w2 uz
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Then
sin® 9 1
/ 5 dx:—/(uf —1)du:—(—u7 —u)+C=—+u+C
cos? x u
= Colsz 4+ cosx =secx +cosx + C |
38. We rewrite the integral, and obtain

39.

40.

coszT 1 cosx
/ ——dr = / ————dr
sin® x sin® z sinx

= /csc3:1: cotxdr

/ csc? x (cscx cot ) da.

Let uw = cscx, then du = —cscxcotxdr, so cscxcotzdr = —du. We substitute and

obtain
/C.Oix dex = /u2 (—du)
sin® x

= —/u2du

1
—g’LLS + C

= —%csc?’x—l—c.

Integrate foﬂ/ % cos? (3x) dz using trigonometric identities.

The exponent of cos (3x) is 3, a positive, odd integer. Factor cos (3z) from cos® (3z) and
write the rest of the integrand in terms of sines. Use the identity cos? (3z) = 1 —sin? (3z).

/3 /3 /3
/ cos® (3x) dx = / cos? (3x) cos (3z) dr = / [1- sin? (32)] cos (3z) d.
0 0 0

Now use the substitution v = sin (3z) and du = 3 cos (3z) dz. Then cos (3z) dz = dg—“.

The lower limit of integration becomes u = sin(0 = 0 and the upper limit of integration

becomes u = sin (35) = sin (1) = 0.

Therefore,

/3 /3 . 0 sdu 1O ,
/0 cos® (3x)dx_/0 [1—s1n2 (3z)] cos(3a:)d:1:—/0 (1—wu )?_5/0 (1 —u?) du.

Using a property of integrals, foﬂ/3 cos® (3z) du = % fOO (1—u?)du= @

Integrate foﬂ/ ® sin’ (3x) dz using trigonometric identities.

The exponent of sin (3z) is 5, a positive, odd integer. Factor sin (3z) from sin® (3z) and
write the rest of the integrand in terms of cosines. Use the identity sin? (3z) = 1—cos? (3z).

/3 /3 /3
/ sin® (32) dw = / sin (32) sin (32) dw = / [1 — cos? (32)]” sin (3z) da.
0 0 0
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Now use the substitution u = cos (3z) and du = —3sin (3z) dz. Then sinz dz = —%“.
The lower limit of integration becomes u = cos0 = 1 and the upper limit of integration
becomes u = cos (3 %) = cos (1) = —1.

Therefore,

/ﬂ/3 sin® (3x) dx = /F/3 [1- cos? (32)] 2[sin (3z) dz]
0 0

[ o (-8) =5 [ 0wt

Using a property of integrals, — % fl_l (1- u2)2 du =3 f_ll (1- u2)2 du.

Use algebraic manipulation to rewrite (1 — u2) in a form whose antiderivative is recog-

nizable: (1 — u2)2 =1-—2u?+ut.

Then
/3 1 1 5
/ sin5(3x)dx:—/ (1—u?)"du
0 3/
1! 2 4
= - (1—2u —l—u)du
3/
1 245 14 !
—3[u 3u +5u} )
1

41. Factor out sinz and use the identity sin? z = 1 — cos? z.

v s
/ sin®x cos® zdx = / sin? x cos® z sinz dz
0 0

s
/ (1 — cos? x) cos® x sin z dz.
0

Let u = cosz, then du = —sinz dx, so sinxdx = —du. The lower limit of integration is
u = cos0 = 1, and the upper limit of integration is v = cosm = —1. We substitute and
obtain

™ -1
/ sin®z cos® xdr = / (1 —u?) u® (—du)
0 11
= / (u5 — u7) du

-1

= o]

since we are integrating an odd function on a symmetric interval about 0.

42. Factor out sinz and use the identity sin?z = 1 — cos? z.

/2 /2
/ sin®x cos®zdx = / sin? x cos® x sinz dx
0 0

/2
/ (1 — cos? :1:) cos® z sinz dx.
0
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Let u = cosz, then du = —sinz dx, so sinxdx = —du. The lower limit of integration is
u = cos0 = 1, and the upper limit of integration is u = cos § = 0. We substitute and
obtain

/2 0
/ sin®z cos®xdr = / (1 —u?)u® (—du)
0 1

43. Rewrite the integral, factor out sinz, and use the identity sin® z = 1 — cos? z to obtain

.3
sin® x
tan®zdxr = 3 dzr
cos3 x
sin?z .
= 3 sin z dx
cos3 x

1—cos?z .
= —  sinxzdx.

cos3 x

Let u = cosz, then du = —sinz dx, so sinx dxr = —du. We substitute and obtain

/ tanzdr = / 1;3“2(—du)
-/ (% _u—3) du

-2
= ln|u|—u—2+C

= |Infcosz| + Lsec?z+C|

44. Rewrite the integral, factor out cosz, and use the identity cos? 2 = 1 — sin z to obtain

5
cos’ x
/cot5xd:v = / - dx
sin” x
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Let u = sinx, then du = cosx dx. We substitute and obtain

—u?)?
/cot5:1:d:1: = /wdu
U

u

I
—
7N\

S

&

1
—2u"3 + —) du

1
= —Zu_4 +u 2 +Injul +C

= |—foesctz 4 sz +Inlsina| + C|

45. Factor out sec? z and use the identity sec? z = 1+ tan? z.

6 4
sec’ & sec* T
/ 3 der = / 3 sec? z dx
tan® x tan® x
2 2
sec” T
= /#sec%@dm
tan® x
2
(1 + tan? :C) 9
= ————5——sec z dx.
tan” x

Let u = tan x, then du = sec? x dz. We substitute and obtain

/secix dr — /(1—1-:2)2 .
tan® x U

/1+2u2+u4
= 73du
U

= /(u_3+z+u>du
u

= “_—2 2Infu] + Fu* +C

= |—3cot?z +2Injtanz| + § tan’z + C |

46. Let v = tanz, then du = sec? z dz. We substitute and obtain
/tanl/Q:r sec?xdr = /u1/2 du

2
= §’UJ3/2 +C

= %tang/Q:v—i—C.

47. Integrate f csct x cot? & dx using trigonometric identities.
Notice that the exponent of cscx is 4 and the exponent of cot x is 3. So this integral can
be found in two different ways, which will give two different (but equivalent) answers.
One solution:

The exponent of cscz is 4, a positive, even integer. Factor csc? z from csc? z cot® z and

write the rest of the integrand in terms of cotangents. Use the identity csc? z = 1 + cot? .

/csc4 zeot] xdr = / csc? zeot® zesc? xdr = / (1 + cot? :c) cot® z esc? x dz.
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Now use the substitution u = cotz and du = — csc? x dz. Then csc? x dz = —du and
/csc4 zeotd zdr = / (1 + cot? :1:) cot? (csc2 x da:)
= / (14 u?)u?(—du) = — / (14 u?)u? du.
Use algebraic manipulation to rewrite (1 + uz)u?’ in a form whose antiderivative is recog-

nizable: (1 + u2)u3 = ud + ub.
Then

1 1
/csc4:vcot3xdx:—/(u3+u5)du:—(1u4+gu6>+(§': —%cot‘lx—%coth—i—C.

Another solution:

The exponent of cot z is 3, a positive, odd integer. Factor csc x cot z from csc* = cot? z and
write the rest of the integrand in terms of cosecants. Use the identity cot? 2 = csc?x — 1.

/csc4 zcot® v dr = /csc3 x cot? z csc x cot  dx = /csc3 T (csc2 T — 1) cscx cot x dx.

Now use the substitution © = cscx and du = —cscxcotxdxr. Then cscxcotxdr = —du
and

/csc4 xcot® xdr = /0503 x (csc2 T — 1) cscxcotzdr = /u3 (u2 — 1)(—du) = /u3 (1 — u2) du.

Use algebraic manipulation to rewrite u3(1 — u2) in a form whose antiderivative is recog-

nizable: > (1 — u2) =u® — b,

Then

1 1
/csc4cot3xdx:/(u3—u5)du:Zu4—6u6+C= %csc‘lx—%csch—i-C.

The two answers are equivalent, because

1 1 1 1
chc4:1:— gcscﬁx—l—Cl = Z(csczx)2 — g(csczx)3 + C4
1 1
= Z(1—|—cot2x)2 - 6(1+cot2x)3+01
1 1
= Z(1+2cot2x+cot4x) — 6(1+3c0t2x+3cot4x+cot6:1:) + C1
1 1 1 1 1 1 1
= Z+§cot2$+1cot4:v— 6 —§cot2x—§cot4x—6cot6x+01
1 1 1 1 1 1 1
= <§cot2x— icoth) + (Zcot‘lx—icot‘lx) — gcotﬁx—l— (Z — 6+Ol>

1 1
= —Zcot4a:— gcotﬁx—l—Cg.

48. Integrate [ cot® zcsc? z dx using trigonometric identities.

Notice that the exponent of cotz is 3 and the exponent of cscx is 2. So this integral can
be found in two different ways, which will give two different (but equivalent) answers.

One solution:
The exponent of csczx is 2, a positive, even integer.
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Use the substitution v = cot z and du = — csc¢? x dz. Then csc? z dx = —du and

1
/cot3x0502xdx:/u3(—du) = —/uSduz —Zu4+C= —tcot*z + C|.

Another solution:
The exponent of cot x is 3, a positive, odd integer.

Factor csc z cot  from cot® z csc? 2 and write the rest of the integrand in terms of cosecants.
Use the identity cot? x = csc?z — 1.

/c0t3xcs02xdx:/cot2x0s0x~cscxcotxdx:/(cch:r— 1) cscxcotrdr.

Now use the substitution © = cscz and du = — cscxtanz dx. Then cscxtanz dr = —du
and

/cot?’xcsczxdx:/(csc2—1) cscx-cscxcotxd:vz/(u2—1)u(—du)=/(1—u2)udu

Use algebraic manipulation to rewrite (1 — u2)u in a form whose antiderivative is recog-

nizable: (1 — u2)u =u—ud.

Then

1 1
/cot3xCSCQ:Cd:v=/(u—uS)du=§u2—Zu4+C= %csc%c—icsc‘lx—i-C.

The two answers are equivalent, because
1 1 9 N2 1 9 2 1 4 9
_ZCOt x—i—Clz—Z(cot x) —I—Clz—z(csc :v—l) —I—Clz—z(csc T — 2cse :v—l—l)—i—Cl

1 1 1 1 1
= —chc‘lx—i— §csc2:v+ (01 — Z) = §CSC2$— ZCSC2$+CQ.
49. Factor out csc (2z) cot (2x) to obtain

/cot (22) csc (2z) dx = | csc® (2z) esc (2x) cot (2x) da.

Let u = csc (2x), then du = —2csc (2z) cot (2z) dx, so cscx cot x dr = — %2 We substitute

and obtain
4 3 du
cot (2z) csc® (2z)dx = u |\ —5

—2esct (22) + O

Il
Q
n
&

50. We first use the identity cot? (2x) = csc? (2z) —

/cot2 (22) csc® (2z) dr =

= /csc (22) da:—/csc3 (2z) dx.

(csc? —1) csc® (2z) dz
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We use integration by parts for [ csc® (2z)dz with u = csc® (2z) and dv = csc? (2z) dz.
Then du = —6 csc? (2z) cot (2z) dz and v = —3 cot (2z). We obtain

1
/0505 (2z)dx = —3 esc? (2x) cot (2x) — 3/ (esc® (2z) cot (22)) cot (2z) da
L3 3 2
= —gosc (2z) cot (22) — 3 [ csc” (2x) cot” (2z) dx
1
= 3 csc® (2x) cot (2x) — 3 / esc® (22) (esc® (2z) — 1) dz
1
= -3 esc® (2x) cot (2x) — 3 / esc® (2x) dx + 3/csc3 (2z) dz.
We add 3 [ csc® (2z) dz to both sides, and divide by 4 and obtain
4/csc5 (22) dx

1 3
/0505 (2z)dx = ~3 esc? (2z) cot (2x) + 1 /csc3 (2z) dz.

1
—3 esc? (2x) cot (2x) + 3 / esc? (2z) dx

We now have
/cot2 (2z) csc® (2x) de = /csc5 (2z) dx — /csc3 (2z) dz
L3 3 3 3
= —gosc (22) cot (2z) + 1] cse (2z) dx — | csc® (2z) dx
L3 1 3
= —geosc (2x) cot (2z) — 7/ e (2z) dz.

We use integration by parts for [csc® (2z)dz with u = csc (2z) and dv = csc? (2z) dz.
Then du = —2csc (2z) cot (2z) dz and v = —1 cot (2z). We obtain

/cs03 (2z)dz = —% csc (2z) cot (2z) — / (csc (2z) cot (2z)) cot (2z) dx

—% csc (2z) cot (2z) — /csc (22) cot? (2x) dx
= —% csc (2z) cot (2z) — /csc (22) (csc® (2z) — 1) da

= —%csc (2z) cot (2z) — /csc3 (2z) dx+/csc (2z) dx

1 1
—g cse (2x) cot (22) — /0503 (2z) dx — 3 In |esc (22) + cot (2z)] .

We add [ csc? (2z) dz to both sides, and divide by 2 and obtain

2/cs03 (2z)dz = —% csc (2z) cot (2z) — % In |csc (2x) + cot (2z)|
/csc3 (2z)dz = —% csc (2z) cot (2z) — % In |esc (2x) + cot (2z)| + C.
We now have
/cot2 (20) esc® (20) dor = — csc? (22) cot (2a) %(ﬂsc (214) cot (2¢) _ Infesc (2z)4+coc (2x)|) LC

csc® (2x) cot (2x) csc (2z) cot (2x) In|csc (2z)+cot (22)]
B 8 + 16 + 16 +C
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51. We rewrite the integral using the identity tan® x = sec

/4
/ tan? z sec® x dz
0

2x—1.

/4 9
= / (tan2 :1:) sec® zdx
0
/4 9
= / (sec2 T — 1) sec® z dx
0

/4
= / (sec4 x — 2sec® T + 1) sec® zdx
0

/4 /4 /4
/ sec” zdx — 2/ sec® zdr + / sec z du.
0 0 0

From Example 7 we have [ sec® zdz = 1 [secx tanz + In|secx + tanz|] + C, so

71'/4 1
/ sec’vdr = 3 [secxtanx + In [secz + tan x|
0

/4

1
= - [secztanz—i—ln‘sec%—i—tan% —(secOtanO+ln|secO—|—tan0|)}

2

4 4

- %1n(\/§+1)+§.

We use integration by parts for foﬂ/4 sec® x dx with u = sec

3z and dv = sec? xdx. Then

du = 3sec® xtanz dx and v = tanz. We obtain

/4
/ sec®>zdr =
0

[sec3 x tan :C] /4 3 /W/4 (sec3 x tan x) tan z dx
0
0

/4
sec? % tan % — (se03 0 tan O) — 3/ sec® ztan? z dx
0

/4
2V/2 — 3/ sec? :v(sec2 T — 1) dzr
0

/4 /4
2v/2 -3 / sec5:vd:v—/ sec® z dx
0 0

/4
2\/5—3/ SeCSIdI+3<lln(\/§+1)+@>
0 2 2

3 7 /4
51n(x/§+1)+§\/_—3/ sec® z dz.

T
0

We add 3 foﬂ/4 sec® x dx to each side and divide by 4 to obtain

/4
4/ sec®rdr =
0

1n(\/§+1)+g\/§

3
2
71'/4 3 7
5 _ 2 L
/0 sec’rdx = 81n(\/§+1)+8\/§.
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5

We use integration by parts for foﬂ/4 sec” x dx with u = sec® z and dv = sec? x dx. Then

du = 5sec® ztanz dx and v = tanz. We obtain

/4 x/4 /4
/ sec’ xdr = [sec5 T tan :C] 0o 5 / (sec5 z tan x) tan z dx
0 0

/4
= sec® % tan % — (sec5 0 tan O) -5 / sec® ztan® z dx
0

/4
= 4\/5—5/ sec5:1:(sec2:1:—1) dzr
0

/4 /4
= 4\/5—5(/ sec7xd:ﬂ—/ secS:Cd:v>
0 0

/4 3 7
= 4\/5—5/ sec7xdx+5<§ln(\/§+1)+§\/§>
0

1 71'/4
= —51n(\/§+1)+g\/§—5/ sec” z da.
8 8 0
We add 5 foﬁ/4 sec” x dzx to each side and divide by 6 to obtain
/4 15 67
6/ sec’ zdr = —ln(\/§+1) +—2
0 8 8
/4 5 67
/0 sec’ xdr = Eln (\/i—i— 1)—}—@\/5.
We now obtain
/4 /4 /4 /4
/ tan*zsec® xdx = sec7xdx—2/ sec5xdx+/ sec® z dx
0 0 0 0
5 67 3 7
:—1(21)—2—2—1(21)—2
(1611\/_—0— +48f> <8n\/_—|— +8f
1 2
+<§ln(\/§+l)+\/7_>

52. We rewrite the integral using the identity tan? z = sec? z — 1.

/4 /4
/ tan®?xsecxdr = / (sec2 T — 1) secx dx
0 0

/4

/4 /4
sec® x dx — / secr dr
0
/4
= / sec® v dz — [In [sec x + tan z|];)
/4
/4

(=)

[}

= / sec® v dx — {m‘sec%—l—tanﬂ—1n|sec0—|—tan0|
0

/ sec® zdz —In (\/5—}—1)

0
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From Example 8 we have [ sec® z dz = 1 [secx tanz + In [secx + tanz|] + C, so

/4 1
/ secrdr = 3 [sec:vtanx+ln|sec:v+tanx|]g/4
0

1 ™ ™ ™ ™

= 5 [secztanz—i—ln‘secz —i—tanz —(secOtanO+ln|secO—|—tan0|)}
1 2

- 51n(\/§+1)+—\2f.

We now obtain

/4 /4
/ tan?zsecxdr = / secd xdz — In (\/5 + 1)
0 0

<%1n(\/§+1)+@> —1n(\/§+1)

2

- % 2—%111(\/54—1).

53. Integrate foﬂ/Q sin (%) cos (379”) dzx using the product-to-sum identity
2sin Acos B =sin (A + B) +sin(A — B).
Then

/”/2 i (x) cos 3z 1 /”/2 i T n 3x i r 3z d
in ( = — = in{ =+ — in[ = - — o
) 2 2 2 )y 272 2 72

/2
/0 [sin (2z) + sin (—x)] dx

/2
[sin (2z) — sinz] dz since sin(—z) = —sinz

Q.
8
\

/2 1 /2
sin (2z) dx — = / sinz dx
2 Jo

o— >—

N = NI~ N= N

L= cos (@)

|
N =
Q
=}
n
—
[N}
8
~
[E——"
|
[\
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54. Integrate foﬂ/4 cos (—z) sin (4z) dx = 071'/4 sin (4x) cos (—z) dx using the product-to-sum
identity 2sin A cos B = sin (A + B) +sin (A — B).

Then
/4 . B 1 /4 .
/0 sin (4x) cos (—z) da = 3 /0 sin [4z + (—x)] cos [4x — (—z)] dz

/4
/0 [sin (3z) + sin (5x)] dx

/4

[_% cos (3;0)] + % {—é cos (517)}

0

1

2

1 71'/4 1 71'/4

—/ sin (3z) dx + —/ sin (5z) dx
2 Jo 2Jo

1 /4
2

0

/sin (g) sin (%) dr = %/(cos(—x) — cos (2z)) dz

= %/(cos () — cos (2z)) dx

1/, 1 .
= §<smx—§sm(2x)>+0

= |3sinz — sin(2z)+C|

56. We use the identity cos A cos B = 3(cos (A 4 B) + cos (A — B)) to obtain
1
/cos (rx) cos (3rx)dx = 3 / (cos (4mx) + cos (—2mz)) dx

= %/(cos (4mzx) 4 cos (2mz)) dx

1/1 . 1.
= 5 <E sin (4mz) + 5, sin (27T:c)> +C

= | & sin(47rz) + ;= sin (27z) + C |
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57. The volume is given by the integral [ 7 (sin 2)? dz. We write sin? z = 1_%5(%) and obtain
/ r(sinz)’de = / W<M> dx
0 0 2
T ™
= —/ (1 —cos(22))dx
2 Jo

1 ™

= g [:v —5 sin(2ac)}0
1 1

= g {ﬁ — 5 sin (2) - (o -3 sin(2(0)))]

= %71’2

58. The volume is given by the integral fo [ cosz)” — (sin x)ﬂ dz. We write cos?x —
sin® z = cos (2z) and obtain
/4 /4
/ T {(COS x)? — (sinx)ﬂ de = / mcos (2z) dx
0
= 7T/ cos (2z) dx
0
= 75 sin (2z)
1 1.

= [5 2 —5 sm(2(0))}
= |37

59. Using the method of disks, the volume is given by

/2 ) /2 2 /2
V= 7r/ [f(z)]" dx = 7T/ [sin x(cos x)3/2] dz = 7r/ sin? x cos® x dx.
0 0 0

3

The exponent of cosz is 3, a positive, odd integer. Factor cosz from cos® x and write the
2

rest of the integrand in terms of sines. Use the identity cos?z = 1 — sin® x.
/2 /2 /2
/ sin? z cos® x dx = / sin?  cos® x cos z dx = / sin? (1 — sin? :1:) coszdzx.
0 0 0

Now use the substitution v = sinx and du = cosxdx. The lower limit of integration
becomes u = sin 0 = 0 and the upper limit of integration becomes u = sin 3 = 1. Therefore,

/2 /2 1
/ sin? x cos® z dx = / sin® x (1 — sin? :1:) cosxdr = / u2(1 — u2) du.
0 0 0

Use algebraic manipulation to rewrite u> (1 — uz) in a form whose antiderivative is recog-

nizable: u? (1 — u2) =u? —ut

Then
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The volume of the solid is

/2 1
V:W/ sinzxcos?’xd:z::w/ u2(1—u2)du: ?—g
0 0

60. Using the method of disks, the volume is given by

/2 ) /2 9 /2
V= 7T/ [f(2)] dxzw/ {(sinx)3/2 cos? :C] dx =7r/ sin® 2 cos? z dz.
0 0 0

3 2 and write the

x=1-—cos?z.

The exponent of sinz is 3, a positive, odd integer. Factor sinx from sin
rest of the integrand in terms of cosines. Use the identity sin®

/2 /2 /2
/ sin® z cos* z dz = / sin? z cos* zsinx dr = / (1 — cos? :C) cos* z sin z dz.
0 0 0

Now use the substitution u = cosz and du = —sinxz dz. Then sinx dr = —du. The lower
limit of integration becomes u = cos0 = 1 and the upper limit of integration becomes
u = cos 5 = 0. Therefore,

/2 /2
/ sin® z cos* x dx = / (1 — cos? x) cos? xsinz dx
0 0

= /10 (1 —w?)u(—du) = - /10 (1 —u?)u* du.

Using a property of integrals, — flo (1—v?)utdu= fol (1 —u?)u’ du.

Use algebraic manipulation to rewrite (1 — u2)u4 in a form whose antiderivative is recog-

nizable: (1 — u2)u4 =t —uS.

Then

1 1 1
1 1 1 1 2
1—2 4d :/ 4 _ Gd: Zud — 2y = - — = —0—0:—
/0( u)u u O(u u)u 5u 7u . FT ( ) 35

The volume of the solid is

/2 1
V:w/ singzvcos4xdx:7r/ (uz—uﬁ)duz %—75’ .
0 0

61. (a) The average value is given by ﬁ 077 sinz cos*rdr. Let u = cosz, then du =
—sinx dz, so sinx dx = —du. The lower limit of integration is u = cos0 = 1, and the
upper limit of integration is u = cosm = —1. We substitute and obtain

1 ™ . 4 1 —1 4
sinz cos*zdr = — u” (—du)
T—0 0 ™ J1

1 !

= —/ ut du
TJ-
2 1

= —/ ut du
™ Jo

using that we have an even function on an interval symmetric about 0. So

1 (" 211 1"
/ sing cos*zdr = = |=u®
=0 Jo T 15 o

2|1 1
— = _15__05
s
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(b) The area under the graph of the function f is the same as the area of the rectangle
with height 2= ~ 0.1273 and width 7 — 0 = .

(©)
A

0371

SACEA
0.1 79 @erage/ \
+ } ——t + - —
1 2 3
X

0.0
0

s

62. (a) The average value of f(z) = sin (4x) cos (2z) over the interval [0, %] is

1

T _
2

B /2
f= 5 /0 sin (4z) cos (2z) dx.

Using the product-to-sum identity 2sin A cos B = sin (4 + B) + sin (A — B),

_ 1 /2
=% 0 / sin (4z) cos (2x) dx
2 YJo
2 1 [/
=5 / [sin (42 + 2z) + sin (4z — 22)] da
™ 0
2 1 /2
=—3 / [sin (6x) + sin (22)] dz
™ 0
1 /2 /2
== / sin (6z) dx + / sin (2z) dx
7| Jo o

/2

é cos (695)] S [—% cos (2@} :/2}
|

oS (6 . g) — cos (O)} - %[COS (2 . g) — cos (O)} }

:
{gr-1-g-u}-[F]

(b) The area enclosed by a rectangle of height f = % and width 7 equals the area under
the graph of f from 0 to 3.

A= A= A=

(¢) The graph of f(z) = sin (4x) cos (2z) and the average value, f = 5=, are shown below.
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\/ =
X

63. The net displacement of the object from ¢t = 0 to ¢ = 27 seconds is given by

2w 27
/ v(t)dt = / sin? t cos® t dt.
0 0

Use the identity sin® 0 = 3[1 — cos (20)] and cos® § = L[1 + cos (26)].

NI

Then

/0 o (t) dt = /O a %[1 — cos (2t)] - %[1 + cos (20)] dt

= %/% [1— cos® (2t)] dt
0

_ i/:ﬂ [1 - %[1 + cos (4t)]] dt

1 2w
_1 / [1 — cos (48)] dt
8 Jo
1 1 ' 27
=3 [t — 4 sin (4t)]0
1
8

—N

{(%) - isin (SW)] - [(0) - %sin (0)]}

After moving from ¢t = 0 to ¢t = 27 seconds, the object is approximately 0.785 meters to
the right of where it was at ¢t = 0.

64. The velocity is given by

v(t)

v(0) + /Ot a(w) dw

t
5+ / cos? wsinw dw.
0
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Let u = cosw, then du = — sin w dw, so sinw dw = —du. The lower limit of integration is
u = cos(0 = 1, and the upper limit of integration is u = cost. We substitute and obtain

The distance is given by

We factor out cosw and use the identity cos

v(t) = 5+/1C08tu2(—du)

3 0
1 3 3
= b5—|=-cos’t cos” 0
3
16 1
= — —_cos’t
3

s(t) = S(O)—I—/O v(w) dw

2w =1-sin?w. Let u = sinw, then du =

cos w dw, the lower limit of integration is u = sin 0 = 0, and the upper limit of integration
is u = sint. We substitute and obtain

s(t) =

65.

16 ¢

—t——/ cos? w cos w dw
3 3 Jo

6 1 [

?t—g/o (1—sin2w) cosw dw
16 1 sint

—t— = 1—wu?)d
A 3/0 (1- ) du
E _l u_lug sint

3 3 3 0

16 l

1 1
?t— 3 [sint— gsin?’t— (sinO— gsingo)}

16 1. 1
?t—581nt+§

sin® ¢ |.

(a) The region in the first quadrant bounded by the graph of y = tanz and the lines

x =0 and y = 1 is pictured below. The graph of y = tanx intersects with the line

y = 1 when tanx = 1; that is, when x = %

0

7. Since the region is above the z-axis,

fﬂ/4 (1 — tanz) dx is the area of the desired region.



7-74 Chapter 7 Techniques of Integration

/

|
|
|
I
I
05 |
I
I
|
|
|
l

X
T
To evaluate foﬂ/4 tanz dr = Oﬂ/4 i;‘;; dx, use the substitution u = cosx and du =
—sinz dz. Then sinx dx = —du. The lower limit of integration becomes u = cos0 =1
and the upper limit ijfintegration beconﬁs u = cosy = 4 So, foﬂ/4 tanx dr =
/4 1 . 2/2 1 2/2 1
o mpsinzdr = [T L (=du) = — [["77 & du.

Using a property of integrals,
\/5/21 1 1 \/5 \/5
- —du = —du=nu]'s,=In(1)-In|{ 2= | =—In | == | =1In (V2).
/1 o du /ﬁ/zu u = [Inful],z,, =In(1) n< ) n| n(\/_)

Therefore, the area is

/4 /4 /4
Az/ (1—tan:t)dx:/ 1dw—/ tanzdr =|Z —In(v2) |
0 0 0

Using the method of washers, the volume is given by

Vzw/om{l2 ~[f@)*} do =7T</0W/41d:v—/oﬂ/4tan2xdx>.

Use the identity tan? x = sec? z — 1 to evaluate foﬂ/4 tan? z du.

/4 /4
/ tan? z dz = / (sec2 T — 1) dx
0 0

= [tanx—x]g/4
- [(tan% — %) — (tan0 —O)}
.
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66. (a) Since y = cot x is nonnegative on [, 3], ://42 cot x dx is the area under the graph of

- — —=
y =cotx from z =7 tox = 3.

y
1
|
|
| y = cotx
|
|
|
0 L2 b *
T 2
To evaluate f:// 42 cotxdr = f:// 42 =2 dx, use the substitution v = sinz and du =
cosz dz. The lower limit of integration becomes u = sin 7 = @ and the upper limit

of integration becomes u = sin 7 = 1. So,

/2 n/2 1
/ COt:Ed:E:/ ,1 Cosxd:r:/ ldu:[ln|u|]1/§/2:1n(1)—ln <§>

/4 /4 S xr \/5/2 u

= ln(\/i):%hﬁ.

(b) Using the method of disks, the volume is given by

/2 ) /2

V:ﬂ'/ [f(2)] dx:w/ cot? z du.
/4 /4

Use the identity cot? z = csc?x — 1.

/2 /2
V:w/ cot2xdx:7r/ (CSC2$—1)d$
/4 /4
/2

= m[—cotx —x]ﬂ/4

e[(-ouF-F)- (o3 -5

™ ™
:w(O———i—l—i——)

2 4
[F0-9]
67. (a) Use the identity sin®z = 1_%5(21) and obtain

(sin2 3:) 2 dz

1 - cos (22)
cc;s( :1:)> i

/sin4 rdr =

—_— —
—

(1 —2cos (2z) + cos® (22)) da
1 1 ,
dx — 5 | cos (2z) dx + 1/ cos (22) dx

1 1
z—7 sin (2z) + 1 /cos2 (22) du.

N N
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We evaluate

/cos2 (2z)dx = /H#S(M)dx

1
= 5/(1+cos (4x)) dz
_x  sin(4x)
= 5t +C.
We now obtain
1 1. 1/x  sin(4x)
4 - 1._2 -(Z
/cos xdr = 12 481n(2x)+4(2+ 5 )—l—C

= |3z — %sin(2z) + 55sin(42) + C |

(b) Use [sin"zdz = —M + 2=L [sin""? z dz with n = 4 to obtain

.3

4-1
/sin4:1:da: — 20 T8 + /sin4_2:1:d:1:
4 4

.3

3
__sin ZCOS$+1/sin2de.

And again with n = 2,

.3 .21
3 2—-1
/sin4:cd:c __sin x4cosa:+1<_s1n 2ICOSI+ . /sin2_2:17d:17>
sin® z cos x 3sinxcosx+3/d
= - — - x
4 8 8

— __sin m4(:0§m_351n18005;n+%x+0.

(¢) We have
3 1 1 3 1 1
31 sin (2z) + 3 sin (4z) = Fide 1(2 sinz cosx) + 5(2 sin (2z) cos (2z))
3 1 . 1 . . 2
= gx—551nxcosx+1—6(2smxcosx)(l—251n :C)
3 1 . n 1 . 1 .3
= g%~ gsinzcosz+ osinzeosy — sinzeosw
sin® x cos x 3sinxcosx = 3
= - - — .
4 8 8

So the two antiderivatives are equal.
(d) Using a Computer Algebra System, we obtain

3 1 1
.4 _ 9o L. 1o
/sm xdr = ¢ 4sm(2x)+ Y sin (4z) + C,

which agrees with the result obtained in part (a).
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68. (a)

0.5

= a i —
0 1 2 3
X

(b) Using a Computer Algebra System, we find
/ sin® zdx ~ 1. 067, / sin'® z dx ~ 0.773, / sin?® z dx ~ 0.554, and / sin®® z dz ~ 0.353.
0 0 0 0

(c) The shape of the graph appears to contract towards x = 7, becoming very narrow,
as n — 00.

(d) We continue to evaluate, and obtain [ sint% 2 dx ~ 0.250, N sint%% x dx &~ 0.0792,
and fow sint%% 2 dz ~ 0.0251. We surmise that

T

lim sin"zdx = @

n—oo 0

69. We use the identity sin Asin B = J(cos (A — B) — cos (A + B)) to obtain

/sin (ma) sin (nz)dx = % / (cos((m —n)x) — cos ((m + n)x)) dx

B l(sin((m—n)x) B Siﬂ((m+”)x)> +C

2 m-n m-+n

sin ((m—n)x) sin ((m+n)z)
2(m—mn) ~ ~ 2(m+tn) +C)

70. We use the identity sin A cos B = 1(sin (A + B) + sin (A — B)) to obtain

/sin (mx) cos (nz)dx = % / (sin ((m +n)z) +sin ((m — n)zx)) dx
1/ cos((m+mn)x) cos((m—n)x)
- 2 (_ m+n a m-—n > +C

_ cos ((m+n)x) cos ((m—n)x)
T T 2(m+n) T T 2(m—n) +C)

71. We use the identity cos Acos B = $(cos (A + B) + cos (A — B)) to obtain

/cos (mx) cos (nx)dx = % / (cos ((m + n)x) + cos ((m — n)x)) dx
1 fsin((m+n)x) sin((m—n)r)
D) ( m+n + m-—n ) +c

_ sin ((m+n)x) sin ((m—n)x)
2(m+n) + 2(m—n) +C}
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72. (a) Let u = sinz, then du = cosx dx. We substitute and obtain

/sin:v cosxdr = /udu

1
5’11/2 + Cl

1
= §sin2x+01.

So a function is | f(z) = 1 sin®z |

(b) Let u = cosz, then du = —sinz dz, so sinz dx = —du. We substitute and obtain
/sinx cosxdr = /u(—du)

Lo

= —C C
2u + C2
L 2

= ——cos”z+ Cs.

So a function is | g(z) = —3 cos? x|

(c) From the identity sin (22) = 2sin cos z we have sinz cosz = 1 sin (2z). So [ sinz cosz dx =

% [ sin (2z) dz. Let u = 2z, then du = 2dz, so dz = %du. We substitute and obtain

1
/sin:z: cosxdr = i/sin(2x)dx
1 1
= §/sinu (§du)
1
= Z/sinudu

1
= Z(—cosu) +C3

1
= —jcos (2z) + Cs.

So the function is | h(z) = —1 cos (2z) |

(d) We have f(z) — g(z) = Lsin’z — (—3 cos?z) = % (sin® z + cos’z) = 1.
= 2

(e) We have f(z) — h(z)
%(sinQ:v—i—cos%c) — = %

tsin®z — (—1cos(22)) = isin’z + 1(2cos?z—1) =

Challenge Problems
73. Let \/z = siny, so z = sin?y, and dz = 2sinycosydy. The lower limit of integration is
y = sin 10 = 0, and the upper limit of integration is y = sin™* % = 7. We substitute
and obtain
= (2siny cosy) dy

Vi—z 0 /1—sin’y

/4

/1/2 NG s /4 siny
0

siny
0 4/cos?y

/4 s
= / Sy (2siny cosy) dy
0  Cosy

/4
= 2/ sin’ y dy.
0

(2sinycosy) dy
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Use the identity sin® y = 1_C+b(2y) and obtain
12z ™41 — cos (2y)
/ e = 2 / 1= cos(2y) g,
0 vV 1—=z 0 2
/4
= / (1 —cos(2y))dy
0
1 /4
ay——
2 0
1 1
- (% —5sin (2(2))) - (o —5sin (2(0)))
_ |1 1
= |1" 7 32
74. Let u = 5 —0, then du = —d#), so df = —du. Also, § = 5 —wu. The lower limit of integration
isu =4 — 0= 7, and the upper limit of integration is u = 5 — § = 0. We substitute and
obtain

75.

/2
/ sin™ 0 df
0

where we used the identity sin (2

a) When writing (cos? z)°>/>
(a) g

/ﬂ(:z sin™ (g - u) (—du)
_/;;2 |:Sin (g — u)r du
/Oﬂ/Q [cosu]" du

/2
/ cos” 60 db
0

JI) — COS .

r _

= (cosz)®, a mistake is made. When 7 <z <, (cos x)® <

0, but (cos® z) %% 5 0. The correct equality would be (cos? z) 32 _ cos z|°.

(b) Use the identity cos?z =

s s
/ cos* x dx /

0 0

s
/0

e T e T Y B N
S— 55—

Hcofs(%) and obtain

2

(cos £C)2 dx

2
1 2
+C(;S( x)) i

(14 2cos (2x) + cos® (22)) du

(

dx + = / cos (2x)dx + = / cos? (2z) dx
2Jo 4 Jo

3

K ™

= ix} . + H sin (21:)]0 + i /OW cos? (2z) dx
= iw — 2(0)} + E sin (27) — 1 sin (2(0))} + i/ow cos? (2x) dx
= % + i /07r cos? (2x) dz.
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We evaluate

T 1 (4z)
/ cos? (2z)dx = / + cos (4r) ——dz
0 0

= %/ (1 + cos (4z)) dw
s
T

‘We now obtain

AP® Practice Problems

1. Integrate [ sin® z dz using trigonometric identities.

3

The exponent of sinz is 3, a positive, odd integer. Factor sinx from sin® x and write the

rest of the integrand in terms of cosines.

/singxdx = /sinQ:vsinxdx :/(1 — cos? :C) sin x dx.

Now use the substitution u = cosx and du = —sinx dx. Then sinx dx = —du and

/singxdx:/(1—COSQ:v)sinxdx:/(1—u2)(—du):—/(1—u2)du

1 1
——(u—§u3>+0——<cosx—3cos x) +C = —cosx+COSSI+C.

The answer is C.

X

2. The average value of f(z) = cos® (£) on the interval [0, 7] if f = L5 [ cos? () da.

Use the identity cos? 6§ = £[1 + cos (26)].

-1 (7 1 /™1 1 1
f:;/o cos? (g)dx:;/o 5[1+cos:v]dx:%[x—i—sinx]g:%[(w—i—O)—(O—i—O)]:.

The answer is D.

3. To evaluate [ sinx cos (2z) dz, use the product-to-sum identity 2 sin A cos B = sin (A + B)+
sin (A — B).

/sin:z:cos (2x) dx = % / [sin (z + 2z) + sin (@ — 2x)] dx = % / [sin (3z) + sin (—x)] dx

Since sin (—z) = —sinz,

/sin:z:cos (2z) dx = % / [sin (3z) — sinz] dz = | £ [—3 cos (3z) 4 cosz| + C |

The answer is D.
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4. Using the method of disks, the volume is given by
/4 ) /4 5 /4
V:w/ [f(z)] da::ﬂ'/ (sec® z) da::w/ sect z d.
0 0 0

Integrate [ sec* z dz using trigonometric identities.

The exponent of sec x is 4, a positive, even integer. Factor sec? x from sec* z and write the
p y @ D )

rest of the integrand in terms of tangents. Use the identity sec?x = 1 + tan? z.

/4 /4 /4
Then 7T/ sect xdr = 7r/ sec® xsec® rdr = 7T/ (1 + tan? x) sec? x dz.
0 0 0

Now use the substitution v = tanz and du = sec? z dz.

The lower limit of integration becomes u = tan0 = 0 and the upper limit of integration
becomes v = tan § = 1.

/4 /4 1
SO,V:W/ sec4:vd:v=7r/ (1+tan2$)sec2xdx:7r/ (1+u2)du
0 0 0

[+ 5], ()
=nmlu+—-| =714+ =
31, 3

The answer is C.

4
371'.

5. Integrate foﬂ/ *tans z sec x da using trigonometric identities.

The exponent of tan x is 3, a positive, odd integer. Factor tan zsec z from tan® zsecx and
write the rest of the integrand in terms of secants. Use the identity tan? z = sec? z — 1.

/4 /4 /4
Then / tan® zsecz dx = / tan? z tan z sec z dx = / (sec2 T — 1) tan x sec x dx.
0 0 0

Now use the substitution u = secx and du = tan x sec z dx.

The lower limit of integration becomes u = sec 0 = 1 and the upper limit of integration
becomes u = sec% =4/2.

/4 /4 V2
So, / tan® zsecx dr = / (sec2 T — 1) tanzsecx dr = / (u2 — 1) du
0 0 1

- {%s—u]ﬁzc—f—\/i)—(%—l): 1(2-v2)|

The answer is C.
6. Integrate [ sin? z cos® z dx using trigonometric identities.

3

The exponent of cosz is 3, a positive, odd integer. Factor cosz from cos® x and write the

rest of the integrand in terms of sines.

/sin4 xcos® xdr = /sin4 xcos? zeosx dr = /sin4 T (1 — sin® x) cosx dzx.
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Now use the substitution v = sinz and du = cosx dx.
/sin4xcos3 T dr = /sin4x (1 — sin® x) cosxdr = /u4(1 — uz) du.

Use algebraic manipulation to rewrite u4(1 — u2) in a form whose antiderivative is recog-

nizable: u* (1 — u2) =t —uS.

1 1 =
Then /sin4xcos3:cdx:/(u4—u6)du:gu5—?u7—|—C: %sin":c—%sixfx—l—C’.

The answer is C.

7.3 Integration Using Trigonometric Substitution

Concepts and Vocabulary
1. True.

2. (d), z =4tand

3. (¢), x = 3sech

4

. (b), z = 3sind

Skill Building
5. Let x = 2sinf, then dx = 2cosf df. We substitute and obtain

/\/4—:1:251:@ /\/4—(231n9)2(200s9)d9
= 2/\/4—4sin29 cos 6 do

= 2/\/4(1—sin29) cos 6 do

= 2/\/4c0529 cos @ db

= 2/(26059) cos 6 df

= 4/c0529d9

_ 4/1+cc;s(29)d9

= 2/(1+cos (20)) do
= 2<9+ %sin(29)> +C

260 + sin (20) + C
20 + 2sinfcosf + C.
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We have 6 = sin™ (%) and cosf = /1 —sin?f = 1—x/2)

/mdx

6. Let x = 4sinf, then dz = 4 cos 6 df.

/\/16—:172d:17

We have § =sin™" (£), and cosf = /1 —sin® 6 = 1—(z/4)° =

/\/16—$2d$

2 sin~1 (g) + 2(%) <%\/4 — 2
2sin~? (%) + %xﬂ—i— C|

We substitute and obtain

/\/16— (4sin0)* (4 cos ) db
4/\/16—16sin20cos0d9

4/(40059) cos 0 db
16/C0829d9

16/1+C;S(29) &0

8/(1—|—cos (20)) do
8(9+ %sin(%)) +C

80 + 4sin (20) + C
80 + 8sinfcosb + C.

%\/4 — 22. We obtain

)+c

1V16 — 2. We obtain

ssin? (3) +8(5) (§vi6-a7) +

8sin™

"(2)+iaV16—22+C |
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7. Let x = 4sinf, then dx = 4 cosf df. We substitute and obtain

/ T d / 451119 (4cosb)d
—dx
V16 — 22 \/16 — ( 451119
= sin” 9 —cosfdb
\/16—163111
= 64/Lcosé‘d9
\/16(1 — sin®0)
sin? 0
= 64 | ———=cosfdb
V16 cos? 6
= 16/Sln 9cos€d9
cosf
= 16/sin29d9
_ 16/1—6(;3(29)d9

= 8/(1—cos (20)) df
1.

= 8(9—§sm29>+0

= 80 —8sinfcosh + C.

We have § =sin™' (%), and cos = /1 —sin® 6 = /1 — ( (z/4)* = 1V16 — 22. We obtain
i1 (2) —s(2) (16— 22
ssin! (%) 8(4)<4 16 a:>—|—C

4
= |8sin! (%) — %,T\/lG — 22+ C|

[
— ax
V16 — 22
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8. Let x = 6sinf, then dx = 6 cosf db.

x
——dx
/\/36—:172

We substitute and obtain

_ / 651119 (6c0s6) d
1/36 — ( 651119
= 216 Lces@d@
/36 — 36sin? 6
2
= 216/Lc0s9d9
\/36(1 — sin®0)
sin®
= 216 | ———=cosb0db
V36 cos? 0
i 2
- 36/bm 0 costdp
cos
= 36/sin29d9
_ 36/1—c;s(29)d9

= 18/(1—cos (20)) df

= 18<9— %sin29> +C
186 — 18 sinf cosf + C.

We have § = sin™" (£), and cos = \/1 —sin® 6 = /1 — (2/6)* = £1/36 — 2. We obtain
22

V36 — :102

18sin~ (%) _ 18(%) (%m) e

18sin™" (£) — 2236 — 22+ C|

9. Let x = 2sin 6, then dz = 2 cosf df.

/\/4—:172
———dz

We substitute and obtain

\/4 251119
= / (2cosb)d

251119

4 —4s
_/7V,;mcosed9

sin” 6

/ . 2
1 4(1 —sin“ 0
—/#cosﬁd@

20
B /\/4c05 0s0do

sin
0 0
_ / cosf cos 40

sin® 6

= /cot2 0do

= /(csczﬂ— 1) do

= —cotf—0+C.
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We have 6 = sin™' (£), and cos = /1 —sin*60 = /1 — (2/2)? = 2V4—22. So cotd =

1/4=2 Vo
2 = ¥Y4-2° We obtain
z/2 T

4 — 2
[ =
X

10. Let x = 3sinf, then dr = 3 cosf df. We substitute and obtain

N ) \/9 3sm6‘
9x2x dx / (3cosb)d

351119

—/w cos @ db
sin“ 6
\/9(1 —sin 6
1/# COS@d@

_ /\/9(3082 o058 df

sin“ 6

_ /0059 cos@de

sin® 6

= /cot29d6’
= /(05029 — 1) do
= —cotd—0+C.

We have 6 = sin™* (%), and cos = V/1 —sin?0 = /1 — (2/3)° = V9 — 22 So cotf =

gVo—a? _ V922 We obtain
xz/3 x

V9 — 2
/%dm: —M—sin_l(g)—kc.

x
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11. Let x = 2sinf, then dx = 2cosf df. We substitute and obtain

/12\/4—$2d:v = /(251119)2\/4—(2sin6‘)2(2(3089)d9

We have 6 = sin™* (%), and cosf = m =
2in~! (g) - 2(5) <lm> <1 - 2(5)2> e

/x2x/4—:c2d:c

8 / (sin® 6) /4 — 4sin 6 cosf d6
8 / (sin®#6)1/4(1 — sin® §) cosfdf
8 / (sin®0) V4 cos? 6 cos 0 do

8 / (sin® 6) (2 cos ) cos 0 db

16 / sin® 6 cos? 0 do

. 2
16 / <Sm229) o

4/sin2 (20) do
4/1—0(;(49) 20

2/(1 — cos (40)) do
2(6’ — %sin (46’)) +C

20 — %sin (40) +C

20 —sin26 cos 20 + C
20 — (2sinf cos ) (1 — 2sin0) + C.

2/\2 2

) T @ osin (2) 4 O

1—(2/2)° = V4 — 22. We obtain
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12. Let x = 4sinf, then dx = 4 cosf df. We substitute and obtain
/:CQMCZ:E = /(451119)2 16 — (4sin6)* (4 cosh) db
= 64/ (sin2 9) \/m cos 6 df
= 64/ (sin2 9) 16(1 — sin? 9) cos 6 df
= 64/ (sin2 9) V16 cos? 0 cos 6 df
= 64 / (sin” 0) (4 cos 6) cos 6 df

= 256/511129 cos2 0 do

. 2
— 256 / (sm229> o

= 64 / sin? (260) df
_ 64/1—c;s(49)d0

= 32/(1—cos (40)) do

= 32 (9 - isin (49)) +C
= 320 —8sin(40) + C
= 320 —16sin20cos20 + C
= 320 —16(2sinfcosf)(1 —2sin*0) + C.
We have 6 = sin™! (%), and cosf = /1 — sin? 0 = /1 — (x/4)° = 1V16 — 2. We obtain

/xQ\/de 32sin~! (%) —32(5) (EM) (1—2(2)2> e

4/\4
= |32sin" (%) — 12v16 —22(8 —2?) + C|

13. Let x = 2sinf, then dr = 2cosf df. We substitute and obtain

1 1
———dx = /— (2cosf)db
/ (4— :172)3/2 (4— 4 sin’ 9)3/2

o[ — 1 cosods
43/2(cos? 0)*/?

1 cos 6
T4 / cos3 0 d0
= i / sec? 6 .df

1
= Ztanb‘—i—C.
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We have sinf = £, and cosf = /1 —sin’f = (/1 — ( (2/2)? = V4 —12% So tanf =

=—. We obtain

1 1

= |lwa= T 0}

14. Let x = sin 0, then dx = cosf df. We substitute and obtain
1 1
——dx = /—(cos@)db‘
/ (1—22)%?2 (1 —sin® 9)3/2
1
= ————— cosfdf
/ (cos? 9)3/2
cos @
= ———df
/60839

= /sec2 0 do

= tanf +C.

We have sinf = x, and cosf = /1 —sin?6 = /1 — 22. So tanf = \/1i7 We obtain

+C|

1 P
(1— 222 =\ im

15. Let 2 = 2tan, then dz = 2sec? # df. We substitute and obtain

/\/4+x2dx = /\/4+(2tan9)2(2se629)d9
= 2/\/4+4tan298e029d9

= 2/(2se69)se029d9

= 4/secgt9d9

1 1
= 4 [§seCGtan9—|— 51n|sec€+tan9|} +C

= 2secftan® + 21n|secd + tan | + C.

We have tanf = £, and sec = V1 + tan® =\/1+(x/2)2:%\/4+x2. We obtain
1
/\/4+:c2d:17 2(2\/4+x2>(2)+21n

= %x\/4—|—x2+2ln‘7v4+§2+m

4+x2+(;)\+c

+C
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16. Let 2 = tan 6, then da = sec? 6 df. We substitute and obtain

/\/H—UCde = /\/1+(tan9)2(sec29)d9

/ (sec 6) sec? 0 d

/ sec 0 df

1 1
= isecetaDH—i— 51n|sec€+tan6‘| +C.

We have tanf = z, and sec = V1 + tan? 0 = V1 + 22. We obtain

/\/1+x2d:v ;vl—i—x? ln’\/l—i-:v?—i—:v‘
= %x\/1+x2+%ln|\/1+x2+x‘+0.

17. Let x = 4tan6, then dz = 4sec? # df. We substitute and obtain

/Vf”“l /\/4tan9 +16

of —\%
16 tan® 6 + 16

- / /1 tan2 0+ 1

4 / _— (sec 9) df
V16 sec? 0

= / sei@ (sec2 9) do

= /secé’dé’

= Inlsecl + tanf| + C.

4sec 9

(sec2 9) do

5ec 9 do

We have tan = £, and sec = Vtan®f + 1 = (z/4)% +1 = $V2? +16. We obtain
dz 1 x
ol () o
/\/:102—1-16 4 4

_ In ’ \/1}2-216-‘1-:6 +Cl
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18. Let 2 = 5tané, then dz = 5sec? § df. We substitute and obtain

/Wz” /\/5tan9 +25

5 -
/ \/25tan2 0+ 25 (

/1/ tan 9—i—1
5[ ————— 26) do
/\/25sec29(seC )
_ 1 2

= /secﬁ(sec 9) db

= /sec@d@

= Inlsecd + tanf| + C.

5sec 0

sec? 0) df

sec 6‘

We have tan6 = £, and secf = Vtan?0 + 1 = \/(2/5)> + 1 = L /2% + 25. We obtain
T T
_EwflvErme (@)
/\/x2+25 5

_ In ‘ \/z2+525+x +Cl

19. Let z = %tan 0, then dx = %sec2 0 df. We substitute and obtain

/ 1 21
/\/1—1—9:102(1:5 = / 1+9(§tan9> <§S€C29> do
= %/\/1+tan26’sec29d9
1
= g/(sece) sec? 0 df
1
= g/se639d9
- 1 ec ta 9—1—11 |[secd + tand|| + C
= 338 né + 5 Infsec an
1 1
= gsecetzmH—l—61n|sec€+tan9|+0.
We have tan = 3z, and sec = V1 + tan2 6 = /1 + (3z)> = VI + 922. We obtain

1 1
/\/1+9x2d:v - 6(\/1—1—9962)(396)4-6110‘ 1+9:v2+(3:v)‘+0
= %x\/1—|—9x2+%111(\/1—1-9:02—1-31:)—|—C.
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20. Let ¢ = %tan 0, then dx = %sec2 0 df. We substitute and obtain

3 3,
VI+dx2de = 9+4 §tan9 §sec 0| do

= g/\/9+9tan295e629d9
= 3/1/9(1+tan29) sec? 6 df
= g/vQSeCQHSeCQGdH

3 2
= 3 (3sech) sec” 6 db

= 9/sec?’9d9
2

911 1
= 3 [§sec9tan9+§1n|S€C9+tan9|] +C

9 9
= Zsec@tan@—i— Zln|sec€+tan9| +C.

We have tanf = %m, and secf = V1 + tan® ) = % \/9 + 422. We obtain
9/1 2z 2z
\/9+41’2d(b = Z g\/9+41’2 ? —1 g\/9+4$2+? +C

= |3V T 42+ In VORG24 )

21. Let z = %tan 0, then dzx = %sec2 0 df. We substitute and obtain

x
—dx
/ V4 + 922

tan9
/ ( sec 9)
\/4—|—9 tan6‘

tan” 0 — — sec?6db
V4 + 4tan? 0
8 / tan2 6 9
— | ——ssec“0df
200\ J4(1 + tan?6)
8 tan? 6 9
— [ ——=sec“0db
V4dsec?d
4 ( tan’6
o :;9 sec? 6do
o tanZ 0 sec 6 d
o7 (se02 60— 1) sec 6 db
o7 (sec3 0 — sec 9) do

4 |1 1
7 [§se69tan9+51n|sec€+tan9|—1n|sec€—|—tan9| +C

2 2
ﬁsecﬁtarﬂ - ﬁln|se69—|—tan9| +C.
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We have tanf = 37””, and secd = V1 +tan?f =+/1+ (37) \/4 + 922. We obtain
/ T4 2 (L i) (22) - 2y 1\/4+92+ +C
——dr = —|= x — ] —=1In 2 + —
V4 + 92 27\ 2 2 27

3
= | hevAT o2 - 2 (M) 4 ¢

22. Let x = 4tan#, then dr = 4sec?® 0 df. We substitute and obtain

(4t 9
:/ an 4se(36'

v/ ( 4tan6‘ + 16

tan26
= oa [ —2 T o2 d0
V16tan% 6 + 16

tan2 0
- 64/Lse020d9

\/16(tan? 6 + 1)
2
= 16/tan eseczb’de
sect

= 16/tan295e(39d9

T
—dx
/ V2 + 16

= 16 / (sec2 0 — 1) sec 6 df
= 16/ (sec3 0 — sec 0) do

1 1
= 16 [§se69tan9+§1n|se09+tan9|—1n|sec€+tan9| +C

= 8secftanf — 8ln|secd + tand| + C.

We have tanf = 7, and sec = Vtan? 0 + 1 = 4/ % \/:102+1 We obtain

= 8secftanfd — 8ln|secd + tand| + C

8<i\/a:2+16> (f) 8| vz 116+ f‘ +C

4 4 4

x
—
/\/x2+16 *

= %x\/x2+16—81n(7””2"216+1)+0.
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23. Let x = 2tan6, then dz = 2sec? 6 df. We substitute and obtain

/ dx
22?2 + 4

/ 2sec? f
(2tan0)*1/(2 tan 6)® + 4

1
2
1
2

do

sec? 6

tan? 0v4 tan® 6 + 4

sec? 6

tan? 0, /4(tan? 6 + 1)

sec? 6

do

tan? 0 sec 9
sec 9

tan? 6‘

cos

/
/
| s
e
i/

1
4
1
4

sin® 6

Let u = sin 6, then du = cosdf. We substitute and obtain

We have tan =
obtain

X

27

/ dzr
222 + 4

1 1
= Z/Ed“
1 1
= Z(-z)-ﬁ-c

1
= —chcé’—i—C.

so cot = 2, and csc = V1+cot? 6 = 4/1

dzr
222 + 4

= —%l\/xz—i—él—i-C
T

_ 244
L o,

24. Let x = %tan 0, then dx = %sec2 0 df. We substitute and obtain

[mm =/
TV + 1 (4 tan)* /4

1.2
2beC9

(l tan9)2 +1

do

sec?

tan? fvtan? 6 + 1

2 /
sec? 6
2 [ ———db
/ tan? f sec

sec
2 | ——db
/ tan? 6
cos

2
/ sin? 0

dé.

\/ 2 4+ 4. We
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Let u = sin 0, then du = cosfdf. We substitute and obtain

dx 2/ 1 d
e — ~ du
2422 + 1 u?
1
_ 2(__)+c
U
= —2csch+C.
VVehawetaur19:29c,5000‘59:%,aurldcscé’:\/l—i—cot2 = 1—|—(
We obtain
dx 1
—_— = =2 —\/4:1:2+1>+C’
/wzx/4x2+1 <2:v

VAazr241 + Cl

x

25. Let = 2tan 6, then dz = 2sec? 6§ df. We substitute and obtain

/ dx B
(22 +4)*

2sec?6
/ 73 do

((2tan9)2 + 4) /
sec2 6
2/—d9
(4 tan? 0 + 4)3/2
2/ sec o
(4(tan2 0+ 1))3/2
1 [ sec?6
4 / sec3 0 d0
i/cos@d@

1
ZSIH9+C

1
2x

)2 = %\/412 + 1.

We have tanf = 3, so cot = %, and cscf = v1+cot?d = /1 + (2)2 = %\/x2+4. So

x

N and we obtain

/ dx
(22 +4)*/?

sinf =

x

l_* ¢
4x2+4

_ T
- 4/ x2+4 +C)

26. Let = tan#é, then dx = sec? # df. We substitute and obtain

/ dx B
(22 +1)%/2

sec2
/ ( 3/2 do

/
(tan 6)* + 1)
sec? 6
do
/ sec3 0
/ cos B do

sinf + C.
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We have tanf = z, so cotf = %, and cscf = V1 +cot?d = /1 + (l) \/962 . So

g .
sinf = NI and we obtain

dx po

27. Let = 5secf, then de = 5secftan 6 df. We substitute and obtain

x? / 5sec€
/7@0 5sec€tan9 db
Va? =25 v/ ( 5se(39
2
= 125 Lsec@tan@d@
V25secZd — 25
25/ 9 secftand do
= _ n
Vsec2 —1
20
- 25/3eC sec B tan 6 df
tan 6
= 25/sec30d9
= 25<§sec9tan9+ 1n|sec€+tan9|)—|—C
2 2
= ;secﬁtarﬂ—i—75111|se69—|—tan9|+0.
We have sec) = £, so tan = v/sec? ) — 1 = (%)2—1:%\/:1:2—25. We obtain

x2 25 rx 1
[ (= _ 2 _ -
/ = - (5)<5\/I 25)+ In

= %x\/xz — 25+ 22—5111

+ \/12—2 ‘—i—C

m+wg2—25‘ el

28. Let © = 4secf, then dx = 4secftanfdf. We substitute and obtain

T 4sec€
/7@0 = / (4secHtanb)db
Va? —16 £/ ( 4se(39 — 16
2
= 64 Lsec@tan@d@
16 sec2 0 — 16
sec 6
= 16 | ——-secOtanf db
Vsec? —1
2
- 16/SeC 0 secOtand do
tan 6
= 16/se639d9

1 1
= 16<§sec9tan9+ 51n|sec€+tan9|) +C

= 8secftanf + 8ln|sech + tand| + C.
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We have sec = 7, so tanf = v/sec?f — 1 = (%)2—1: %\/1'2—16. We obtain
1 1
- 8(5) <—\/:172 - 16> +8In % S i 16‘ +C

4 4
m+\/i2—16‘ Lol

x
—
/\/x2—16 *

= %x\/x2—16—|—81n

29. Let = = secf, then dx = secftanfdf. We substitute and obtain

/@dw /\/SGC@ —1

(secOtanf)
sec

= /ta 95ec6‘tan9 do
sect

= /tan2 0 do

= / (se629 — 1) dé

= tanfd—-0+C.

We have § = sec™ !z, so tanf = v/sec2 — 1 = Va2 — 1. We obtain

/\/—

x*‘m—bec :c—i—C"

30. Let x = secf, then dz = secftanf df. We substitute and obtain

/@dw /\/ sec0

sec2

tan 6
= / 20 secftan 6 do

tan? 6
= do
/sec@
a2
_ /bec 0 1d9
sec

= /(sec@—cos@)d@
= Inlsect + tanf| —sinf + C.

(secOtanf)

We have secf = z, so tanf = +vsec2—1 = Va2 —1. And cosf = %, so sinf =
1-— (%)2 = ””ifl. We obtain

71 —
/Ld:c: 1n‘a:+\/:172—1‘—%+0.

X
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31. Let x = 6secf, then dr = 6secftanf df. We substitute and obtain

/ T - / 6secftanf 20
z?v? — 36 (65ec)*\/(6sech)” — 36

1 / secftan @
N sec? 0v/36sec2 0 — 36

1 / tan 6 d
sec 0+v/sec2 0 —

1 tan
B %/sec@tan@da

1

= 36 cos 6 df

- L sinf 4+ C

36 ‘

We have secf = %, so tanf = v/sec?0 — 1 = (%) \/ 2 _36. Sosinf =1
12 36 Y Iz 36 We obtain
/ dz 1 Vxz2-36 +C |
r2y/12 — 36 36w
32. Let x = 3sech, then dr = 3sechtanfdf. We substitute and obtain
/ i / 3secHtan b o
z?va? —9 (3sech)®y/(3sech)® — 9

- / sec f tan 6 20

B secZ 0v/9sec2 6 — 9

1 / tan 6

B sec 0v/sec2 6 —
1 tan 6

= — | ——df
9/se09tan9
1

= —/cos9d9
9

- Ly 0+C

= gsin .

We have sec = %, so tan6 = v/sec?0 — 1 = (%) \/ . So sinf =

sec@ -

5000 -
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33. Let z = %sec 0, then dx = %sec@tan@ df. We substitute and obtain

N =

/ %sec@tanb‘

do
\/4(% sect?)2 -9

§ secftan @ d6’
V9sec? § —

3 sec@tan@
\/9 se(329 -1)

1
_/beCOtanﬁdo
2 tan @

%/sec@d@

1
B In |sec§ + tan | + C.

We have sec = %”, so tanf = v/sec2 0 — 1 = (2?”)2 —-1= %\/4:102 — 9. We obtain

| =

1 1

sIn —I+§\/4x2—9‘+0
1 2x 4x2-9

1 |2e+vE27=9 V3‘+c.

34. Let x = %sec 0, then dx = %sec@tan@ df. We substitute and obtain

/ dx
V9z2 — 4

/ 2 sec ftan
\/9 bec 9
g sec @ tan @

_— db‘
Vdsec?§ —

2 sec@tan@
/4 sec29— 1)

1
_/s@c@tan@d@
3 tan 6

1/sect?dt?
3

1
3 In |secd + tan 6| + C.

We have se69—3l so tan @ = v/sec? 0 — —\/ 3m 92 —

| =

lin
3

1
—x+§\/9x2—4‘+0

1
§1n

3z+v9z2—4
f‘ +C|

. We obtain
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35. Let x = 3sec, then dr = 3secftanf df. We substitute and obtain
/ 2 dx = / 3sec€tan93/2 20
(2 —9) ((3 secf)” — 9)
ftan 6
_ 3/ sec f tan 3/2d9
(9sec2 6 —9)
ftan 6
_ 3/ sec f tan 3/2d9
(9(sec?6 — 1))

1 secftan6
= - | ———df
9 / tan3

1 sec

= — | ——df
9 / tan? 6
1 0

- = / 7 o
9./ sin“é

Let uw = sin @, then du = cos 8 df. We substitute and obtain

[
(ZCQ _9)3/2 - 9 'LL2
1 1
= —-|—-= C
5(73)
= 1csc€—|—C
= 5 .
We have sec) = %, so tanf = v/sec?) — 1 = (%)2 —-1= %\/xz —9. Then cscl = f;gz =
% = —2Z . We obtain
sVa2-9 Vz2-9
dx T =
/ (22 _9)3/2 BIENGE) +C)

36. Let xz = %sec 0, then dr = %sec@tan@ df. We substitute and obtain

dzx B %sec@tan@ 20
2522 — 1)3/2 - 5 3/2
(2522 —1) (25(1sect9) —1)

5
/ secftand o
(sec? 6 — 1)3/2

secftand
——dbf
/ tan3

1
5
1
5
1 sec

= g/mde
1
5

/ —C,Oie a9
sin“ 0
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Let u = sin 0, then du = cosfdf. We substitute and obtain

We have secf = 5z, so tanf = v/sec?26 —1 =

secl __ 5x

tand = V35T T ‘We obt

dzr

1 [du
/(25x2—1)3/2 - 5/@

ain

/( dz

2522 — 1)%/2

1 1
= 5(‘5)*0

1
= —ECSCH-FC.

— _157:6 _;’_C
5+/2522 — 1

+C|

_ T
V2522—1

37. Let x = 3sec, then dr = 3secftanf df. We substitute and obtain

/%

22 dx

2 _ 9)3/2

do

/ (3sec ) (3secl tan )
((3 sec )’ — 9) i

sec® 0 tan @
27/ S ——
(9sec2 6 — 9)*/?
sec® O tan @
27/ do
(9(sec2 0 — 1))*/?

sec® ftan 6
————df
/ tan3 6

sec® 6
——df
/tan26‘
f(tan%0 + 1
/sec ( an2 ) "
tan< 0

sec
0+ —— | do
/ <sec + tan? 9)

0
1n|sec€+tan9|+/ o

de.

sin® 6

Let uw = sin @, then du = cos 8 df. We substitute and obtain

/%

22 dz

2 _ 9)3/2

du

In |sec 6 4 tan 0] —|—/—2
u

1

In |sec O + tan 6] + (——> +C
u

In |secf + tan 6] — csc 6 + C.

(52)* =1 = /2522 — 1. Then cscf =
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We have sec) = £, so tanf = Vsec?f —1=
— T We

z/3
179

Vz2—-9°

/%

obtain

2 dz

2 _ 9)3/2

(%)2 —-1= %\/m Then csc =

z 1 x
Inj=+-v22-9 — —+C
M3 tave ’ Nz
In m+\/;279‘_ 1925_9_*_0'

38. Let x = 2sec, then dr = 2secftanfdf. We substitute and obtain

/

x?dx

(22 — 4)%/?

/

(2sec)®(2secl tan 0)

((2 sec ) — 4) i

sec @ tan @
8 / _secftand gy
(4sec?6 — 4)3/2

3
8/ sec 9tan93/2 a0
(4(sec?2 0 —1))

sec® O tan 6

/ tan3 0

sec3 6
= ——df
/ tan? 6

do

sec@(tan2 0+ 1)

/ tan? 6
sec
/ (sec@ + pa—y 9)

1n|sec9+tan9|+/ —

Let u = sin 6, then du = cosfdf. We substitute and obtain

We have sec = 5, so tan ) = v/sec?f — 1 =

z/2
%\/1274

/

z We

Vrx2—4"

/%

z2dx

(22 — 4)%/?

obtain

x? dz

2 _4)3?

In |sec 6 4 tan 0] +/—

do

do

cos o,

S

du
w2

In |sec @ + tan 6] + (—l> +C
u

In |secf + tan 6] — cscf + C.

In

z 1 x
T oVer—a -2 40
3 TaV? ’ Nz

(%)2 —1= Vx> — 4. Then cscf =

In

z+Vzx2—4 ‘ _
2

x
r2—4

+C|

secl __

tan 6

sec __
tanf
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39. Let z = 4tan#, then dx = 4sec? 6 df. We substitute and obtain

40. Let z = itan 0, then dzx = %sec2 0 df. We substitute and obtain

1 2
/ —(4 tan 9) <1 sec? 0

/

2
/Ldm
16 4+ 22

iZ?2

T 4
1+1622°°

2
/ (4ta—n€)2 (4 sec? 9) do
16 + (4 tan 0)

tan? 0
64 / 7 sec0do
16 + 16 tan” 6

sec2 0

4/tan2 0do

4/ (seczﬁ— 1) do

4(tanf — 0) + C

2
4/tan eseczb’de

4(%) — 4tan~! (%) +C

x—4tan~! (%) +C|

14+ 16(% tan9)2 4
i tan? 6
64 ) 1+tan?40

1 tan?6
/ m sec” 6 db

64
x / tan? 6 do
64
1

— (se(32 0 — 1) do

64

1(ta 6—-6)+C

T

1 1
a(élx)——tan (4x) +C

sec? 0do

)as
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41. Let z = %sin 0, then dx = %cos@d@. We substitute and obtain

/\/4 — 2522 dx

We have 6 = sin™* (5%), and cosf = /1 —sin? 0 =
in~"' (5—96) - 2<5—x) (1\/4 — 25:102) +C

/\/4—25x2d:10 =

2

— Sin

5

2
/\/4—25<gsin9) <gcos0> df
5 5

%/\/4—4sin26'cos€d9
zg/\/él(l—sinzé‘)cosb'db‘
%/coszedb‘

4 (1
4 / + cos (260) 40
5 2

%/(1-‘1-(308(29)) do
2 1.
g<9+§sm(26‘)) +C
2 1 .
59—1—5511(1(29)—1—0

2 2
50—!— gsin000s9—|—0.

1—(3)% = /2= 2527, We obtain

2 5\ 2 2

%sirf1 (‘%w) + %x\/él — 2522 +C|.

42. Let x = %sin 0, then dx = %cos@d@. We substitute and obtain

/\/9 — 1622 dx

2
/\/9— 16<gsin9) <gcos0> df

%/\/Q—QSiHQGCosﬁdG
2/\/9(1—sin29)0059d9
%/coszedb‘

9 [ 1+ cos(20)
Z/ 2
%/(1-‘1-(308(29)) do

9 1.
§<9+§sm(26‘)) +C

dé

9 9 .
§9+ Esm(%)-i-c

9 9 .
§9—|— gschosH—i—C.
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We have 6 = sin™ (%) and cosf = /1 —sin?6 = /1 — (%)2 = %\/9—16:62. ‘We obtain
4 4 1
/\/9 " 16a2dr = s <§) + g <§) (5\/9 - 16x2> +C

8
= |gsin™" (%) + 32v9— 1622 + C|.

43. Let x = %sin 0, then dzx = %cos@d@. We substitute and obtain

/ﬁdw = / L 573 (%cos@) do
(4 - 2522) (4-25(2sin0)")
2 1
= - | —————— cosfdf
5 / 43/2(cos? 0)*/?

1 cosf

cos? 6

= —/sec 0 do

= %taDH—i—C

We have sinf = ‘”, and cosf = /1 —sin?0 = /1 — (7””) \/ — 2522, So tanf =

5z /2 _ 5z :
T Vs We obtain

/;dx _ i(L%FC
(4 — 2522)%/? 20 \ V4 — 2527

= vz T O}

44. Let x = %sin 0, then dx = %cos@d@. We substitute and obtain
1 1 1
/7(1@' = / (—COSG) do
3/2 3/2
(1-922) (1—9( smé‘) ) 3
1 1
/—3/2 <— cos 9) dé
(1 — sin2 9) 3

373 cos 0 db

cos 9
cos3 9

1
= g/sec 0do

1
= gtano—FC

i

3J (cos?8)
1

] o
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We have sinf = 3z, and cosf = /1 — sin? 32) = VI—922. So tanf =
\/TW' We obtain

/ 1 p 1( 3z )—l—C
Y L
(1—922)*/? 3\V1— 922

= |vim= T O}

45. Let z = 2 tan6‘ then dx = sec2 0 df. We substitute and obtain

2
/\/4+25:62dx = /\/4—}—25(%&1119) (%secQG) do
2 / 2 2
= = 4 + 4 tan® 0 sec” 0 do
= /\/ 1—|—tan sec 20do

= 5/(2secﬂ)sec 6do

4
= g/sec39d9

411 1
= {55609&11194— §1n|secb‘+tan9|} +C

2 2
= gsecﬁtanﬁ—l- gln|se09—|—tan9| +C.

We have tanf = 5;, and sec = /1 + tan? 6 = 57 \/4 + 25x2. We obtain
2/(1 5% 2 1 5%
\/4+25.§C2d117 = g 5\/44‘25172 7 +51D 5\/44’25502"‘7 +O

= | LoV 252 4 2in (VEEE ) |

46. Let x = %tan 0, then dzx = %sec2 0 df. We substitute and obtain

3 3,
/\/9+16(Ztan9) (Zsec 9) db

= §/\/9—1—9tanzb'se(329d9
= /\/ 1—|—tan sec 20do

= 4/(3secﬁ)sec 6do

= %/secgﬁdﬁ

911 1
= 1 ksecHtan@—i— §1n|sec6‘+tan9|:| +C

/\/9 4+ 1622 dx

9 9
= gsecetanb‘—i— §1n|se(39+tan9| +C.
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We have tanf = %””, and secd = V1 +tan?f =+/1+ (%) \/9 + 1622. We obtain
9/1 4x 9 1 4x

= |[12V9+162+2In (7”“‘?“41) +C|

47. Let x = 4sec, then dr = 4secftanf df. We substitute and obtain

/ x B / 4secftand 20
z?va? — 16 (4sech)®y/(4sech)® — 16

1 / secf tand
N sec3 0v/16sec? 6 — 16

B 1 / tan 6

N sec? Ov/sec? 0 —
1 tan 6

B / sec2 0 tan 6 d

= — / cos? 6 do

1
_ / + cos (26) 40
64 2

1 1
= 128 (9 + —sin (29)) +C

1
= 3894_ %(2811190059) +C

1
= —9 ——sinfcosf
198 + 198 sinfcosf + C.

We have 6 = sec™ (3), so tanf = \/56629— =4/ % — \/ —16. So sinf =
tan 6 VCE2 16 \/12 16

g = , and cosf = =. We obtain

4

2 —
/7@: = isec*1 (E) + e bl N +C
x3vx2 — 16 128 4 128 x x

_ 1 a1l (z Vz2—16
= | 128 8€C (4) sz T O}
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48. Let x = secf, then dx = sec tanf df. We substitute and obtain

ftand
_ / sec 0 tan 40
(sec0)’ 4/ (sec§)” — 1

i
/ 3?2 —1

B / sec @ tan 6 d

N sec3 Ov/sec? 0 —
tan 6

B / sec2 0 tan 6 d0

= /cos2 0 do

_ /1—1—0(;3(20) 40

1 1 .

= 5(9—1—58111(26‘))4—0
1 1 .

= §9+Z(281DOC089)+C

1 1 .
= 594— EsmecosH—i—C.

We have § = sec™ 'z, so tanf = v/sec2 —1 = V22 — 1. So sinf = Sccg = Iifl, and
cosf = % We obtain

/ dx lsecfl +1 2 -1 1 e
- _ =z ORI A N
3?2 — 1 2 2 T x

= %sec —|—”c2 +C|

49. Let z = sinf, then dz = cosfdf. The lower limit of integration is § = sin"' 0 = 0, and
the upper limit of integration is # = sin™'1 = 5. We substitute and obtain

1 /2
/ V1 —a2dx / V1 —sin? 0 (cos ) df
0 0

/2
= / cos? 6 do
0

/2] 20
/ +cos( )d9

/2
{9 + — sin (26) ]
0

N = N =
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50. Let z = $ sin6, then dz = § cos6 dfl. The lower limit of integration is = sin™* (2(0)) = 0,
1

and the upper limit of integration is § = sin™* (2(—)) . We substitute and obtain

1/2 1
V1—4x?2de = / 1—4(551n9 —cos@ do

= %/ \/1—511129 cosf)d
0
1 71'/2
= 5/ cos? 0 df
0
_ 1/“/21+cos(29) 50
2 /o 2
/2
1 1 .
= Z |:9 + 5 Sin (29):| .
. f+1sin(2(—)) — {0+ = sin (2(0))
4 2 2 2
= [ia]

51. Let = tané, then dx = sec? §df. The lower limit of integration is # = tan=' 0 = 0, and
the upper limit of integration is § = tan=11 = 7- We substitute and obtain

1
/\/1+x2dx / \/1 tan9 sec 6‘
0

= / (sec 6) sec? 0 d
0

/4
= / sec® 0 df
0

/4

1 1
= |=secftanf + = In|secd + tan 6|
2 2 .
1
2

1
sec = tan— + = In ’sec T 4 tan (— sec0tan0 + ln |sec0 + tan O|>

4 4 2 4 4’

V2+In (V2+1)
— |
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52. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let z = 3tan#, then dx = 3sec? 6 df. We substitute and obtain

9
= / (3 tan 3sec 0

/94 ( 3tan9

= 27 %5%29%
V9tanZ6 + 9

2
= g/tan esec26’d9
secd

= 9/tan295ec9d9

[ =
—dx
9 4 22

= 9/(sec29—1)sec9d6’
= 9/(sec39—seCG) do

9 9
= 55ec€tan9 - §1n|se09+tan9| +C.

Since tanf = 3, s 0=+v1+tan?6 = \/9—|—x2 So

wla

z? 9
/de = ec@tan9—§1n|secb’+tan9|+0

9
2
_ g( W)(g)_ﬁm

2
1 9 1 1
= 5@\/:172—1-9—5111 §x+§\/:172+9 +C

9—|—x2—|—3‘—|—0

By the Fundamental Theorem of Calculus,

1 9
= {ix\/:v2+9——ln

1 1
B —$+§ $2+9

3
1 9
(52 22+9——1n

x
—dzx
/0 V9 + 22

2
|
LSRN sepnr,
2 13773
1 9 1. 1
- <§O\/02+9—§ln‘§0+g\/OQ—l—QD
1 2
<\/ﬁ—gln(§\/ﬁ+—>)—o

3
- [VB-tm(@viz+2)]
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53. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let z = 3sec6, then dx = 3secftanfdf. We substitute and obtain

T 3sec€
———dz = / (3sechtanb ) do
/VIQ_Q v/ ( 3sec€ -9
sec2 6
= 27 m sec@tan@ d9
sec? 6
= 9| ———secHtanf db
Vsec2f —1

2
- Q/SGC 0 secotand do
tan 6

= 9/sec39d9

= gseCGtanﬂ—l-gln|sec9+tan9|+0.
Since sec = ¥, tanf = v/sec? ) — 1 = (%)2—1: %\/xQ—Q. So
z? 9/1 x 9 1 T
—_dr = S(=vV22-9)Z4+il|sVa2—9+2|+C
/\/;c2—9x 2<3 v )3+ BlgVaet —d gt

x
—|+C
|+

By the Fundamental Theorem of Calculus,

z2 -9+

1 9 1

5
X
31,
5 1 9

2 20) = (2442 —9+ 21
52 -9+ 3‘) (2 9—|—2n
= dpss10- (2m —\f7+— +2V7
) 2 3 3

9 9 9
- 51n3+10—§1n(\ﬁ+4)+§1n3—2\ﬁ

= [10-2V7+9I3 - §In (44 V7) |

—dx
4 V2 =9
1 9

= — 2 _ 1

(25 5 9+ 211

1 4
Z\/42 —94 =
3 +3D
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54. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let x = %sec 0, then dz = %sec@tan@ df. We substitute and obtain

1
T (—sec@) 1
/7d:1: = / 2 <—sec€tan0>d9
Vdr? —1 4(%sec€)2—1 2
1 sec? 6
= - | ——secOtanb db
Vsec2 —1
1 sec? 6
= - | ——secOtané db
Vsec2 —1
1 29
= g/s;c 7 secOtan 6 do
n

= %/sec39d9

1 1
= 1—65ec9tan9+Eln|sec€+tan9|+0.
Since sec § = 2z, tan 6 = vsec?0 — 1 = /(22)> =1 = V42% — 1. So

x 1 1
——dx = —(2 422 -1+ —1 ’2 42—1‘ C
/mx 16(x) x —1—1611 x +V4x +
1 1
= gzc 4172—1—1-%111‘217—1-\/4:02—1‘—1-0.

By the Fundamental Theorem of Calculus,
1 1 ?
= {gzc 4172—1—1-—111‘2:17—1-\/4:02—1”
1
(137 1+ L notn + i 1)
—(%(1) 4(1) —1+—1n 1) +4/4(1 —1‘)
1
<—6 (\/—+4)+ \/—) (Eln(\/g+2)+§\/§)
= | (VI5E+4) - &£In(V3+2) - 1V3+ iVI5|

2 X
/ RN »
1 \/4I2—1
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55. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let x = 4sinf, then dz = 4 cosf df. We substitute and obtain

x? (4sin6)?
/(16—:62)3/2 "o /(16—(4sin9)2)3/2 (4 cos6) b

sin? 0
= 64/W C089d9
(16 cos? 6)

.2
0 0
_ / sin” @ cos 20

cos3 0

= /tan2 6do

= /(sec29 — 1) do

= tanf -0+ C
in 0

_ sin _e+cC
cosf

Since sinf = 7, cosf = V1 —sin?f =4/1— (%)2 = i\/16 — 22. So we have

z? 3 x
— Y —dr = ——e—— —sin ' = +C
/(16—;52)3/2 116 — 22 4

x .1 X
= — _sintZ4C.

V16 — x2 4

By the Fundamental Theorem of Calculus,
2 x? x .1z 2
— %7 dr = T S g
0 (16—1‘2) V16 —x 0

= # —sin~! 2 — 0 —sin~! 9
V16— 22 4 102 4
-0

S

o5 =S

|
SIE]

56. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let z = 5sinf, then dr = 5cosfdf. We substitute and obtain

’ sin6)?
/ m dr = / (25 _(?5 8152)2)3/2 (5cosb) db

.2
125 L cos 6 df
(25 cos? 9)3/2

.2
_ /sm 900s9d9
cos3 0

= /tan2 0do

= /(56020 - 1) dé

= tanf -0+ C.
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Since sinf) = £, cosf = V1—sin?0 = /1 — (%)2 = %\/25—:102. So tanf = lJi—ﬁ =
1
. So

/de—L—smlhc
(25 — 22)*/? V25 — 22 5

By the Fundamental Theorem of Calculus,

ulg

\/25+—12, and 6 = sin™

/1 :CQ p |: T ; . I:| 1
——sdr = —— —sin "~ —
0 (25 —a2)%? V25 — 22 5],

= é—sin*11 — L—sin*19
- \W2s - 12 5 V25 — 02 5

_ 1 o
= i 6 — sin

57. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let x = 3tan6, then doz = 3sec? # df. We substitute and obtain

2 tan )*
/I—de = /(321711)2(38%29) do
9+ 9+ (3tand)

2
= 27/‘“&2795%26%6‘
9tan“ 0+ 9

2
- 3/tan 0 o2 0.do

sec2 0

= 3/tan29d6’

= 3/(se629—1)d9
= 3(tanf—0)+ C.

Since tanf = %, and ¢ = tan—! 5. So

I2 X X
dr = 3(——t —1—) C
/9+:v2 v g g

By the Fundamental Theorem of Calculus,

3 2 3
/ I—d:c = [ — 3tan~* E}
0 9+$2 3 0
3 0
= (3—3tan_1 §> — (0—3tan_1 g)
3
- 3—Z7r> —(0)
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58. We evaluate the corresponding indefinite integral, and then apply the Fundamental Theo-
rem of Calculus. Let z = 5tan#, then dx = 5sec? 8 df. We substitute and obtain

2 tan §)?
/xizdx — /(521—11)2(586(329) de
25+ 25+ (5tand)

tan? 6
= 125/7%1 sec” 0 df
25 tan® 6 + 25

2
= 5/tan esec26’d9

sec2 0

= 5/tan29d9

= 5/(sec29—1)sec9d6’
= 5(tanf —6) + C.

Since tanf = £ and 6 = tan~! £, we have

z
5 57
2

v — r_ ,15)
/25+:1:2d$ 5(5 tan 3 +C
= x—5tan_1§+0.

So by the Fundamental Theorem of Calculus,

1 2 1
/ _r dr = [a: — 5tan"* E}
0 25 + 1‘2 5 0

1 0
1—5tan ' = — (0—5tan"! =
an 5 ( an 5)

= |1—5tan?

1
5 |

Applications and Extensions
1
244

tegral, and then apply the Fundamental Theorem of Calculus. Let z = 2tan#, then
dr = 2sec? 0 df. We substitute and obtain

1\’ 1 ’
/W(Q—) der = 7r/ — (2sec26‘)d6‘
2 +4 (2tanf)” +4
1 2
_ 2
= 27r/ <74SQC29> sec” 6 df

7w [ sec?6
Y / sect 6 d0
= g / cos? 0 do

_ E/1+COS(29)d9
8 2

2
59. The volume is given by fol w( ) dr. We evaluate the corresponding indefinite in-

7T
= 1 (14 cos(26))do

s 1 .
= E(9+§Sln(29))

= % (0 4+ sinfcosh) + C

0 tanf
16 < +S€C29>+C
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Since tanf = 7, sec = Vtan? 6+ 1 = (%)24—1 = %\/xz +4, and § = tan~! 5. We

have
2
1
/ ”(m) e

N8

[V

LRSS S
3
16 2 (3V22 +4)

- 17 2
= 16(tan 2—|—x2+4>—|—C.

So by the Fundamental Theorem of Calculus,

/1 1 2d T tan-1 x n 2z !
| —— x — n— 4+ —-
0 22+ 4 16 2 22+4)/],
= T [ tan! L + 22(1) — = [ tan™? 0 + 22(0)
16 2 (1) +4 16 2 (0)"+4
us 11
( an 5 + )

16
1
5|

(S0 )

— o s -1
= |10 T 16 tan

2
60. The volume is given by foz w(ﬁ) dx = 7rf02 ﬁ dx. We evaluate the corresponding

indefinite integral, and then apply the Fundamental Theorem of Calculus. Let x = 3sin0,
then dx = 3 cos df. We substitute and obtain

w/%dw = w/%(?mos@)d@
99—z 9 — (3sinb)
=
9 —9sin“ 0
T cos 6
= — [ ——db
3/(30529
= g/secb‘dé‘

= gln|se69—|—tan0| +C

1+ sinf
cos

+C.

= —In

3

Since sinf = %, cosf) = /1 — (%)2 = %\/9—1:2. So

1 o 1+ £
T dvr = —In|——2—_|+C
/9—:102 3 ivo—a2
™ z+3
= —In|—|+C.
3 V9 — 22
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So by the Fundamental Theorem of Calculus,

/2 1 [wl x+3 r

™ r = |zhh|l—
0 9—a? 3 1V9—2?|ly

_ (zln 2+3 )—(Kln} 0+3
3 V9 — 22 3 V9 — 02

T 0

= (3 ]v8)) - (3 mh)

:.

61. The average value of f(x) = ﬁ over the interval [0

)

1

,5} is

- 1 1/2 1 1/2 1
f=7 / de =2 —dx.
T o)y Vioio . Vi—i»
Use the substitution z = %sin 0, -5 <0 < Z. Then dx = %cos@d@ and v9 — 422 =
\/9—9511129 = 3\/1 —sin? 0 = 3v/cos2 6 = 3 cosh since -5 <0<3.

3
limit of integration becomes u = sin

Since 6 = sin the lower limit of integration becomes # = sin™* 0 = 0 and the upper
-11
5.

The integral becomes

1/2 1 sin”' 1 1 3
o[ dr=2 2 cos0.df
/o NCER TR 30050(2COS )

62. The average value is given by - f; Va2 —4dx = %f; Va2 —4dx. We evaluate the

—2
corresponding indefinite integral, and then apply the Fundamental Theorem of Calculus.
Let x = 2sec6, then dx = 2secftan 6 df. We substitute and obtain

1 1
3/\/x2—4d:1: = g/\/(2sect9)2—4(2sec9tan9)d9
2
= g/\/456029—4se69tan9d9

= g/secetan29d9

= g/(seCSH —secb‘) do

4 /1 1
E (5 secftanf — 51n|sec€+tan0|) +C.

Since sect = 3, tanf = (%)2—1:%\/172—4. So
é/\/x2—4d:c é(1(5) (1\/x2—4>—%ln§+%\/:172—4D+C’

5\2\2 2
1 1
§$+§\/1’2—4‘+C

= i:10\/962—4—21n

10 5
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So by the Fundamental Theorem of Calculus,

7
é/ V2 —4dr = {ix\/xz—él—gln
2

7
10 5 (2772 L
1 2 1 1
—T7V72—4—ZIn|=T4+ =72 -4
10 ) 2 2
1 2 1 1
_ _ 2_g4_ = _ _ 2 _
(102 22 —4 5ln‘22+2\/2 4D
21 2 3 7
= 5—5111(5\/54-5)—(0)

1 1
—x+ =V -4

10
= |[HVA-Em(3VE+3)|

1 . . . 2 1 .
~5—7 s nonnegative on the interval [0,2], A = [] T dz is the area under
1

thegraphofy:Wfrom:z::()tox:l

63. Since y =

0.5 1

P e e ————

Use the substitution z = 3sinf, —3 < 6§ < 7. Then dr = 3cosfdf and V9 — 2?2 =

\/9—931n20 = 3\/1 —sin? 0 = 3v/cos2 0 = 3 cos b since -5 <0<3.

Since # = sin~! 5, the lower limit of integration becomes ¢ = sin™'0 = 0 and the upper

limit of integration becomes u = sin™ " 3

The integral becomes

2 1 sinfl% 1
A= ——dzr = 0do
/0 52 T /0 Toosd (3cos 6 do)

so—12

:/ "o
0

64. Since y = 22v/16 — 2 is nonnegative on the interval [—4,4], A = f: 22y/16 — 22 dzx is the
area under the graph of y = 2v/16 — 22 from ¢ = —4 to x = 4.
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fd

Use the substitution z = 4siné, -5 < 0 < 5. Then dr = 4cos@df and V16 — 22 =

V16 — 165in° § = 41/1 — sin? @ = 4V/cos2 0 = 4 cosf since —T < < T

Since # = sin~! 7, the lower limit of integration becomes 6 = sin~! (%4) = —3, and the
upper limit of integration becomes u = sin™* (%) =3

The integral becomes

/2

/ V16 — 22 dx = / (16 sin? 0) (4 cos 6) (4 cos 0 df)

—m/2
/ sin? 0 cos® 0 df
—7/2
7'r/2 1
= 256/ =[1 —cos (20)] - 5[1 + cos (26)]d0
= 64/ [1— cos® (20)]d6
/2
/2
:64/ {1——1—|—Cos(49)]}d9
/2
/2
=32/ [1 — cos (46)]d0

/2

32{9——sm 49}
—m/2

— 3 { [5 - ism(%r)} - {—% - isin(—%r)]} —[327]

65. The area under the graph is given by f35 \/% dz. We evaluate the corresponding indefinite

integral, and then apply the Fundamental Theorem of Calculus. Let x = sec, then
dxr = secftan 6 df. We substitute and obtain

= / (sec 9 (secHtan®)

£/ ( sec6‘ -1

= /sec 0sec9tan9 df
tan 6

= /sec3 0 do

1 1
= 5sec9tan9—|— §ln|sect9—|—tan9| +C.

/widx
Vi —1

Since secf = z, tanf = vVz2 — 1. So

1 1
/\/%dxzax x2—1+§ln‘x+\/x2—1‘+0.
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So by the Fundamental Theorem of Calculus,

1 1 1 1
(—5 52—1+§1n‘5+\/52—1‘> - (53 32—1+§1n‘3+\/32—1‘>

2
%1n(2\/6+5)+5\/—— (%111(2\/54-3)4-3\/5)
= [iln(2v6+5) - 1In(2v2+3) —3vV2+5V6|

5 2
X
/7@
3 \/.%'2—1

66. Since y = V1622 + 9 is nonnegative on [0,1], A = fol V1622 4+ 9dx is the area under the
graph of y = V1622 +9 fromz =0 to z = 1.

y

-k [ ——— — —

0 0.5

Use the substitution z = %tan 0, —5 <0 < 3, to evaluate V1622 + 9dx.
Then dx = %sec2 0df and 1622 +9 = \/16(1%‘ tan? 9) +9=3vtan?0 + 1 = 3Vsec2 4 =

3sec since — 5 < 6 < 5. Then

/\/ 16x2+9d$=/(35ec6‘) (% sec26‘d6‘> zg/seCBHdH.

Evaluate [ sec® 6 df using integration by parts.

Let u = secd and dv = sec? 0 d#.
Then du = tanfsec dz and v = [ sec? 0 df = tan6.

Now

/ sec® 0 df = secftan ) — / (tan 0)(tan O secd dx) = tanfsecd — / tan? @ sec 0 d
Use the identity tan? 6 = sec? 6 — 1.
/se639d9 = tanfsect — / (sec2 0 — 1) secf df = tan 6 sect — /56039d9 + /sec@d@
Add [sec®0df to both sides.

2/secgt9d9:tan@sec@—l—/sec@d@:tan@sec9+1n|sect9—|—tan9|—|—0
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and
1
/SGC3 0do = 5[tan0sec9 + In|secO + tan 6] + C.

So,
9 9
1 /sec3 0df = g[tan0sec9 +In|secd 4 tand|] + C.

From z = %tan@, when z =0, tanf = 0 and secd = 1.

Also, when # =1, tanf = 3 and secf = Vtan? 6§ +1 =/ (%)2 +1==3

: iy s _ 5
Since —5 < 0 < 3, secf = 3.

Finally,
1 -
A= / V1622 +9dx = %[tan@sec@ + In|secf + tan 0|]§Z§,1(51/3)
0
9 4 5 5 4
= g { |:— : 5 +In (g + 5):| — [(0)(1)+1H(1+0)]}
=|5+2m(3)|
2
67. (a) The region enclosed by the hyperbola % — z* = 1 and the line y = 4 is pictured
below.
-
9
y=

2

Solving the equation of the hyperbola for z, x = +,/% — 1 = +1./y2 — 9.
Using symmetry, the area enclosed by the hyperbola and the line y = 4 is given by

4 4
1 2
A:2/ g\/y2—9dy:§/ Vy?2 —9dy.
3 3

Use the substitution y = 3secf (0 <6 < 5, m < 6 < 3T) to evaluate [ \/y> — 9dy.
Then dy = 3tanfsec df and

Vi —9= V9sec20 — 9 = 3v/sec20 — 1 = 3v/tan2 0 = 3tan6

since0§9<%orw§9<3§.
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Then
/\/y2 —9dy = /(3tan9)(3tan936c9d9)

:9/tan29sec9d9
29/(sec29—1)sec6‘d6‘

= 9/ (sec3 0 — sec 9)d9.

Evaluate [ sec? § df using integration by parts.

Let u = secd and dv = sec? 6 d#.
Then du = tanfsectdx and v = f sec? 0 df = tan .
Now

/sec3 6 df = sechtanf — / (tan 0)(tan O sec dx) = tanfsecl — /tan2 Osectdf.
Use the identity tan?§ = sec?§ — 1.
/5603 0 df = tan 0 sec 9—/ (5602 0 — 1) secf df = tan 6 sec 9—/ sec® § d0+/ secfdf.
Add [ sec®0df to both sides.

2/sec36‘d9 = tanfsech + /secé’d@ = tanfsecd + In |sec § + tan 0]

and [sec®df = 3[tanfsec + In |sec 6 + tan d|] + C.
Therefore,

/\/y2—9dy29/(secgﬁ—seCG)dﬁ

_y\/yQ —9—9ln‘y+ Vy? —9‘ —91n3] +C

yVy2—9—-9In ‘y +Vy? - 9H + C after combining the constants.

1

:9{§[tan95e69+ln|se69+tan9|]—1n|sec€+tan9|}+c

9
:§[tan9sec9—1n|sec€—|—tan6‘|]+C

N 7 _
_OVYEZY Y Y VYS9

2 3 3 3 3

1

2

1

2

So,
a=2 [ Vs
— g : %{ym—gln‘y+ \/y2—9Hi
= {7 —om (4+v7)] ~l0 - 9om(s)}

1 3
~4V7+91n (7”
3[ 447
4Tﬁ—3ln—4+3ﬁ .
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(b) The region enclosed by the hyperbola %2 — 22 =1 and the line y = —7 is pictured

below.

( 2410

Solving the equation of the hyperbola for z, z = £1/% — 1= +1,/42 - 0.

Using symmetry, the area enclosed by the hyperbola and the line y = —7 is given by

-3 -3
1 2
A=2 g\/y2—9dy:§/ VY2 —9dy.
-7 -7

Using the results from part (a),

So,

A

Wl Wl Wi Wl
1

Wl Wl

-3
/ VY2 —9dy
-7

-%[y\/zﬂ——9—9ln‘y+ \/muj
{10-9mn|-3]) - [~7v40 - 91n| -7+ V0| |}

— Vi
7\/4—0+91n77?:/—0]

7-2V/10+ 91n (7—@ 7“/@)]

3 7+/40

14v10 4+ 91n

]
3(7 4+ V/40)

144/10 3

43 —>
3 74+ V40

14v10 74210
=== -3 In Snaaell
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68. (a) The region enclosed by the hyperbola and the line = = 6 is pictured below.

Solving the equation of the hyperbola for y, y = £44/ % -1
Using symmetry, the area enclosed by the hyperbola and the line x = 6 is given by

6 72 6\/T
A=2 44/——1)dr =28 — — ldx.
/3<V9 )“"” /3 g %

Use the substitution © = % Then du = %x and dr = 3du. The lower limit of

integration becomes u = % =1 and the upper limit of integration becomes u = g =2

So,
6 [2 2 2
A:8/ \/;—1([&::8/ \/u2—1(3du):24/ Vu? —1du.
3 1 1

Use the substitution u =secf (0 <6 < Z, 7 <6 < 3%) to evaluate [ vu? — 1du.

Then du = tanfsecfdf and vVu2 —1 = Vsec2 — 1 = Vtan? 0 = tan 8 since 0 < 0 <
E0r71'§t9<37”.Then

/ VuZ = 1du = / (tan @) (tan 6 sec 0 df)

= /tan2 0 sect db

:/(56029—1) secd df

= / (sec3 0 — sec 9)d9.

Evaluate [ sec® 6 df using integration by parts.

Let u = sec® and dv = sec? 6 d6.
Then du = tanfsectdx and v = f sec? 0 df = tan .

Now

/ sec® 0 df = secftan 6 — / (tan 0)(tan 0 sec 6 df) = tan O sect — / tan® 0 sec 0 d6.
Use the identity tan® = sec? — 1.

/5603 0do = tan@sec@—/ (5602 0 — 1) sec df = tan 8 sec 9—/se03 9d9+/ sect db.
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Add [ sec®0df to both sides.
2/se636‘d6‘ = tanfsech + /sec6‘d6‘ = tanfsecf + In|sec + tan 6|
and [sec®0df = 3[tanfsecd + In|secd + tand|] + C.
/\/ﬁduz / (secBH—secﬁ)dﬁ
= %[tanﬁsec@ +1In|sech + tanf|] — In|secH + tanb| + C

= %[tanﬁsec@ —In|secd + tanf|] + C

= l[(\/1;2—1)(u)—1m‘u—|— \/u2—1H +C.

2
So,

A:24/12mdu:24{§[(m)<u)_m\u+muj}
:12[( (2)2—1)(2)—1n (2)+\/(2)2—1H
—12[< (1)2—1)(1)—111 (1)+\/(1)2—1H

—12[2V3-In ‘2 + \/§H —12(0)

=24v3 - 12In(2 +V3) |

(b) The region enclosed by the hyperbola and the line x = —8 is pictured below.

\ y
8
4
(-3.0)
- -4 0 X
-4
-8
/-I,

. . 2
Solving the equation of the hyperbola for y, y = +44/ % — 1.
Using symmetry, the area enclosed by the hyperbola and the line x = —8 is given by

-3 2 -3 2
A:2/ (4\/‘75——1>dx_8/ V= — 1da.
s 9 s V9
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Use the substitution © = % Then du = %x and dr = 3du. The lower limit of

integration becomes u = %8 and the upper limit of integration becomes u = == = —1.

So,
-3 72 —1 —1
A:8/ \/——1dz =38 Vu?—1(3du) =24 Vu? —1du.
8 9 ~8/3 -8/3
Use the substitution u =secf (0 <8 < Z, 7 <0 < 3F) to evaluate [ vu? — 1du.
Then du = tanfsecfdf and vuZ — 1 = v/sec20 — 1 = Vtan2 0 = tan 6 since 0 < 0 <

101MT§9<%7’.Then

2
/ V2 — 1du = / (tan 6) (tan 6 sec 6 d6)

= /tan2 0 sect db

:/(sec29—1) sec 6 df

= / (sec3 0 — sec 9)d9.

Evaluate [ sec® 6 df using integration by parts.

Let u = sec® and dv = sec? 6 db.
Then du = tanfsecf dz and v = [ sec? §df = tan6.
Now

/ sec® 0 df = secftan — / (tan 0)(tan 0 sec 6 df) = tan O sect — / tan? 0 sec 6 df.
Use the identity tan?§ = sec? — 1.
/sec3 0 df = tan O sec 9—/ (sec2 0 — 1) sec 0 df = tan 0 sec 9—/ sec® 0 d9+/ sec 0 df.
Add [sec?0df to both sides.

2/sec39d9:tan@sec@—i—/secﬁdﬁ:tan6‘seC6‘+1n|se09+tan9|

and [sec®df = J[tan6sec + In [secd + tan6|] + C.

Therefore,
/\/u2 —1ldu= / (sec® @ — sec)df
= %[tan@secﬁ +1In|sech + tanf|] — In|sect + tan 0| + C

= %[tan@secﬁ —In|secd + tanf|] + C

= %[(\/uQ—l)(u)—ln‘u—i— \/u2—1H +C.
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So,
=z [ e ta= 2 (V)@ e Vi)

Yy -8/3
I ey N I

() s

2 —
= %\/%Hzln <%£> =255+ 12In (8 — v/55) — 12In3 |

69. The length of the graph is given by L = [ \/ 1+ [ (52 — 2?)] 2 do = J2A/1+ (5 —22)° da.
We evaluate the corresponding indefinite integral, and then apply the Fundamental The-

orem of Calculus. Let u = 5 — 2z, so du = —2dz and dx = —% du. We substitute and
obtain
/\/1+(5—2x)2d:10 = /\/H—u?(—%du)
= —% / \/1—!——u2du.
Let u = tan 6, then du = sec? 0 df. We substitute and obtain
/\/14— (5—2x)ds = —%/\/Wse@@d@
= —%/se639d9

1 1
= —ZseCHtanb'— Zln|sec€+tan9| +C.

Since tan® = u, secd = V1 +tan®>f = /1 + u2, and also substituting © = 5 — 2z, we
obtain

/\/1+(5—2:c)2d:c = —i\/l—&—uQ(u)—iln’ 1+u2—|—u‘+C’

= —2(5—2@ 1+(5—2:c)2—iln 1+ (5—22)° + (5 —22)| + C.
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By the Fundamental Theorem of Calculus,
5
/ V14 (B —2z)%de = [—1(5—251:) 1+ (5—2¢)% — £
0 4 4

G-206)/1+(G-2()>
B 4 B 4

L (-200) 1+ (-2(0) ™

4 4

5
1+(5—2x)2+(5—2x)}
0

1+(5—2(5))2+5—2(5)'

1+(5—2(0))2+5—2(0)’

Z26—3m(%%—5)—(—im(%%+5)_g¢%)

= |4 (V36 +5) - 1in (V26 -5) + 3V |

70. The parabola x = 6y — 3y? = 3y(2 — y) lies to the right of the y-axis for y on the interval
0<y<2

¥

The length of the graph of the part of the parabola that lies in the first quadrant is given by

L_/O2 1+(j—z)Q—/02\/1+(6—6y)2dy—/()2\/36(y—1)2+1dy.

Begin with the substitution © = 6(y — 1). Then du = 6dy and dy = %.

The lower limit of integration becomes u = 6(0 — 1) = —6 and the upper limit of integration
becomes u = 6(2 — 1) = 6. So,

2 6 6
L:/ \/36(y—1)2+1dy:/ \/u2+1<%“> :%/ Va2 + 1du.
0 —6 —6

Use the substitution v = tanf, —F < 6 < I, to evaluate [ vu? + 1du.
Then du = sec?20df and vVu2 +1 = Vtan20 + 1 = Vsec2 6 = secl since —Z < 0 < Z.

2 2
Then
/ VuZ+1ldu= / (sec0) (sec” 6 df) = /sec3 6de.
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Evaluate [ sec® 6 df using integration by parts.

Let u = secd and dv = sec? 0 d#.
Then du = tanfsecfdz and v = [ sec? 0 df = tan6.

Now

/ sec® 0 df = secftan 6 — / (tan 0)(tan 0 secf dx) = tanfsecd — /tan2 Osecdo.
Use the identity tan? § = sec?§ — 1.
/sec39d0 = tanfsect — / (5602 0 — 1) sec§df = tanfsech — /sec39d0 + /sec@d@.
Add [ sec®6df to both sides.

2/sec39d9:tan@sec@—l—/sec@d@:tan@sec@+ln|sec€—|—tan9|

and
/sec 0do = 2[tan95ec€+1n|sec€—|—tan9|]

So,

/\/u2+1du=/sec 0do == [tan@sec9+ln|se69+tan9|]

From z = tan, tan@ = —6 when = —6. Also, secf = vtan20+1 = \/(—6)>+1 =
+/37.

Since —% <0< %, sech = \/37.

From z = tanf, tanf = 6 when z = 6. Also, sec = vtan?6 + 1 = /62 + 1 = ++/37.
Since -5 < 0 < 5 secl = /37.

Finally,

1 1
L= 6/ Vu2 4 1du = = - Z[tan@sect + In|sec § + tan ]|} 1 "6)

6 2
A0 (570 - [0 + (1570
V3746
—\/_+—1 (\/_J_r6>
7\/_+ \/— 6 \/— 6
:\/3_7-|—iln;2
12 (\/ﬁ—G)

=37+ %111(\/?—6)_2
=\/§+%{—2ln(\/§—6)}
=|V37—+In(V37-6)|
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71. (a) We equate 22 = 4 — y? with 22 = 1 — (y — 2)2 to get the points of intersection. We

obtain
d—y® = 1-(y-2)°
4—y® = - +4y-3
4 = 4y-3
7
r
Soxz?=4- (%)2 =1, and z = :I:‘/_ The area is given by
\/7/4 \/ﬁ/4
A= / Va—a? - (2—\/1—902)} dx:2/ {\/4—1‘2—(2—\/1—1:2)} dx.
\/_/4 0
We expand to obtain
V15/4 VI5/4 Vi5/4
A = V4 —z2dr+2 \/l—xzdzzr—2/ 2dx
0
F/4 ﬁ/4

V4 —£C2d$+2 V1—a22de — V15

For the first integral, we evaluate the corresponding indefinite integral, and then
apply the Fundamental Theorem of Calculus. Let x = 2sinf, then dr = 2cos6 db.

We substitute and obtain
2/\/4—$2d$ 2/\/4—(2sin6‘)2(2cos6‘)d6‘
= 4/\/4—4sin290059d9

= 8/cos29d9

_ 8/1+C(;s(29)d9

= 4/(1+cos (20)) do
1 .

= 4<9+§sm29>+0

= 40+ 4cosfsinb + C.

Since sinf = 3, c =+/1—sin?6 = — % ,/ — 22, and 6 = sin—1 2 We

obtain
2/\/4—x2dx = 4sinlg+4<%\/4—x2> (g) +C
= 4sin71§+x\/m+0.
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By the Fundamental Theorem of Calculus,

V15/4

V15/4
2 V4 —22dz = [4sin71£+x\/4—12}
0 0

2

1 (VIB) | TVI5
= <4sm <T>+T>_O

4sin ! <\/ﬁ> + V15

8 16

For the second integral, we evaluate the corresponding indefinite integral, and then
apply the Fundamental Theorem of Calculus. Let x = sin6, then dz = cosfdf. We
substitute and obtain

2/\/1—x2dx = 2/\/1—sin29(cosb‘)d9

= 2/c0529d9

_ 2/1+C(;S(20)d9

= /(1—|—cos (20)) db

= 0+ %sin29—|—C
= 0O+ cosfsinf + C.

Since sinf =z, cosf = /1 —sin®# = v/1 — 22, and 6 = sin~' 2. We obtain
2/ V1—22dx

sin 'z 4+ V1 —-22(2) +C
= sin"tz+ xﬂ—i— C.
By the Fundamental Theorem of Calculus,
V15/4 V15/4

2 V1—z2dz = {sin_lx—i—x\/l—ﬁ}
0 0

V5 V15
T T

= sin~?

= <sin_

1
V15
4

)2 - (sin_l 0+ Oﬂ)

VI5 V15
4 16
15 VI5

= Sin — 4+ W
So we obtain A = 2f0\/ﬁ/4 V4 — x2 dx+2 fo\/ﬁM V1 —22dex—v15 = (4 sin ! @ + 71—\/6175)4'
(sin—l V5 %) — V15 = [sin™! VI8 4 4sin~! VI 175
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(b) Here we subtract the area of the smaller lune from the area of the upper circle. We
obtain

A = 7T(1)2 — <Sin_l @ + 4sin_1 715 — %\/ﬁ)

— |m—sinT' 5 _ 4gin~! Y5 4 1 /75|

72. The force due to hydrostatic pressure is given by the integral ffz (1000(9.8)(3 — 9)) (2 4 — y2) dy.

We expand, and recognize the final integral as the area of a quarter-circle to obtain

2 2 2
/ (9800(3 — 1)) (2 1 y2) dy 58800/ VA— g2 dy — 196000/ A — 2 dy
-2 -2 —2
2
117600/ VA= g2dy -0
0

1
117600 (Zw(z)z‘)
1176007 N|.

73. Let u = x — 2, then du = dx. We substitute and obtain

/ dx _ / du

V1 - (z—2)? V1—u?
= sintu+C
= |sin"t(z—-2)+C|

74. Let u = x 4+ 2, then du = dx. We substitute and obtain

/\/4—(I+2)2dx:/\/4—u2du.
Let u = 2sin#, then du = 2 cosf df. We substitute and obtain
/\/4—(x+2)2da: = /\/4—(231n9)2(2cos9)d9
= 2/\/4—4sin290039d9

= 4/(30526‘d9

_ 4/1—|—C(;S(29)d9

= 2/(1+Cos(29))d9
1 .
= 2(9+ 58111(29)) +C
20 4+ 2sinf cos + C.
We have 6 = sin™* (%), so cosf =+/1—sin?0 =1/1— (%)2 = %\/4 — u2. We obtain

/\/4—(x+2)2d:v 2sin~! (g)+2(%)(%\/4—u2)+0
= 2sin! (g) + %uvél—u? +C.
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And since u = x + 2, we have

/w4—@+2fm::%m*@%%+%@+mw4—@+2f+c.

use the substitution u = 2x — 1. Then du = 2dzx, dx = %du

75.

dx
To evaluate | Wyt ,
and
/ dx / 1 (1 ) 1 / 1
V(2r—1)2-4 Vu2 —4\2 2) Vuz-4
Use the substitution u = 2secf (0 <6 < Z, 7 <6 < 3Z) to evaluate
Then du = 2tan 0 secf df and

| 7a=mde

Vuz —4=1/1sec? — 4 =2v/sec?20 — 1 = 2V/tan? 0 = 2 tan

since0§9<%or7r§9<37”.

Therefore,

1

1
= §/m - 2tan @ sech db

= l/sec@d@
2
1
= 51n|sec€+tan6‘| +C

u+ u?2 —4

2 2 2

u+Vu2—4
2

+C

+C

2z —1)++/(z—1)2—4
2

+ C or, equivalently,

In

(2m—1)+\/24w2—4m—3} Lol

1
2

76. To evaluate [ G 72)\/‘2 —vTo’ use the substitution u = 3x — 2.

_ _1 dz _ 1 1 _1 1
Then du = 3dz, dv = 3 du, and f ES W e i f " u2+9(3 du) =3 f Vo du.

. . o 1
Use the substitution u = 3tan6, —5 <6 < 7, to evaluate J Vorezss du.

Then du = 3sec20df and Vu2 + 9 = V9tan2 0 + 9 = 3vtan20 + 1 = 3vsec2 6 = 3 sech since
—I<O<i.
2 2

Then

1 1 1 1 1 [ sec 1 [sech 1

| ———du== [ —————3sec’0df = = do = — de.
3/uw/u2—|—9 Y73 / (3tan6)(3sech) sec 9/tan9 9/ 1 tané

1 1 s 6 1 1 1 1

_/ €57 g = —/ df = §/cscb’d9: —§1n|cot9+csc9|+C.

9/ cosfsind 9 ) sind
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: _ _ 1 _ 3
Since vu? +9 = 3sect, cosf) = —5 = Woreess and

2
sinf = v/1 — cos? 2\/1— 9 \/ Y + Y

w9 Va2+9 T VaZio
Since —§ <6 < 3, sinf = —=1— and sec@:%.
Since u = 3tan#, cotd = ﬁ = %
So,
d 1 1 1 1 3 Vu+9

/ - :—/7du=——1n|cot9+csc€|+C:——1n—+u7+ +C.

Bz —2)y/(Bz—2)2+9 3J uvu*+9 9 9 |u u

: : dzx _ 1 u _ 1 3x—2 _
Using laws of logarithms, [ Yy gln‘igh/m‘ +C=-5n PURY o +C=

344/ (32—2)%249

—% In — + C'| by rationalizing the denominator.

77. Let u = e”, then du = e® dx. We substitute and obtain
/ez\/25 —e2rdy = / V25 — u? du.

Let w = 5sinf, then du = 5cosf df. We substitute and obtain

/ew\/25—62$dx = /\/25—(5sin6‘)2(5(3059)d9
= 5/\/25—25sin26‘cosb‘d9

= 25/cos29d9
_ 25/1+cos(29) 40
2
= % (14 cos(26))do
- §<9+%sin(29))+0
25

2
= 794—7581119(3089—}-0.
We have 6 = sin™! (%), so cosf =+/1—sin?0 =1/1— (%)2 = %\/25 —u2. We obtain
25 25 1
/ez\/25 —e2dy = Esirfl (%) + 7(%) (g\/25 —u2) +C

2 1
= 75311171 (%) + 5uv25 —u2+C.

And since u = e®, we have

/e””\/ 25 — e2r dg = 22—5 sin ! (%) + %e’”\/% —e2z 4 (.
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78. Let u = e”, then du = e® dx. We substitute and obtain
/ez\/mdx: /\/4—I——u2du
Let u = 2tan#, then du = 2sec? § df. We substitute and obtain
/em\/mdx = /\/4 + (2tan9)2(256c2 9) do
o / VA dtan® fsec? 0 do

= 2/(2sec€)seczt9d9

= 4/se639d9

= 4 B secftanf + %1n|sec€+tan9|} +C

= 2secftanf + 21n|secd + tand| + C.

We have tanf = %, and secf = V1 +tan?f = /1 + (u/2)? = V4 +u?. We obtain
1
/ex\/4+821d:c = 2(5\/4+u2) (%) +21n

1
= 5ux/4+u2+2ln’ 4+u2—|—u’—2ln2—|—0

1 U
5 +us + 5 ‘—I—

1
= §u\/4+u2+2ln’ 4+u2+u’+C.

And since u = e*, we have

/emx/4—|—62xd:c: %61\/4+62x+21n|\/4+621—I—ew‘ +C|

79. Let u = sin" 'z and dv = zdz. Then du = ﬁ dx and v = %x? We use integration by

parts and obtain

1 1 1
.1 2 o —1 2
/:Csm x dx 5:10 sin :v—/(yv )(7\/@) dx

1, .
—§$Sln

1x_l/x72dx
2) V1i—a2

Let x = sin 0, then dx = cos 8 df. We substitute and obtain

1 1 sin”® 6
-1 2 . —1
zsin” xzdr = —zx°sinT x— - [ ———=(cosb)db
/ 2 2) V1—sin’0

1 1
= 5:102 sin" 'z — §/sin29d9

= le sin~ 'z — 1 / 1= cos(26) (20) dé
2 2 2

1 1
51:2 sin~!z — 1 / (1 —cos(20))do

1 1 1

= §x2sin71x— 1(6‘— 5511129) +C
1 1 1

= 5&628111711'— Z@—i— Zsin@cos@—i—C.
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We have 0 = sin™! z, and cos = /1 —sin? 0 = v/1 — 22. We obtain

/xsinflxdx: %xQSin 1x——sm T+ 96\/1—962—1—0.

1

80. Let u = cos™'x and dv = xdx. Then du = — \/1177 dz and v = 3x*. We use integration

by parts and obtain

1 1 1
-1 I S L2\
/xcos zdxr = 2:10 cos T /(296)( 7\/@)@0
2

1 _
= Zax%cos!
2

;! / T
T+ <= | ——=dx
2) V1-2a2
Let x = sin @, then dx = cos 8 df. We substitute and obtain

1 1 20
/xcos_lxd:v = §$2COS x—i— _smb 0059

V1 — sin?

1 1
= 512cos_1x+§/sin 0 do

= le cos ta + % / 1 cos(26) C(;s (26) do

1
= —a2%costz+ Z/(l — cos (20)) df

1 1
= Zz’cos 'z + Z(@— §sin29> +C

1 1
= §$2COS_1SC+ 19— Zsin@cosb’—i—c.

We have 6 = sin™! z, and cosf = /1 —sin? 0§ = v/1 — z2. We obtain

/xcos_lxdx = %:cgcos_lx—i— %sin_lx— %x\/l —224+C|

81. (a) Let x = atané, then dz = asec? §df. We substitute and obtain
/\/x2+a2 dx /\/(atan9)2+a2 (asec” §) df
= az/sec?’ 0do

1 1
= a? (5 secftanf + 51n|sec€+tan9|) +C

a2

= ?(seCHtan9+ln|se(39—|—tan6’|)—|—C
Wehavetan@:%,andsec@:m: (%)2+1:%\/m. We obtain
/\/mdx = “;((Wm( )+ln x2—|—a2+§>+0
= |la?In|z/aee?) | Lo 21T 4 O
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(b) Let 2 = asinhé, then dz = a coshdf. We substitute and obtain

/\/x2+a2daz - /\/(asinh9)2+a2(acosh9)d9
= a2 / V/sinh? 6 + 1 cosh 6 df

= a2/cosh29d9
0 —0\ 2
2 e’ +e
= - 0
¢ [ (=)
a2
= I/(620+2+6_20) df

271 1
_— <—620+29—§629>—|—C

4\2
1 2

= 50,294—%(629—6720)4—0
1, a? (e¥ —e 0\ (el +e7?

= Za%0+ — c
2" +2( 2 5 )7
1, a® .

= 30 0+7s1nh9cosh9+0.

Since sinh# = %, cosh = v/ sinh?0 + 1 =/(z/a)” +1 = 1/z% + 2. We obtain
2

/\/ 2 +a2dr = %az sinh™* (E) + a_(g) (1\/ 2 + a2> +C
a a’/\a

2
= |1a? sinh ™! () + 3zva® + 22+ C|

82. Since the ellipse is symmetric with respect to both the x-axis and y-axis, the total area A
of the ellipse is four times the area in the first quadrant, where 0 < z <@g and 0 <y <b.

.'l.'

2 2

¥
a2 bz

(=
I
|
|
et
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Express y as a function of z. y = £v/a2 — 22.

a

So, the area A of the ellipse is four times the area under the graph of y = g\/ a? — x2 on
the interval 0 < x < a. That is, A = 4f0a g\/a2 —22dx = %b foa Va2 — 2?2 dx.

Use the substitution z = asin 6, -5 < 0 < 5

Then dxr = acosfdf and Va2 — 22 = \/az—azsin29 = ax/l—sin29 = aVcos? =
acosf) since —5 <0 <

vl

The lower limit of integration becomes # = sin~! (0) = 0, and the upper limit of integration
becomes u = sin ! (%) = gin~! (1)=2Z.

2
Then

A:%/ Va2 —x2dx
0

a
4b /2
= ; ;

/2
= 4ab/ cos? 0 df
0

(acosB)(acosdf)

Il
W~

71’/2 1
ab/ —[1 + cos (260)]d0
0 2

/2

2ab [9 + L sin (29)]
2 0

:2ab{{g+%sin(w)} - [O—i-%sin(o)]} = [7ab]

83. Let x = asinf, then dz = acosf df. We substitute and obtain

/ acosf 20
\/a? — (asinf)’
acosf

—_— df
Va2 — a2sin? 6

1 acosf a0
a V1 —sin?6
cosf

= do
/cosb‘

= 0+C

= sinfl(f)—i—C.

a

/ dx
e

84. Let z = atan#, then dx = asec? § df. We substitute and obtain
dx asec? 0
/ 2 2 = / 5 df
a” +x a? + (atand)
2
_ / asec 0 "
a? + a2tan? 6
1 [ sec?d
= — | ——db
a / sec2 0

= l6‘—1—0
a

= %tan_l (%) +C|
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85. Let x = asecl, then dxr = asecftanfdf. We substitute and obtain

/ asecH tan6
asecO/( asec@

86. Let x = asecf, then dx = asecftanfdf. We substitute and obtain

/\/aseCG 2_ a2

We have sec =

/ T
zvVx? — a?

| ==

|

tanf
an 20

\/se(329—
1 t
_/ an@de
a ) tané

l9—|—C'
a

Lsec™ () +C|

/sec@tan@ o

tan 6

/sec 0 do

In |secd + tand| + C.

,and tand = v/sec2f — 1 = (5)

1
= Wm|Z+-Ver-a2|+C
a a
= |In|zvei=e?| 4 |

87. Let = = atan6, then dx = asec? 6 db.

We have tanf = 7,

where C =

1
—dx
/\/x2 +a?

1
—dzx
/ Va2 + a?

—lIn|a| + Cy.

and secl = Vtan? 6+ 1 =

We substitute and obtain

/\/ atan®) 24 a2
sec? 6
do
/secé‘

/sec 0 do

In [sec® + tan 6| 4+ C;.

In|—

n(a:+\/a:2+a2)+c

(asecftan @) db

= %\/:62 — a2. We obtain

asec 9

(%)2 +1= %\/:c2 + a?. We obtain

x2+a2+£‘+01
a

1n‘x+\/:c2—|—a2‘ —Inlal + Cy

U
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Challenge Problems

88. We complete the square: 3z — 2% = § — (22 =3z + §) = (%)2 —(z— %)2 Then

/ dx :/ dz .

Letu=2— %, then du = dx. We substitute, use the result of problem 92, and obtain

/%=/(f7_

89. Let x = asecl, then dx = asecftanddf. We substitute and obtain

/\/xz—anx = /\/(GSQC@)Q—GQ(GSQCQtaDH)dH

= a2/(tan9)(se09tan9) de
= aQ/tan295ec6‘d9
= d? / (se029 — 1) sec 0 df
= a? / (sec3 0 — sec 0) do
1 1
= a §se09tan9+§ln|se(39+tan9|—1n|sec9+tan9| +C

1 1
= a? {5 secf tanf — §ln|sect9—|—tan9|} +C.

We have secf = £, and tanf = v/sec? ) — 1 = 4/ (%)2 —-1= %\/:62 — a?. We obtain

1 1 1 1
/\/xz—anx = aQ{—(E)<—\/a@2—a2>——lnf+— xz—aQ}—i-C
2\a/\a 2 a a
1 1 1
= §x\/x2—a2—§a21n’x+\/x2—a2‘—|—§a21n|a|+0

= %I\/$2—a2—%a21n’17—|—\/$2—CLQ‘—|—C.
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90. Let u = sinh™* (%), so x = asinhu, and dx = a coshu du. We substitute and obtain

/ dx _ / acoshu du
Va2 +a’ \/(asinhu)? + a2
coshu

= —du
Vsinh?u + 1
coshu
= d
/coshu Y
= u+C
. —1 (T
= sinh (—)—l—C’.
a

From the identity sinh™! z = In (z 4+ Va2 + 1) we obtain

dx T P
1m(£+1 :C2+a2)+C
a a

= |In (7’”@) +C|

91. Let u = tanz, then du = sec? x dz. We substitute and obtain

2
sec” T
d;r =

du
Vtan2z — 6tanz + 8 /\/u2—6u+8
/ du
Vu? —6u+9—-1

/ du
\/(u—3)2—1.

Let y = u — 3, then dy = du We substitute and obtain

sec? x

dy
da :/7.
Vtan?z — 6tanz + 8 Vyz =1

Let y = sec6, then dy = secftanfdf. We substitute and obtain

sec? sec @ tan

dr = —df
VtanZz — 6tanz + 8 Vsec? —1

_ /sec@tan@da
tan @

/sec 0 do

= Inlsecl + tanf| + C.

We have sec = y, and tanf = v/sec2 — 1 = 1/y2 — 1. We obtain

2

e da::ln‘y—i—\/yz—l‘—i—c.

Vtan?z — 6tanx + 8
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Since y = u — 3 = tanx — 3, we now have

sec

Vtan?z — 6tanx + 8

dzr

In

tanxz — 3 + (tan:c—3)2—1}—|—0

= ln’tana:—3+\/tan2:1:—6tan:1:—|—8’+C’.

AP® Practice Problems

1. To evaluate f03 V9 — 22 dz, use the substitution z = 3sinf, —% <6 < .

cosfdf and V9 — x2 = \/9—9511129: 3\/1 — sin? 0 = 3v/cos? 0 = 3 cos B since

ndr =3
<0< 3.

The
2

The lower limit of integration becomes § = sin~! 0 = 0, and the upper limit of integration

becomes 6 = sin~* % = %

The integral becomes

/jmdw:/o

/2 1
= 9/ =[1+ cos (26)]d0 =
0 2

/2 /2
(3cosb)(3coshdl) = 9/ cos® 0 df
0

/2
9 1 9
— |0 4+ = sin (26 = -
5 [ +3 sin ( )L 5
The answer is C.

2. To evaluate f —Vlf’;;xz dx, use the substitution x = 4sin6, -5 < 0 < 5

Then dr = 4cosfdf and V16 —a? = V16 — 16sin20 = 4v/1 —sin?0 = 4v/cos20 =

4 cos @ since —Z < 0 < s

The integral becomes

V16 — z? 4cosf
/762 i dwz/%@cos@d@):/cot29d9=/(csczé‘—l)dé‘z—cotH—@—i—C.
x

4sin 0)
Since V16 — 22 = 4cosf, sech = Wi Jtanf = Vsec?2h —1 = \/T
:t\/16= andcot@—j;\/i Since _£<9<£ coth = 16z z2

Since z = 4sinf, 6 = sin~!

/\/16—1‘2 d
22

z
1

r=—coth — 0+ C =|—6=2> _qpn-lz 4 ]|

x 4

Therefore,

The answer is D.

3. To evaluate dr, use the substitution z = tanf, -5 <6 < §

1 1
fo (Z2+1)3/2

Then dz = sec?20df and Va2 + 1 = Vtan2 0 + 1 = Vsec2 6 = sec 6 since - <0<,

The lower limit of integration becomes 6 = tan~! 0 = 0, and the upper limit of integration

becomes § = tan~'1 = Z.

o
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/4 1 w/4

w/4 _
0 secd — JO 0 -

fS

cos f = [sin 6]

1 /4
S ————

The answer is B.

4. Since y = Y= =4 is nonnegative on [2,4], A= f; —””i*‘l dx is the area under the graph of

x

y:—””i_‘lfromx:2tox:4.

Use the substitution z = 2secf (0 <60 < T, 7 < 0 < 2X) to evaluate Vai—d g
2 2 x

Then dx = 2tanfsec0df and Va2 —4 = Vdseci20 —4 = 2v/sec2 —1 = 2vVtan? 8 =
2tan9sinceO§9<%or7r§9<37”.

1

The lower limit of integration becomes 6 = sec™ % = 0, and the upper limit of integration

—-14 _ —1l9 _ 7
5 = sec 2—3.

4 /5 w/3
ThenAz/ dez/ (2tan9>(2tan9sec6‘d9)
2 x 0 2sect
/3
:2/ tan” 0 do
0

/3
= 2/ (5602 60— 1)d9
0

= 2[tanf — 9]8/3

2[(V3-3) - 0-0)] =|2(v3-3)|

becomes 6 = sec

The answer is A.

. . o 1 d
5. Use the substitution z = 3 tanf, —% < 0 < Z, to evaluate [ Vi

Then dz = %sec26‘d6‘ and v1+ 922 = 1+9(%tan9)2 = V1+tan20 = Vsec2f =
sec since —5 < 0 < 3.
lSCCz
Thenf\/%dx:f%cgde =1 [secfdf = $In[sec + tanf|+C =| L In |1+ 922 4 3z| + C'|

The answer is D.
6. (a) Since f(x) = V422 + 1 is nonnegative on [—1,2], A = ffl V4x? 4+ 1dx is the area
under the graph of f from z = —1 to =z = 2.
Use the substitution # = £ tanf, —% < 6 < I, to evaluate ffl Vaz? + 1dx.

Then dz = %sec26‘d9 and V422 +1 = 4(% tan? 9) +1=vVtan20+1 = Vsec2 =
sect) since —5 <0 < 3.

Then /\/4x2+1d:1: —/(sec9)<%sec29d9) = %/sec39d9.

Evaluate [ sec®# df using integration by parts.

Let w = sec and dv = sec? 6 db.
Then du = tanfsect dx and v = fsec2 0 df = tan 6.

Now [ sec®0df = secftan6 — [ (tan6)(tanfsecddz) = tanfsecd — [ tan? § sec db.
Use the identity tan? 6 = sec® 6§ — 1.

/sec39d9:tan936c9—/(56029—1)sec9d9:tan@sec@—/56039d9+/se69d9.
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Add [ sec®0df to both sides.

2/sec39d9ztan98e09+/sec9d9:tan98e09+ln|se69+tan6‘|—|—C

and [ sec®0df = L[tanfsec + In|sec + tanf|] + C.
1 1
So, /\/4$2+1d:v= §/SQC39d9= Z[tan@sec@+ln|sec€+tan9|]+C.

From z = %tan@, when z = —1, tanf = —2 and secd = /5.
From z = %tan@, when z = 2, tanf = 4 and sect = v/17.

tan—1

:i{[4\/ﬁ+1n(\/ﬁ+4)} - [—2\/5““(\/5_2)”
=|31[4V17+In (V17T +4) +2v5 —In (V5 - 2)] |

2
1 an—
Finally, A = / Vir? 4 1dx = Z[tané‘sec@ + In [secd + tan 6] 12?2)
-1

(b) The region is pictured below. Rotate the region about the z-axis.

A

4

\ Y 3+

A 4

Using the method of disks, the volume is given by
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(¢) The region is shown below. Rotate the region about the y-axis.

y

—

y=VaZ 1

Using the method of shells, the volume is given by

1 1
V:27r/ xf(ac)d:v:%r/ xV4x? + 1dzx.
0 0

Now use the substitution v = 422 + 1. Then du = 8z dx and zdzx = %“.

The lower limit of integration becomes w = 4 - 0% + 1 = 1, and the upper limit of
integration becomes u =4-124+1 = 5.

1
ThenV:Qﬂ'/ V42?2 4+ 1dx
0
1
:271'/ Vdz? 4+ 1(x dx)
0

7.4 Integrands Containing az® + bz + c

Skill Building

1. We complete the square: 22 +4x +5 = (z + 2)2 + 1. Then we let u = z + 2, so du = dz,

and we obtain
dx B dx
/w2+4x+5 - /(x+2)2+1
du
- [
= tan tu+C
= ‘tan’l(x+2)+0‘.
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2. We complete the square: 22 + 2z +5 = (v + 1)2 + 4. Then we let ©u = x + 1, so du = du,

and we obtain
/ dx B / dx
2+2c4+5 ) (24+1)°+4

B / du
B u? 422
1 LU

= —tan

2 2
= %tanfl (””TH) +C|

+C

3. We complete the square: 2 + 4z +8 = (z + 2)2 + 4. Then we let u = z + 2, so du = dz,

and we obtain
/ dx _ / dx
22+4x+8 ) (2+2)7+4

4. We complete the square: 2% — 6z + 10 = (v — 3)2 + 1. Then we let u =z — 3, so du = dxz,

and we obtain
dx dx
/w2—6x+10 - /(I_3)2+1
du
- Jah
= tan tu+C
= ‘tanfl(x—ii)—i—C‘.

5. We complete the square: 3 + 2z + 222 = 2(96 + %)2 + g Then we let u =z + % to obtain
/ 2dx B / 2dx
3+ 22 + 222 2(:17—|—%)2—|—%

d
_ 2/735
2u2+5

2
= an~ ! Y
- 5 (VS 2)+C
25 (2x+3)
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6. We complete the square: x2 + 6z + 10 = (z + 3)2 + 1. Then we let u = x + 3, so du = dz,

and we obtain

7. We force the the derivative of the denominator to appear in the numerator.
complete the square with 222 4+ 2z + 3 = 2(:1: + %)2 +3

We obtain

/

8. We force the the derivative of the denominator to appear in the numerator.

3dx _ 3 dzr
2+ 6x+10 (x+3)°+1
du
= 3 _—
/u2+1
= 3tan 'u+C

x dx

202 + 22+ 3

‘3tan’1 (a:—|—3)+0‘.

We then
§,andletu:;p+%7sodu:dx.
/M
222 + 22 + 3
Lf_det2 1  dv
4] 2224224372 ) 222043
1 2 1 dx
e Y e e
1 dx
—1n(2$€2+2x+3)——/—
4 2 2(:104—%)2—}—%
e - [
5
" (4)
1 2 2 _1 u
(et 2e40) - G () o
1 2 V5 1 2(1—1—%)
Zln(?x +2x+3)—1—0tan <T +C
lln (2x2+2x+3) _ﬁtan—l (2m+1) +C
4 10 _\/5 .
We then

complete the square with 22 + 6z + 10 = (z + 3)2 + 1, and let w = x 4 3, so du = dx. We

obtain

/

3xdx

22 + 62 + 10

32z +6) -9
22 + 62+ 10

/

B §/ (2z+6) d:v—9/ dx

- 2) 22462+ 10 22 4+ 6z + 10
3 d

= —1n‘:172+6x+10‘—9/7172
2 (x+3)"+1
3 9 du

= 51n(:1: +6:1:+1O)—9/UQ—+1
3
2

In (2® + 6z + 10) — 9tan"'u+ C

3In (22 + 6z + 10) —9tan™t (z+3) + C |
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9. We complete the square: 8 + 2x — 22 =9 — (x — 1)2. Then we let u = x — 1 to obtain

/ d B / d
V8+2r—22 \/9d—(357—1)2
| =

= sin™! (%) +C

= st (5 ¢

10. We complete the square: 5 — 4z — 222 = 7—2(z + 1)2. Then we let u = x+ 1, so du = dxz,

and we obtain
dx
/\/7—2(;v+1)2
L/ du
ey
= isin_1 <\/%/2>+C

2
2
_ @Sm—l (\/ﬁ(?zﬂ)) el

/ dx
Vb — 4z — 222

11. We complete the square: 42 — 2% =4 — (x — 2)2. Then we let w = x — 2, so du = dz, and
we obtain

/ dz _ / dz
Viz — a2 m
= gin~! (%) +C

= [T (z2) |

12. We complete the square: 22 — 6x — 10 = (z — 3)2 —19. Then we let u = x — 3, so du = dx,
and we obtain

dx dz
/m—/m
B du

= In ‘u +vu?— 19‘ + C (from problem 90, Section 7.3)

(a:—3)+\/(x—3)2—19}—|—0

= 1n‘a:—3+\/x2—6:c—10‘+0.

= In
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13. We complete the square: 22 + 2x + 2 = (x + 1)2 + 1. Then we let u =z + 1, so du = dxz,
and we obtain

/ dx _ / dx
(@ +1)va® + 22 +2 (z+ 1/ (z+1)%+1

B / du
B uvu? + 12
Vui+1-1
U
(z+1)°+1-1
= In +C
z+1

Varioat2—1 ’ Lol

= 1n‘ e

14. We complete the square: 22 — 8z + 17 = (z — 4)2 + 1. Then we let u = x — 4, so du = dz,
and we obtain

/ dz _ / dz
(x —4)Va? —8x+ 17 (=4 (x— 4?2 +1

/ du
uvu2 + 12
Vuz+1-1

u

/ 2
(x—4)"+1-1 o

T —4

= In +C

= In

_ In ‘ \/z2_1831-17—1 ‘ 4 Cl.

15. We complete the square: 24 — 2z — 2% = 25 — (v +1)%. Then we let u = z + 1, so du = d,
and we obtain

| =

= sin~! (%) +C

= |sin”! (””—ng) + C'|
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16. We complete the square: 922 + 62 + 10 = 9(:10 + %)2 4+ 9. Then we let u =x + % to obtain

/ dx B / dx
V9x2 + 6x + 10 9(x+%)2+9

1 du
- 3) Vurt1z
1
= gln(u—i— u2+1)+0
= 111(1 r+ -+ :c—l—l 2—1—1 +C
3 3 3
1 1 2 1
= gln<:17—|—§—|— x2+§x+§>+c

= |3In(3z 414922+ 62 +10) + C |

17. We force the the derivative of the denominator to appear in the numerator, and obtain
two integrals.

— L2z -2)—-4
x75d$ — de
Va2 -2z 4+5 Va2 -2z 4+5

1 (22 — 2)

1 7@:_4/6;—;5.
2) Va2 -2z +5 /($_1)2+4

Now for the first integral let w = 2% — 22 + 5, so dw = (2x — 2) dz. In the second integral,

complete the square with 2 — 22 +5 = (x — 1)2 +4. ;and let u =2 —1, so du = dx. We
obtain

I O /L
= 2/w dw—4 Ny
= %(2\/@?)—4ln(u+ u2+4)+0

\/x2—2x—|—5—4ln<x—1—|— (x—1)2+4>+0
= \/IQ—2$—|—5—41H(I—1+\/I2—2I+5)—|—C.

18. We force the the derivative of the denominator to appear in the numerator. We then

complete the square with 22 — 4z + 3 = (v — 2)2 —1,and let v =z — 2,50 du = dx. We
obtain
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Loz —4)+3
/xi“dx — /Md:Zj
22 —4x +3 22 —4x+3

1 (22 — 4) dx
= -/ =" gpy3 | ——
2/1:2_4:17—1-3 T /(I_Q)Q_l

du
u? —1

1 2
gz —4x+3\+3/

1 1 1
5111‘@2—417—1-3‘—|—3<§1n|u—1|—§1n|u+1|>—|—C

1 1 1
51m\gc?—4;c+3\+3(51m|(gc—2)—1|—§1n|(gc—2)+1|)+c

= |[iln|2? — 4z +3|+ 3|z —3|- 2z - 1|+ C|

19. We complete the square: 2% — 2x +5 = (v — 1)2 + 4, and let u = z — 1 to obtain

3 dx
/1 Vie—1)>%+4

/3 dz
1 Vaz -2z +5

B 2 du
< nfos o)

- 1n(2+\/22+4)—ln(0+\/02+4)
- 1n(2\/§+2)—1n2
= 1n(\/§+1).

20. We complete the square: 2z — 22 = 1 — (z — 1)°>. Then we let u = 2 — 1 to obtain
/1 z? dz B /1 22 dx
12 V2x — x? 1/2 /1_@_1)2

_ /0 (w+1)?®
_1/2\/1—’(1,2

_ /0 u2+2u+1du
_1/2 \/1—11,2
0 'LL2 0 2U 0 1
= ——du + ——du+ —du
/1/2 \/1—u2 —-1/2 \/1—u2 71/2 \/1—u2
0 2 0
U 2u 0
= ——du+ ——— du+[sin'u
/_1/2 V1—u? —1/2 V1 —u? [ ]_1/2

2

T
u +

0 0
u 2u
/ 7du+/ —d —.
—12 V1 —u? —1/2 V1 —u? 6
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For the first integral we let u = sin 6, then we have

0 2 0 .2
u sin“ 6
——du = 0do
/1/2 V1 —u2 “ /,,/6 cos 6 cos
1

0
_ 5/_F/6(1—cos(29))d9

0

l {9 — l sin 29]
2 2 /6

1 1
ETF — g\/g

And for the second integral we let w = 1 — u? to obtain

0 2u 1 1/2
———du = / w2 (= dw)
/1/2 V1—wu? 3/4
1
[_2‘/6} 3/4
= V3-2.

And so we obtain

/11 _adr (iw—%\/ﬁ)+(\/§—2)+

T
/2 V2x — a2 12 6

21. We complete the square: e?* +¢e% 4+ 1 = (e”” + %)2 + %. Then we let u = e® + % to obtain

4

et dr _ / et dx
JE el @ 11)7e

= |In(e*+3+Ve* +er+1)+C|

22. We complete the square: sin?z + 4sinz + 3 = (sinz + 2)° — 1. Then we let u = sinz + 2
to obtain
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23.

24.

cosz dx cosz dx
\/sin2x—|—4sin:17—|—3 /\/m
du
7=
1n‘u—|— \/ﬁ‘ +C

= In (sinx+2+ (sin:v+2)2—1> +C

= 1n(sin:v+2+\/sin2:v—|—4sin:v+3) +C|

We force the the derivative of the quadratic to appear in the numerator.

20 — (4 —
x —3 _ (4 2:6)+1d$
\/41:—:02 Vidr — 22 -3

4—2
x dr +

1
Vie 3 /mdw

For the first integral let w = 4z — 22 — 3 so dw = (4 — 2x) dx. In the second integral,

complete the square with 4z — 2?2 -3 =1— (z — 2)2, and let u = z — 2, so du = dx. We
obtain

2¢ — 3 / ~1/2 +/ du
= —|w w —_—
\/496—:102 V1 —u?

= —(2Vw)+sin'u+C
= | —2Vdzr — 22 -3 +sin ! (z—2)+C|

We force the the derivative of the quadratic to appear in the numerator.

w43 (2x+2)+2d
\/x2—|—2:c—|— VaZ+2z+2
1 2x + 2

\/27 +2/
x? +2x + 2 /x—i—l

For the first integral we let w = 22 + 22 + 2 so dw = (2 + 2) dz. In the second integral,
we complete the square with z2 + 2z + 2 = (z + 1)2 + 1, and let v = = + 1, so du = dx.

We obtain
o +3 1 / ~1/2 / du
= - |w dw+2 [ ————
Va1 2z 12 2 Vi £ 1

1
= 5(2\/1_u)+21n(u+ u2+1)+C
— \/x2+2x—|—2+21n<x+1—|— (a:—|—1)2+1>+0
= |Va?+20+2+2n(z+14+ Va2 +22+2)+C
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25. We complete the square: 2% — 2r + 10 = (2 — 1)2 +9. Then we let u =z — 1, so du = dxz,

and obtain
/ dx / dx
(22 — 22 +10)*/ (017 9)3/2
/ du
(u? + 9)3/2'
Let u = 3tan 6, then du = 3sec? # df. We substitute and obtain
dx B 3sec? a0
(22 — 20 + 102 2 g}
((3tan6‘) +9)
20
_ 3 / el
(9tan? 6 +9)
1 [ sec?6
= - | ——df
9/sec36’
1
= = /cos@d@
9
= Ly 0+4+C
= gsin )
We have tan = g, so cot§ = %, and cscf = V1 +cot?0 = /1 + (%)2 = %\/u2 +9. So
sinf = \/uz—-i—.() and we obtain

/ dzr _ l u ‘C
(22 — 2z + 10)*/? 9VuZ 1+ 9

-1
= .’L'—+C

9¢/(z —1)° +9

z—1
9vVx2—22+10 + Cl

26. We complete the square: 22 — 2z + 10 = (v — 1)2 + 9. Then we let v = 2 — 1 to obtain

/\/xQ—d;m_/(dI)erg

1n(u+ u2+9)+0
= 1n<x—1—|— (x—1)2+9>+0

= 1n(a:—1+\/x2—2:c+10)+0.

27. We complete the square: 2% + 2z — 3 = (z + 1)2 — 4. Then we let v = x + 1, so du = dx,
and we obtain
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/ dx B
Va2 +2r -3

In

dx
‘/\/(x+1)2—4
du
| 7=
ln}u—i— \/u2—4‘+C

:v+1+\/(x+1)2—4‘+0

In|z+14+ Va2 +22-3|+C|

28. We complete the square: 22 —4x — 1 = (v — 2)2 — 5. Then we let u = x — 2, so du = dx,

so we obtain

/x\/x2—4x—1da:

/;m/(;c—2)2 —5dx
/(u+2)\/u2——5du
/umdu+z/mdu.

With the first integral, let w = u? — 5, so dw = 2 du, and we obtain

/ux/u2—5du

%/\/Edw
1(;

(u2—5)%+C.

1
3

And for the second integral, let u = v/5secf, so du = v/5sec 6 tand df, and we obtain

/ V2~ Bdu

()

2
%ux/ u2 -5

/\/586029—5\/3$ec9tan9d9

5 / sec O tan? 6 df
5/ (se(33 0 — sec 9) do

1 1
5<§seCGtan9— §1n|sect9+tan0|) +C

1
2

w2
g_

v

V5
5

—§ln’\/u2—5—|—u’+0.

In +
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So we obtain

/x\/$2—4$—1d$
:v—2

(

—51n

(u —5) +2(2u\/u2 5——111‘ u? — 5+UD+C

(MY

) +(z -2/ (x—2)7-5

x—2+\/(z—2)2—5‘+0

3

(1274171)%

+(@—2)0Va?—dz—1-5ln|z -2+ Va2 -4z — 1|+ C|

29. We complete the square: 5+ 4z — 2% = 9 — (x — 2)°.

and we obtain

/

r—2

5+ dx — 22
5+ 4x Id:c

Then we let u =z — 2, so du = dx,

=

Let w = 3sinf, so du = 3 cosf, and we have

V5 +4dx — 22 v/ 9 351119
/ r—2 drv = / 3sinf (3cos6)d
2
_ [y,
sin 6
— ] 2
_ 3/1 .sm 9d0
sin 0

3 / (csc@ —sin @) do

= 3(—1Injcsch + cot | + cosh) + C
—2 1
= 3<—ln §+ ) —u —|—§\/9—u2>+0
3 9_(17_2)2 2
= —3111:6_2—1- po— +4y/9—-(z—-2)"+C

3njz—2| -3 |34+ vV5+4z — 22|+ Vb +dz -2+ C|

30. We complete the square: 5 + 4z — 2% = 9 — (x — 2)°.

and we obtain

/\/5+4x—x2dac

Then we let u = x — 2, so du = dx,

/\/9—(:6—2)2d:v
/Mdu.
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Let u = 3sin#, so du = 3cosf, and we obtain

/\/5+4$—$2d$ = /\/9—(3sin9)2(36059)d9

= 9/(30526‘d9

_ g/(l—i-cos(?@))db’

1

= 99—|—sin€cost9 +C
2
9. qu u (V9 —u?
- o @) 5(25E)) e
9. 4 /u 1 =
= Esm (§)+§u g—u +O
. 9 1 x—2 1 2
= 5sin < 3 )—1-2(17 2V/9—(z—-2)"+C

= [Zsin" (Z2) + (2 —-2)VB+4z -2+ C|

31. We force the the derivative of the quadratic to appear in the numerator.

zdz _ (2 +2)_1dx
Va2 +2z -3 Va2 +2zx -3

1 20 +2 / dx
- ——dr— | —.
2) Vaz+2:-3 ($+1)2_4

In the first integral, let w = 22 + 2z — 3, so dw = (22 + 2) dx. In the second integral,

complete the square with 22 + 2z — 3 = (z + 1)2 — 4, and let u =2 + 1, so du = dx. We
obtain

x dx 1/ —1/2 / du
— = - |w w— | ——
VzZ 42z -3 2 vu? —4

1
= 5(2\/5)—1n‘u+\/u2—4‘+0

Va2 +2z—3—In :C+1+\/(:c+1)2—4‘+0
= \/$2+2$—3—1n’$+1+\/.’L‘2+2$C—3’+C.

32. We force the the derivative of the quadratic to appear in the numerator.

xdx B 32z —4)+2 .
Va2 —4x+3 vz -4z +3

1 20 — 4 dx
- ——dx+2 | —.
2 \/$2—4CC+3 /($_2)2_1

In the first integral let w = 22 — 4z + 3, so dw = (2x — 4) dz. In the second integral,

complete the square with 22 — 4z + 3 = (z — 2)2 — 1, and let u =2 — 2, so du = dx. We
obtain
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T dx

VaZz —4x +3

Applications and Extensions

33. Let u =x + h, then

1
= —/w_l/de+2

2

| 7=

= %(2\/1_0) —|—21n’u+\/u2—1‘ +C

Vi —4x +3+2ln

x—2+\/(:c—2)2—1‘—|—0

= \/xQ—4x—|—3+2ln’x—2+\/x2—4x+3’—|—C.

We then apply the result of problem 87, section 7.3, to obtain

dx
[

ln[u—i— u2+k}—|—c

= ln[ (a:—i—h)Q—i-k—i—x—l—h} +C|

34. We complete the square: az? +bx+c = a(:v + %)2 +c— % = a(w + %)2 — %. Then
let u=x+ %, so du = dz, and we obtain

/ dzr
vazx? +bxr+c

X

[

d
(r+45)° -2

—4ac

/ du
[/ .2 _ b2—4ac
au 1a

/ du
Vel - =)

i/ du
va \/uQ—(W)Q

In

Sl

B

4a

(using @ > 0 and b? — 4ac > 0)

u+ u2—<

2a
b\ b2 —dac
— | - C.
v 2a) 4a? +
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And then we rewrite this and obtain

/ T
vax? +bx +c

+C

In x—i—i—i—ivax?—i—bx—i—c
2a  +/a

1

Vva

1

Vva

1 \/E:C—l—#—i—\/axz—i—bx—i—c
Va Va
1

Va

1

v

+C

—Lln\/a—i-c

b
In|vaxr + — + Vax2 + bz +c NG

2Va
—=In|Vaa? +bxr +c+ ar + 5o~

Challenge Problems
35. We rewrite

Jata _ a—i—:v \/a—i—x a+z
a—z 222 /g2 — g2 \/aQ—IQ.
Then we obtain
/ a—l—xdx _ a+x
Va—zx —:v2

/%

Let u = a? — 22, so du = —2x dz. Then we have

1
/ _1q
/ a+xdx = asinflz—i— phid
a—zx a Vu
= asinflz—\/ﬂ—i—C
a
= asirflg—\/a2 — 224+ C |

dr +

T g
Va2

AP® Practice Problems

1. The integrand of [ dx contains the quadratic expression z2 + 6z + 13.

1
x24+6x+13

So, we complete the square in the denominator.

/;dx_/ 1 dgc_/;
22 +6x+13 " ) (22+62+9)+(13-9) ) (z+3)2+4

Now use the substitution ©w = x + 3. Then du = dx and f ey B

fu2+4du_1tan_1“+0_ ftan~!t 83 4 O,

2+61+13

The answer is B.
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2. To evaluate ffl 7 To.770 4%, use a manipulation that causes the derivative of the denom-

inator to appear in the numerator.

2 T 1 (% 2z+2)—2 1 (% 2z+2 2 1
————dz== | S———dv=c | ————do— | ————da
122422410 2 /122422410 2 J_; 22 +22+410 122422+ 10

To evaluate f_21 —rost25 dr, use the substitution u = 2% 422 410. Then du = (2x+2) da.

The lower limit of integration becomes u = (—1)% +2(—1) + 10 = 9, and the upper limit
of integration becomes u = 2% +2(2) + 10 = 18.

2 18
2 2 1
Then / L dzx = / —du = [1n|u|]é8 =Inl8—-mn9=In2.
122422410 9 U

The integrand of f_21 e L dx contains the quadratic expression z2 + 2z + 10.

2x+10

So, we complete the square in the denominator.

2 2 2
/ ;dx—/ ! d:v—/ S S ¥
22 42e4+10 7 Sy @242+ D)+ (10-1) T Sy (z4+1)2+9

Now use the substitution © = x+1. Then du = dz. The lower limit of integration becomes
u=—1+41=0, and the upper limit of integration becomes u =2+ 1 = 3.

2 2 3

1 1 1 1 3

Then / 7d17:/ 7(&6:/ —dU: —{tanfl E:|
122422410 S (z+1)249 0o u2+9 3 3lo

L an11 — tan—t _lﬁ_)__
—3(tan 1 —tan 0)—3(4 0) = .

2 2 2
€T 1 2z + 2 1
S Y gp=c ) =T - ——  dp=|lm2-=z|
O’/1$2+2x+10 v 2/,1;52+2:c+10 v /,1x2+2x+10 T2 T

The answer is D.

7.5 Integration of Rational Functions Using Partial
Fractions; The Logistic Model

Concepts and Vocabulary
1. (a) less than
2. True
3. True

4. False, the term ﬁ; is also needed

Skill Building

. e . 241
5. Apply polynomial division to mfl .

z—1

(z+1)] 2?4+ 0z + 1

— @+ 2)

—x+1
—(—z-1)

2

The quotient is z — 1 and the remainder is 2.
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The Logistic Model

Therefore,
2 +1 2
P R L el
. e e . 244
6. Apply polynomial division to w_*z .
T+ 2
(x—2)| 2>40z+4
—(2? — 27)
2 4+ 4
—(2z —4)
8
The quotient is « + 2 and the remainder is 8.
Therefore,
22 +4 3
7. Apply polynomial division to ””3+3””2_4.
2242047
(x—2)] 2% +02%+3z—4
— (23 — 22?)
222 + 3z
— (222 — 4x)
T — 4
—(7x — 14)
10
The quotient is 22 4+ 22 + 7 and the remainder is 10.
Therefore,
34 3x—4
%: 2?4+ 20+ 7+ 1% |
3 2
8. Apply polynomial division to %&JA.
2 — 6z + 18
(z+3)] 2332 +0x+4
— (23 + 322)
—622 + Ox
—(—62% — 187)
18z +4
—(18z + 54)
—50

The quotient is 2 — 6z + 18 and the remainder is —50.
Therefore,

3 — 322 + 4 2 50
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9. Apply polynomial division to 2z+3z>—17e-27

z2-9
2z+ 3
(2% — 9)| 223 + 322 — 172 — 27
— (223 — 18z)
32 + x—27
— (322 —27)
x
The quotient is 2z 4+ 3 and the remainder is x.
Therefore,
223 + 322 — 172 — 27 pe
10. Apply polynomial division to %
3x — 2
(22 —1)] 323 —222 — 32 +2
— (323 — 3z)
—272 + 2
—(—22? +2)
0

The quotient is 3z — 2 and the remainder is 0.

Therefore,
323 — 222 — 3z +2
2l _Si? [

2 2
Also, note that 3m3792£g27713m+2 _ =z (3m—9622):1(31—2) _ (= —I12)£3£E—2) —[3,—921

zi-1 zi-1

z(z+4) r2+4z”

11. Apply polynomial division to

22 — 4z + 16
(22 +4z)| 24+ 02° + 022 + 0z — 1
—(z* + 423)
—4z3 + 022
—(—42® — 162?)
1622 + Ox
—(162% + 64x)
—64x —1
The quotient is 22 — 42 + 16 and the remainder is —64x — 1.
Therefore,
4
ik B PR T e
x(z +4) o> tde
12. Apply polynomial division to ””;z;m_z;)l = ””i;rf;';l
22 +2x45
(22 — 2z)| :Ei—l—()xz—l—x?—i-()x—i-l
—(a* — 223)
223 4+ 22
— (223 — 42?)
522 + Oz
— (52 — 10z)
10z + 1

The quotient is 2 + 22 + 5 and the remainder is 10z + 1.
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Therefore,

22 +1

|2 10z+1
2z —2) =|z +2x+5+z(172).

13. Apply polynomial division to %.

222 -7
(2 4+4)]  22* +02% + 2% + 0z — 2
—(22* + 822)

—Tz? -2
— (=722 — 28)
26
The quotient is 222 — 7 and the remainder is 26.
Therefore,
20t + 22 -2
27 7 + 2 .
22 +4 *4
14. Apply polynomial division to 3;”;132
322 — 26

(z2+9)]  32?+02+22+0z+0
—(3z*  +272?)
—2622

—(—262> —234)

234

The quotient is 322 — 26 and the remainder is 234.

Therefore,

— 2 234
=322 — 26 + 2 |

3zt 4 22
22 +9

15. We use long division to obtain

241
/I+ dx / x—l—i—— dzr
z+1 z+1
1.
2T

Z_z+2lnjz+1|+C|

16. We use long division to obtain

22 +4 8
/x—2d$_/( I_Z)dac

= |32 +2z2+4+ 8z —2[+C|

17. We use long division to obtain

3 _
/Lﬂ;‘ld;ﬁ _ /<x +2x+7+&>d;¢
—

= 323 +2? + 72+ 10In|z - 2|+ C|
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18. We use long division to obtain

/

23 —322+4
T+ 3

dx

:

<x2—6x+18—i) dx
xz+3
3

23 — 322 4+ 182 — 501In |z + 3| + C'|.

3 2
19. To evaluate f 207 43x” —172—27

dx, apply polynomial division to

2254322 —172—27

x2—9 z2—9
2z 4+ 3
(2 —9)| 22 +32% — 172 — 27
—(223 — 18z)
3z + x—27
— (322 —27)
x

The quotient is 2z 4+ 3 and the remainder is x.

2z° 4322 —172—27
So, ST t==t

Therefore,

/

To evaluate

:2x+3—|—ﬁ.

323 — 222 —3x+2
2 —1

325 —222 3242
x2—1

20.

da:—/<2:17+3—|—

dx, apply polynomial division to

x

>dx—
9

o x2+3x+%1n‘:172—9’+0.

325 —222 3242

(® = 1)

x2—1
3z —2
323 — 222 —3x 42
—(3a3 — 3z)
—212 +2
—(—222 +2)
0

The quotient is 3z — 2 and the remainder is 0.

3 2
SO, 3x°—2x°—3x+2 — 326 —_9.

r2—1
2 —2)—(3z— 22— T —
Also, note that 3m3792£g27713m+2 _ z° (3w 122)71(3 2) _( 9312)£31 2) _ 3r — 9.
Therefore,
323 — 222 — 3z +2
/ PR dxz/(3x—2)d:v: 322 -2+ C|
21. We use partial fractions to obtain
1 B A n B
(r—2)(xz+1) -2 z+1
1 = A(lzx+1)+B(z—2)
When x = —1 we obtain B = —%, and when z = 2 we have A = % So we obtain

1
/(:v—?)(x-i—l) du

/ (;;132 - :vl—/|—31> de

tlnjz—2[—ilnjz+1|+C|
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22.

23.

24.

25.

26.

We use partial fractions to obtain

1 B A n B
(r+4)(z—1)  z+4 z-1
1 = A(x-1)+B(z+4)
When =z =1 we obtainB:%,andwhen:c:—él we haveA:—%. So we obtain

e - [ (F5 5

= |—thjz+4|+ilnjz-1]+C|

We use partial fractions to obtain

x B A n B
(r—1)(z—-2) -1 z-2
x = Alz—-2)+B(x-1)
When x = 2 we obtain B = 2, and when z = 1 we have A = —1. So we obtain

Joios = [ (s s)

= ‘—1n|x—1|+21n|x—2|+0‘.

We use partial fractions to obtain

3x B A n B
(x+2)(x—4)  x+2 z-—4
3x = A(x—4)+B(x+2)
When = = 4 we obtain B = 2, and when x = —2 we have A = 1. So we obtain

[t = /(ximi)df

‘ln|$+2|+2ln|x—4|+0‘.

We use partial fractions to obtain

x B A L B
(Bx—2)2zx+1)  3z-2 22+1
z = A(2z+1)+B(3z—2)

When z = —% we obtain B = %, and when =z = % we have A = % So we obtain

/% - /(35/—72+2;/+71)d$

= |Zh3z-2|+ L2z +1|+C|

We use partial fractions to obtain

1 A N B
(2x +3)(4x — 1) 20+3  4dx—1
1 = A(dz—-1)+ B(2x+3)
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When = = 1 we obtain B = %, and when z = —% we have A = —%. So we obtain

/W B /<2;1Ji73+4j/—71)dx

= |- 2z +3[+ L Injdz— 1|+ C|

27. We use partial fractions to obtain
x—3 A B C
2 = + 2
(x+2)(z+1) z+2 z+1 (x4+1)
-3 = A@+1)’+B@+1)(x+2)+Clz+2)

When z = —1 we obtain C = —4, and when x = —2 we have A = —5. When z = 0 we
obtain B = 5. So we obtain

x—3 -5 5 —4
———dx = + + 5 | dz
(x+2)(z+1) r+2 xz+1 (241)

/ = dx—i—/ > dx—i—/ —4 5 dx
T+ 2 r+1 (x41)

= |-5lnjz+2[+5hjz+ 1|+ 45 +C|

28. We use partial fractions to obtain

_z+1 _ 4 B _C
2(r—-2) -2 x a2
r+1 = Az’ 4 Bax(x—2)+C(z—2)

When z = 0 we obtain C = —1/2, and when = 2 we have A = 3/4. When z = 1 we
obtain B = —3/4. So we obtain

[t - (e
- /%dw—i—/iﬂda@—i—/_lg?dw

= |2Injz—2|-3Inz|+ 5% +C|

29. We use partial fractions to obtain

2 B A L B L C
(@-1D*z+1) @+l -1 (z-1)
2 = Az—-124+Br-DE+1)+Cx+1)

When = = 1 we obtain C' = 1/2, and when © = —1 we have A = 1/4. When z = 0 we
obtain B = 3/4. So we obtain

z? - 1/4  3/4 1/2 N
/(x—l)z(:z:+1)dx B /<$+1+x—1+(x_1)2>d
1/4 3/4 1/2
/x+1d:c+/x_1d:c+/(x_1)2d:z:

= |zlnfe+ 1+ fnje - 1| - 555+ C|
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30. We use partial fractions to obtain

>+ A N B N C
(z+2)(x — 1) oz +2 z—1 (x —1)?
P4z = A@x—-124+Blz—1)(z+2)+Cz+2)

When z = 1 we obtain C = 2/3, and when z = —2 we have A = 2/9. When z = 0 we
obtain B = 7/9. So we obtain

22 . 2/9 7/9 2/3 .
/(x+2)(:v—1)2d a /<I+2+$—1+(x—1)2>d
2/9 7/9 2/3
/md“/md“/(x_lfd‘”

= |3lfe+2|+ glnjz — 1| - 55245 + C|

31. We use partial fractions to obtain
1 A Bz+C
@) 7z Er1
1 = A(@*+1)+ (Bz+0O)z
When x = 0 we obtain A =1. So
1 = ()(@*+1)+Br+C)x
1 = B+1)2*+Cx+1

Equating coefficients, we obtain B = —1 and C' = 0. We now have
/ dx / 1 n —x d
e 1" Vdx
x(z?2 +1) |
1 -z
/:c T / 2 +1 v

= |Infz|—3In(z?4+1)+C|

32. We use partial fractions to obtain
1 A Bx+C
(x+1)(22 +4) :v+1+ 2 +4
1 = A@@*+4)+ (Bz+O)(z+1)

When 2 = —1 we obtain A = 1/5. So
1 = (1/5)(2*+4) + (Bz+O)(z+1)

S R
Equating coefficients, we obtain B = —1/5 and C' = 1/5. We now have
[eeiiers - =)
[y [0 g [ 15y,

x+1 x?+4 22 +4
= |ftlnjz+1| - 5 In (22 +4) + 5 tan™! (£) + C|
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33. We use partial fractions to obtain

224+ 20+3 B A n Bx+C
(r+1D)(x2+22+4)  z+1 z22+2rx+4
2’ +20+3 = A(2®+2z+4)+ (Bx+C)(z+1)

When 2 = —1 we obtain A =2/3. So

2®+2243 = A(@®+22+4)+ (Bz+C)(z+1)

2\ , 4 8

Equating coefficients, we obtain B = 1/3 and C' = 1/3. We now have
2
/ 2 +2x+3 dr — / 2/3 +(1/3):1:+1/3 d
(x+1)(22 422 +4) x+1  x?2+2x+4

2/3 1 27 + 2
/LR R
/:v—i—l I+6/x2—|—2x—|—4 v

22 +22+3

= 2|z + 1|+ $In (2% + 22 + 4)

+C|

34. We use partial fractions to obtain

22 — 11z — 18 A Bx +C
r(z2+3x+3)  x  22+32+3
2®— 112 —18 = A(2®*+3z+3)+ (Bz+C)x
When z = 0 we obtain A = —6. So
2’ — 11z —18 = A(2* +3z+3)+ (Bx +C)x
2 — 11z —18 = (B —6)z+ (C —18)z — 18
Equating coefficients, we obtain B = 7 and C = 7. We now have
22— 11z — 18 —6 T 47
———dx = —+———]d
/:17(172+3I+3) * /(:c +x2—|—3x+3> v

T(22+3)—1
/_d /x2+3x—|—3 du

2z + 3 7 1
_d:c 2+3x+3dx_§ 2 2
' @+3)"+(F)
1 3
= |—6In|z|+ ZIn(2? + 3z +3) — %ﬁtan—l (\/5(2;+3)) ‘C

35. We expand to obtain

/ 2¢ + 1 d / 2x de + / 1 d
——= al = ——= aXx ——= ax
(22 + 16)° (22 4+ 16)° (22 +16)°

_ _;+/;dw
22416 (22 +16)°
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Let 2 = 4tan 0 to obtain

2z +1 1 4sec?
———dr = —— + 7}
(22 4 16) x + 16 256 sec* 0
1 1 )
= —— 4 = 0de
2116 1)
= —#-ﬁ-i (14 cos26)db
2 +16 128
1 1 1
= ———+—(60+ =sin20 C
2+ 16 128< tgem )+
1 1 1
= - —60 + —— cosfsinf + C
2116 128 1o UmOT
1 n 1 tan—1 (:c) n 1 4 T rC
- ___ Y 1 " tan it .
2 +16 128 4 128 /22 + 16 /22 + 16
1 1 — T T
= |~z T s tan ' () + st + O
36. We use partial fractions to obtain
224+ 22+3 Az +B Cx+D
( +4)° 4 (a2 44y
?+2x+3 = (Az+ B)(2®+4)+ (Cz+ D)
2 +2x+3 = A2®+ Br® + (4A+CO)x + (4B+ D).

Equating coefficients, we obtain A=0, B=1,C=2,and D = —1, so

/x2+2x+3 / 1 N 22 — 1 J
2 — T
(z2 +4)° 22 +4 " (g2 4 4)°
2 1
S - e S
4 +4 (2 +4) (22 +4)
_ ltanfl(f)_;_/é -
2 2 x2+4 (22 + 4)*
Let x = 2tand to obtain
/£C2+2$+3 A ltan_l(f)— 1 _/ 2sec? 0
(22 + 4) ) 2 x2+4 16 sect §
1 /(T 1 1 9
= §tan (5)—x2+4—§/cos 0 do
1 /(T 1 1
= 5tan (5)—x2+4—ﬁ/(1+c0s29)d9
1 (T 1 1 1.
= =t —)——————|0+ =sin26 C
g (2) 2% +4 16( oo >+
1 (T 1 1 1 .
= 51}811 (5)_12—4-4_1_69_1_6“)898”19—’—0
= ltan_l(E)—L—itam_l(f)—i 2 - +C
2 z2+4 16 2 16 /22 +4+/22 + 4
_ 7 — x 1 x
- Eta’n ! (5) T 2234 8(z2+4) + |
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37. We use partial fractions to obtain

x> Ar+ B Cx+D Ex+ F
2 3 = 2 16 + 2 2 + 2 3
(22 + 16) x? + (22 +16)2 (22 + 16)
2 = (Az+B)(2> +16)° + (Ca + D)(a® + 16) + Ex + F
3 = Az’ + Ba* 4 (3244 O)z® + (32B + D)a?

+(256A + 16C + E)x + (256 B+ F + 16D).
Equating coefficients, we obtain A =0, B=0,C=1,D =0, E =—-16,and F =0. So

3 dx B x (—16)z X
/ (22 +16)° /((z? +16)° - (22 + 16)3> I
B / @167 16/ ST
1 4
2@ +16) | (22416

38. We use partial fractions to obtain

x2 _ Ar+B Cx+ D Ex+ F
(x2+4)° 244 (@2+4)°  (2+44)°
2 = (Ar+B)(2®+4)" + (Cx+ D) (2> +4) + Ex + F
2 = A2+ Ba' 4+ (8A+ C)a® + (8B + D)a? + (16A+4C + E)x + (16B + F +4D).

Equating coefficients, we obtain A =0, B=0,C=0,D =1, E=0,and F = —4. So

22 dx 1 —4
/ (@2 +4)° / (@2 T (x2+4)3> o
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Let 2 = 2tan 8 to obtain

2 d . »
/% - / 2 2 + 2 3 (286C20) do
(22 + 4) (4tan?60 +4)"  (4tan®0 +4)
1 —4
- / (16 sect 0 + 64 sect 9) (2 sec? 0) df

1 1 1 ,
- g/ (sec49 a seCGH> (sec”0) d6

= % / (0052 0 — cos? 9) do

1+ cos(26) <1+cos(29)>2] o

2 2

/(1—1—0;5(29) B 1—|—2cos(26‘4)—|—cos2 (29)) "

G-y
_ 1 (1_1+cc;s(49))d9

1
= & (1 —cos(46))do

1 1

_ a<9——sin(49)) +C

S

1 1 .
= & <9 — 5 sin (20) cos (29)) +C
1
= a(@—sin@cos@@cosZ@—l))—|—C
1 Lz z 2 2\’
= —| tan -] - 2 -1 +C
64( (2) \/x2+4\/x2+4< <\/:172+4> ))
- 1 1 /z mm2—4) C
= | tan (5)+32(x2+4)2 +C
39. We use partial fractions to obtain
x B x A L B
2 4+2x-3  (24+3)(z—1) z+3 z-1
x = A(x—1)+ B(z+3)

When 2 =1 we obtain B = 1/4, and when z = —3 we have A = 3/4. So we obtain

xrdx 3/4 1/4
_— = d
/w2+2x—3 /<x+3+x—1> v

= |2Infz+3|+ lnjz—1|+C|

40. We use partial fractions to obtain

22 —z—38 22 —z—8 A B C

(z+1)(22+52+6) (24 1)(x+2)(x+3) PR G R
2 Az +2)(z+3)+ Bz +1)(xz+3)+ C(x + 1)(z +2)

¢ —x—8
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When x = —3 we obtain C' = 2, when z = —2 we have B = 2, and when x = —1 we have
A = —3. So we obtain
/ 22—z -8 de — / -3 n 2 n 2 e
(x 4+ 1)(2? 4 52 + 6) B r+1 z+2 z+3
= |[-3lfe+ 1]+ 2]z +2[+ 2|z +3|+C]
41. We use partial fractions to obtain

42.

1022 4 2z B A L B +C’:c+D
(z —1)*(22 4 2) r—1 (z-17 a2+2
102> + 22 = A(z —1)(2* +2) + B(2? +2) + (Cz + D)(z — 1)

When x = 1 we obtain B = 4. We expand and obtain

1022 +22 = A(r—1)(2? +2) +4(2® +2) + (Cz + D) (z — 1)
102 +22 = (A+0)a®+ (—A—2C+D+4)2? + (2A+C —2D)x + (-2A+ D +8)

Equating coefficients, we have

0 = A+C

10 = -A-2C+D+14
2 = 244+C-2D

0 = —24+D+38

We obtain A = —C,s010=—(-C)—2C+D+4=D—-C+4and D =6+ C. Then
0=-24A4+D+8=-2(-C)+ (6+C)+8=3C+ 14, and C = —14/3. We now obtain
A=14/3,and D =4/3. So

o MeP42e o (143 4 (43 +4/3)
/(w—l)Q(w2+2)d - /(x_1+(x_1)2+ 22 42 )d

14/3 4 14 x 4 dx
/x—l x+/(x_1)2 v 3/:172+2 x+3/:172+2

= &1D|$—1|—i—zln(a:2+2)+¥tan*1(%)4_0,

z—1 3

We use partial fractions to obtain

T+ 4 B A+B+C':c+D
r2(x24+4) oz 22 a2+ 4
z+4 = Az(2®+4)+ B(2” +4) + (Cz+ D)a?

When z = 0 we obtain B = 1. We expand and obtain
z+4 = Az(2®+4)+1(2*+4) + (Cz + D)z”
r+4 = (A+C)2® + (D +1)2* + 44z +4
Equating coefficients, we have

0 = A+C
0 = D+1
1 = 44
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We obtain A =1/4, C = —-1/4,and D = —1. So
x+4 1/4 1  (-1/4)z -1
S N S R S ) el IV
/xz(a:2+4) * /( x +x2+ 2 +4 *
1/4 1 1 x dx
2y Cde—= [ e [
/x I+/x2x 4/:1024—4:6 /w2+4

= %1n|$|_%—%1n($2+4)—%tan_l(%)+0_

43. We use partial fractions to obtain

T+ 3 _ Tr+3 _é+ B n C
3 -222-3z  xz+1)(z-3) = x+1 x-3
Tx+3 = A(z+1)(x—3)+ Bzx(x —3)+Cx(x+1)
When x = 3 we obtain C' = 2, when z = —1, we get B = —1, and when x = 0, we have

A=-1. So

Tx +3 -1 -1 2
—————dx = — — |d
/x3_2:1:2_3x . /<x+x+1+x—3> .

-1 -1 2
/?dx—i_/x—i—ldx—’—/x—?)

‘—1n|a:|—ln|x+1|+2ln|x—3|+0‘.

dx

44. We use partial fractions to obtain

2?41 (z+1)(z' —2®+ 2% —z+1)
P T (x—1)(z+1)
a*—a®+a*—-2+1 A B C D E
Az 1) S r e tE AT

et —d -4+l = A2*(x—1)+ Ba*(x—1)+Cx(x — 1)+ D(z — 1) + Ex*
When x = 1 we obtain £ = 1, and when z = 0, we have D = —1. So

et —d et -+l = APz —1)+ B2z — 1)+ Ca(zx — 1)+ (=1)(z — 1) + (1)a*
et -2+ —z4+1 = (A+ D2t +(B-A)2*+(C-B)x* +(-C - )z + 1.

Equating coefficients, we obtain A =0, B = —1, and C = 0. We now integrate
a® 41 -1 -1 1
/xﬁ—:zr‘ldx - /(?4_?4—:0—1)(&
-1 -1 1

= |1+t +jz-1+C|

45. We use partial fractions to obtain
x? A n B n C
(z —2)(z — 1) z—2 -1 (z-1)
2 = Alz—124Bz—2)(z—-1)+C(z—2).
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When z = 1 we obtain C' = —1, and when = = 2, we have A = 4. So

2 = 4z-12+Blx-2)(x—-1)+(-1)(z—-2)
2? = (B+4)2* + (=3B —9)z + (2B +6).
Equating coefficients, we obtain B = —3. We now obtain

[ /<I§2+x—_31+(x:11)2>dx
/I:dﬁ/x__‘o’ldwr/ﬁdx

= |4lnjz—2|-3In|z -1+ 5 +C|

46. We use partial fractions to obtain

224+ 1 B A n B n C
(z+3)(x—17  x+3 z—-1 (z—1)>
2 +1 = A@@—-1°+B@+3)(x—1)+C(z+3).

When z =1 we obtain C = 1/2, and when = = —3, we have A =5/8. So

224+1 = (5/8)(z—1)°+Blz+3)(x—1)+ (1/2)(z +3)

9\ o 3 17
(B-i-g)il? + (2B_Z>I+ (§—3B)

Equating coefficients, we obtain B = 3/8. We now obtain
241 5/8 3/8 1/2
[ o (LR 2,
(x+3)(x—1) r+3 -1 (z-1)

/%dw—f—/f—ﬁdw—i—/(xl_/i)z dz

22 +1

= |ghfe+3l+ gz -1 - 5505+ C|
47. We use partial fractions to obtain
20+1 2z +1 A n Bx+C
B—-1 (z-1)(224+zx+1) x-1 22+z+1
20+1 = A(2®+z+1)+ (Bz+O)(z—1).
When z = 1 we obtain A =1. So
2041 = (1)(2*+z+1)+ (Bz+C)(z—1)

20+1 = (B+1)2*+(C—-B+ 1z +(1-0).
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Equating coefficients, we obtain B = —1, and C' = 0. We now obtain
2241 1 -z
de = d
/x?’—l v /(x—1+:c2+:c+1> v
1 —3Q2z+1)+3
= / d:c—i—/de
x—1 2 +x+1

1 1 2x + 1 1 1
- :v—ldx_i :102+:v+1dx+§ 2 7 de
e+ 9+ ()

2

= |lnjz -1 = §In(2® +2+1) + ‘/Tgtanfl (_\/3(2;%1)) +0l

48. We use partial fractions to obtain

1 B 1 A n Bx+C
-8  (z—2)(22+22+4) -2 22+2z+4
1 = A(@*+22+4)+ (Bz+C)(z —2).

When z = 2 we obtain A = % So
1 = (112>(9c +2z+4) + (Bx+C)(z—2)

1 1 1

Equating coefficients, we obtain B = 12 ,and C' = Tl We now obtain

1 1 1
/dw :/ o, 1T g
3 — 8 r—2 2242x+4
1 —1 1
/ do +/—W(2x+2)_1dx
-2 224+ 22 +4

1
= 1 2 2 1 1
/de__/de__/ 5 da
z—2 24 )] 22 4+22+4 4 (a:+1)2—|—(\/§)

= |Lnfz - -y n(a? 42z +4) - ‘/_tan (\/g(?erl))—i-C'
49. We use partial fractions to obtain
1 B 1 A n B
2—9  (z-3)(z+3) -3 =z+3
1 = A(z+3)+ Bz —3).
When x = —3 we obtain B = —=, and when z = 3 we have A = z. So we obtain

Vode 1/6  —1/6
= d
/0 22 -9 /0 (:C—3+:v+3> v

1 1 !
[gln|x—3|—gln|x+3|]0

1 1 1 1
= Ghfl=3— Il 43| <gln|0—3|—gln|0—|—3|>

= —%1112.
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50. We use partial fractions to obtain

1 B 1 A n B
x2-25  (x—5)(x+5) x-5 x+5
1 = A(z+5)+ B(zx—5).
When x = —5 we obtainB:;—Ol,and when z = 5 we haveA:%. So we obtain

4 4 1 -1
5 22 —25 o \z—5 x+5
4
1 1
= [—1n|x—5|—1—01n|x+5|}

10 \

1 1 1 1
— —m4-5——In[445|— [ —In|2=5|— —In|2
10 nl4— 5| 0 n |4+ 5| <10 n|2— 5| 10 n | +5|)

= %1117—%1113.

51. We use partial fractions to obtain

1 -1 _ A B
16—-22  (v—4)(xz+4) z—-4 x+4
-1 = A(x+4)+ Bz —4).
When x = —4 we obtainB:%,and when z = 4 we haveA:%. So we obtain

3 3
d —
/ o / 18, /8
o 16 — 22 o\z—4 x+4
-1 1 °
= {?ln|x—4|+§ln|x+4|]_2

-1 1 -1 1
= ?ln|3—4|+§ln|3+4|— <?1n|—2—4|+§1n|—2+4|>

1 1 1
= gnT-gh2+2h6= 21|

52. We use partial fractions to obtain

1 B -1 A n B
9—22  (z-3)(x+3) -3 z+3
-1 = A(x+3)+ B(xz—3).
When x = —3 we obtainB:%,and when z = 3 we haveA:%l. So we obtain

/2 de /2 —1/6+ 1/6 "
0 9-22 )y \z—-3 2+3

~1 1 2
= {?ln|x—3|+gln|x+3|}

1

-1 1 -1 1
= ?ln|2—3|+gln|2+3|— <?1n|1—3|+61n|1+3|>

= %1n5—%ln2.
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53. Let x = sinf, and substitute to obtain

cos dz dx
/.2—.d9: 3 = -
sin® @ +sinf — 6 224+2x—6 (x —2)(z+3)

We use partial fractions to obtain

1 B A n B
(x—-2)(z+3) -2 x+3
1 = A(x+3)+B(x—2)
When z = —3 we obtainB:—%,and when z = 2 we haveA:%. So we obtain

cos 1/5  —1/5
S ——|d
/sin29—|—sin9—6 /(I—2+x+3) v

1 1
gln|x—2|—gln|x+3|+0

= [+In(2—sinf) — IIn(sinf +3) + C|

54. Let u = cosz, and substitute to obtain

/ sinx d:v—/ —du _/ —du
cos?z —2cosz —8 ) u2—-22-8 J (u—4)(u+2)

We use partial fractions to obtain

-1 B A n B
(u—4)(u+2)  u—4 u+?2
-1 = A(u+2)+ B(u—4)
When v = —2 we obtainB:%,and when u = 4 we haveA:—%. So we obtain
sinx -1/6  1/6
dvr = d
/COSQZC—QCOS.’E—S v /(u—4+u+2> “

1 1
—Eln|u—4|—|—gln|u+2|+0

= |—2In(4—cosz)+ +In(cosz +2)+C|

55. Let z = cos#, and substitute to obtain

/ sin d@*/ —dx 7/ —dx
cos30+cosf ) xd+ax ) w(x2+1)

We use partial fractions to obtain

-1 B é+ Bx+C
r(z2+1) 2241
-1 = A(2*+1)+ Bz +O)z

When z = 0 we obtain A = —1. So
-1 = (-1)(z°+1)+ (Bz+C)x
-1 = (B-1a2>4+Cz—-1
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Equating coefficients, we obtain B = 1 and C' = 0. We now have
sin 0 -1 x
——df = —+—d
/cos39+cost9 /(:c +x2—|—1) v
-1 T
—d —d
/ T x+/x2 +1 *

= —ln|x|+%1n(a:2+1)—|—c

= |—In|cosd| + FIn(cos? 6 + 1) + C|

56. Let = = sin#, and substitute to obtain

4 cosd 4dx 4dx
. 3 . do = 3 = 2 ’
sin” 6 + 2sin 0 3 + 2z x(x? 4 2)

We use partial fractions to obtain

4 A Bz+C
@1y 7 &1z
4 = A@*+2)+ (Bz+O)z
When x = 0 we obtain A =2. So
4 = 22 +2)+(Bx+C)x
4 = (B4+2)2*+Cx+4

Equating coefficients, we obtain B = —2 and C' = 0. We now have
4 cosf 2 —2x
——df = -4+ ——1d
/005394—(}059 /<x+:62+2) v
1 2z
2| —de— | ——d
/ e / 2+ 2 o

2In|z| —In(2® +2) + C

= |2In|sing| — In (sin® @ +2) + C |

57. Let z = ¢, and substitute to obtain

/ et dt—/ dz _/ dz
e2tret -2 J 24+2-2 ) (z-1D(z+2)

We use partial fractions to obtain

1 _ 4 B
(r—1)(z+2)  x—-1 z+2
1 = Al@+2)+B(z—-1)
When x = —2 we obtainB:—%,and when z = 1 we haveAz%. So we obtain
et 1/3  —1/3
/€2t+et_2dt B /(z—1+x+2)dx
1 _
_ /ﬁdajJr/ﬂdx
z—1 rz+2

1 1
§1n|x—1|—§1n|x+2|+0

= |3Inje" =1 —3In(e' +2)+ C|
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58. Let y = e”, and substitute to obtain

e’ dy dy
o= | = = -
e2r 4 et — 6 y2+y—6 (y—2)(y+3)

We use partial fractions to obtain

1 _ A_B
(y—=2)(y+3) y—2 y+3
1 = A(ly+3)+B(y—2)
When y = —3 we obtainB:—%,and when y = 2 we haveAz%. So we obtain
e’ 1/5 -1/5
——dr = —— 4+ ——d
/62x+ex—6 v /(y—2+y+3>
1/5 -1/5
——dy+ | ——=d
/y—2 Y /y+3 Y

1 1

= |[ilnfe"—2[—Lln(e"+3)+C|

59. Let y = e”, and substitute to obtain

/%dx_/yﬁl_/(y—lc)l?wl)'

We use partial fractions to obtain

1 _ A B
(y—Dy+1) y—1 y+1

1 = Aly+1)+By—-1)

When y = —1 WeobtainB:—%,andwhenyzlwehaveAz%. So we obtain
/ S :/ 2 | -1/2)
e —1 y—1 y+1

1/2 —-1/2

= /Ldy—i—/—/dy
y—1 y+1

1 1

= |[ilnfe"—1[—iln(e"+1)+C|

60. We rewrite the integral as

d T
/ x _ / e d.
eT — e~ eQ;E -1

Let y = e*, and substitute to obtain

/%d‘r—/yzdgl_/(y—lc)l?wl)'
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We use partial fractions to obtain

1 A B
y—D+1) y—1 y+1
1 = Aly+1)+By—-1)
When y = —1 WeobtainB:—%,andwhenyzlwehaveAz%. So we obtain
d 1/2 —-1/2
/7:67 = /(L—i-—/)dy
et —e % y—1 y+1
1/2 —-1/2
y—1 y+1

1 1

= |3Infe® —1]—3In(e*+ 1)+ C|

61. We rewrite the integral as

/ at / et gt
e2t +1 et(e?t +1) ’

Let z = e?, and substitute to obtain

/ b / dx
et +1 ) x(@24+1)

We use partial fractions to obtain
1 A n Bx+C
r(x2+1) oz 2241
1 = A(@*+1)+ (Bz+O)x

When z = 0 we obtain A = 1. So

1 = ()(@E*+1)+Bzr+C)
1 = B+1D)22+Cz+1

Equating coefficients, we obtain B = —1 and C' = 0. We now have
dt 1 —x
e " )4
/th—i—l /<x+x2+1> v
1 -z
—d —d
/:17 x+/:172 +1 v

1n|x|—%ln(x2+1)+0

= 1n(et)—%ln(e2t+1)+0

= |t—zn(e*+1)+C|

62. We rewrite the integral as

/ dt 7/ et ”
e3t+et_ e2t(e2t+1) ’
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Let z = e?, and substitute to obtain

/ dt / dx
e3t et ) a2(x241)

We use partial fractions to obtain

1 B é+£ Cz+D
2222 +1) oz 22 2241
1 = Az(2*+1)+ B(2*+1) + (Cz + D)a?

When z = 0 we obtain B = 1. We expand and obtain

1 = Az(2*+1)+ (1)(2* +1) + (Cz + D)a?
1 = (A+O0)2*+(D+1)2° + Az +1
Equating coefficients, we obtain A =0, C =0, and D = —1. So

L — i+_—1 d
e3t 4 et - 72 241 z

1 dx
= —d — _
2% /x2—|—1

63. Let u = sinx — 1, and substitute to obtain
i 1
/ sin x cos:c2 de - /u—l; du
(sinz — 1) u
1
/ (— + u2) du
U

1
= ln|u|—E+C

= |Inlsinz — 1| - == +C|

sinz—1

64. Let u = cosx — 2, and substitute to obtain
i — 2
/ CoS T smgc2 iy — / (u2—|— ) du
(cosz — 2) u

_ /<_%_2u2) du

2
= —Injul+-+4C
u

= |—-In(2—cosz)+ —2— +C|

cosz—2

65. Let u = sinz, and substitute to obtain

cos T du
(sin®x +9) (u?2+9)
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Let © = 3tan 6, and substitute to obtain

/ cos T / 3sec? 6 do
— 2 dr = P
-2 2
(sin” 2 +9) ((3 tan6)” + 9)
= i /cos2 0 do
27
1 [ 1+cos(26)
= — [ ———=df
27 2
- 6 + 55 (20) ) +C
Y n
= ita —+is fcosf+ C
Y 375400
B ita _1g+itan9
Y 3 bHdsec20
Since tanf = g, s =+Vtan?h+1 = (%) = %\/uQ + 9, and we have
cos T 1 u 1 z
——— _dr = —tan'-+— 3 +
/(sin2x+9)2 547 3 51/ 1)
1 tan—1 u n 1 u n
= _ 1n —_ _
54 3 18u?+9
= tan_l bmm + 15 su??mmw-l-Q +C
66. Let u = cosx, and substitute to obtain
sinx —du
———dr = [ ——.
(cos?z +4) (u? +4)
Let © = 2tan 6, and substitute to obtain
sinx —2sec? 0 df
/ (o2, 1 4)2 dr = / 2
(cos?z +4) ((2 tan 6)2 + 4)

— /C082 0do

1+ cos (26)

8/2

1 1

do

—1
—|— ﬁsmﬁcosﬁ—i—C

—1 tan@

2

—1 LU
n 1z

2 " 16 sec2 8
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Since tan = 5, sec = Vtan?+1 = (%)2 +1= %\/u2 + 4, and we have

sinx -1, qu -1 5
(cos?x +4) (3Vu? +4)
—1 w1 wu
= —t - — = C
6™ 2 8wyd
= 1_61 tan_l % - %Cozgsziél + C
67. The area under the graph is given by
5 5
4 4
A = —_— dw = e EE—— dCC.
/3 z? —4 /3 (z+2)(z-2)
We use partial fractions to obtain
4 B A L B
(x+2)(z—-2)  x+2 2x-2
4 = Alx—2)+B(z+2)
When z = 2 we obtain B = 1, and when x = —2 we have A = —1. So we obtain

S -1 1
A /3 <x+2+x—2)d$
[—In(z +2) +In(z — 2)]
= —In(5+2)+In(5-2)—(—n(3+2)+1In(3-2))

In3+1Inb5—-In7= lng.

68. The area under the graph is given by

6
—14

T
4 (z+3)

Let w = x + 3 to obtain

[
Inu+ —
ulr

7 7
n9—|—9 <n7—|—7)

2
= 1n9—1n7—§.

69. The area under the graph is given by

28 2 8
o 3+1 0 (x+l)(@2—x+1)
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We use partial fractions to obtain

8 A n Bx+C
(z+1D) (22 —z+1)  2z+1 22—z+1
8 = A(@®—2z+1)+ (Bx+C)(z+1).

When 2 = —1 we obtain A = 8/3. We expand and obtain

8 (8/3)(z* =z +1) + (Bx + C)(z + 1)

8\ , 8 8
Equating coefficients, we have B = —8/3 and C' = 16/3. We now have

4 /02( 8/3 N (—8/3):c+16/3) "

8

r+1 2 —x+1
2 20 _

= Pln(ﬂc—i—l)} +/ ( 4/3)2(230 1)x+4d:v

3 o 0 ¢ —z+1

8 8 4 (% 22-—1 2 d
= g1n(2+1)—§1m(0+1)—§/ Qxiﬂdxwx/ 2x 5

o T ° (-3'+ ()
2
4 2 21 — 1

= gln3—§[ln(x2—:c+1)]§+4 %tan_l (%)]0

8

= —1n3—§(1n(22—2+1)—1n(02—0+1))

3
23, <\/§(2(2) _ 1)) EENCI- <\/§(2(0) - 1))]
3

4222
+ 3 3

= %ln3+%§ﬂ'.

70. The volume is given by

5 2 5
V:/ 7T<2L> da::w/ %dm.
3 r? —4 3 (z—2)(z+2)

We use partial fractions to obtain

16 A B C D
2 2 = + 7 T + 2
(x —2)%(x+2) r—2 (x-2) z+2  (x+42)
16 = Az —2)(z+2)°+Bx+2)°+Cx—2)%(x+2)+ D(x—2)°.

When x = —2 we obtain D = 1, and when x = 2 we have B = 1. We expand and obtain

16 = Az-2)(z+2°+W)(z+2)°+C@x—-2)>%x+2)+ 1) (x—2)
16 = (A+C)2®+ (24 —20 +2)2% + (—4A — 4C)x + (8C —8A +8).
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Equating coefficients, we have A+ C = 0 and 24 —2C +2 = 0. So C = —A, and
2A—2(—A)+2=4A+2=0. We obtain A = —1/2 and C = 1/2. We now have

o[ (P gt i v

([ s [ e [ s [ 1)
([t [ e o)
. Hm(s— 2) - (_;1n<3_2)) . <_$> } (_3_;)

Aneen- e (5y) - (55)]

= w(%ln?—%lnf)—%ln?)—i—%) .

v

71. The arc length of the graph of ¥y = Inz from x = 1 to x = e is given by

e 2 e 2 e D)
L:/ ,/1+(@> d:vz/ ,/1+(l> d:c:/ ol
1 dzr 1 x 1 x

To evaluate [ —””i“ dz, use the substitution x = tan 6.

Since >0, 0 <6 < 3.

Then dz = sec20df and V22 + 1 = Vtan20 + 1 = Vsec2 6 = sec since 0 < 6 < 5

The lower limit of integration becomes § = tan=!1 = 7, and the upper limit of integration
becomes 6 = tan~!e.

So,

/2
/Lﬂdx:/secesec29d9
T ne

ta.

= / (tan @ sech + csc ) db

=secf — In|cot 6 + csc | + C.

Since 0 < § < § and tan6 = x,secf = Va2 +1,cotf = 1 1

tand — @
and cscf = Veot? +1 = 1%—!—1:—””?“.
So,
Va2 +1
/Ld:ﬁzsecﬁ—ln|cot9+csc6‘|+C
x
1 Va2+1
VRl + Y e
x x
1++vx2+1
:1/x2+1_1nu + C.
x
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Therefore,
L_/EECZI_ -\/IQ——l-l—ln LevarEaf]’
1 x I x )
_|veriom (@) - [Va-m(1+v2)]
= :_\/m—ln(l—i—\/E) +1n(e)} - [\/i—ln(l—i—\/i)}
=1 V2 + V@ FT+In (2225 |
72. (a) The logistic model ‘Z—Vf = —0.057TW (1 - w) is expressed in the form ‘Z—Vf =

(b)

()

73. (a)

(©)

kW(l — %) where k is the maximum growth rate and M is the carrying capacity.

Therefore, the carrying capacity is M = ‘ 14,656,248 farmers ‘

The maximum yearly growth rate is k¥ = —0.057 Since £ < 0, we can also say that
the maximum yearly decay rate is k =|0.057 |.

At the inflection point, the number of farmers is one-half the carrying capacity, %M =
| 7,328,124 farmers |

Since the rate of change of the number of people with the flu P with respect to

time ¢ (in days) is proportional to the product of P and 50 — P, the differential
dp

equation can be written as %- = CP(50 — P). The differential equation can also

be written in the form ”lli—f = k:P(l — %) where M = 50 is the carrying capac-
ity and k£ = 0.15 is the maximum growth rate. The differential equation becomes

48 = 0.15P(1 — &) with P(0) =1|

The initial number of people with the flu is Py = 1. The solution to the differential

equation £ = kP(1— 4) is P(t) = o= where k = 0.15, M = 50, and a =
M%ﬁ = % =49, Therefore, P(t) = 1“1’4958)% .

Find ¢ so that P(t) = 25.
50

[ 49e 0150 — 2
20 _q
o—0-15t _ 25
49

50 _
—0.15t=1n( 22—
()

1 1 1
t = _Eln (4—9) =01 In49 x| 29.945 days |.
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74.

75.

(d) Find ¢ so that P(t) = 0.80(50).

50
=40
1+ 49¢—0-15¢
50 _q
o015t _ 40
49
0.25
—0.15t =1In [ ——
"\ 19 >
1

0.25

(a) Since the rate of change of the fruit fly population P with respect to time ¢ (in days) is

proportional to the product of P and 1 — 2—1;0, the differential equation can be written
as % = kP(l — %) This is the logistic growth model % = kP(l — %) where k is
the maximum growth rate and M is the carrying capacity. We are given the maximum

growth rate k = 0.37 and a carrying capacity of M = 230 fruit flies. The differential

equation becomes | 4 = 0.37P(1 — £5) with P(0) = 4|

(b) The initial population size is Py = 4 fruit flies. The solution to the differential equation
4E = kP(1— 47) is P(t) = 5ae= where k = 0.37, M = 230, and a = Y50 =

2304 — 56.5. Therefore, | P(t) =

230
1756.5¢-037¢ |

(¢) Find t so that P(t) = 115.
230

— =115
1 + 56.5¢—0-37t
230 _
e—0-37t _ 115
56.5
230
—0.37t =1In | 122
n< 56.5

1 230 _

1
0.37 n< 56.5 0.903 days

(d) Find t so that P(t) = 180.
230

180
1+ 56.5¢—0-37¢
230
o—0:37t _ 180
56.5
230 _
—0.37t=In (B0~
n< 56.5

581
t=———1In|=— | =|14.365 days|.
0.37 ( 56.5 ) s
(a) We test possible rational roots, and obtain that the zeros of ¢ are | —4, —2, and 3 |.

(b) From part (a), we obtain ¢(z) = (x +4) (z + 2)(x — 3).
(c) We use partial fractions to obtain

3x—7 B A B C

23+ 322 — 100 —24 x+2+x—3+x+4
3x—7 = Alx-3)(xz+4)+Blx+2)(z+4)+ C(x+2)(z —3).
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When © = —4 we obtain C' = —19/14. When « = 3 we get B = % And when
x = —2, we have A = %. We now obtain

/ 30— 7 o / 13/10 | 2/35 | —19/14\
3+ 322 — 10z — 24 - r+2 x-—3 r+4

13 —
/ /10 dx—i—/ 2/35 x+/ 19/14 dae
T+ 2 r—3 r+4

= [Bhjz+2[+Znjz—3-LBhnjz+4+C|

Challenge Problems
76. Let u = \/z, du = 2= dx, so dz = 2udu. We obtain

2Vx
x dx u?
= 2u)d
/3+ /3+u( u)du

3
u

= 2 du.
/u+3u

B

Let y = u+ 3, then we have

/5% - 2 [

5 —9y? + 27y — 27
:2/y Y~ +27y dy
y

27
= 2/(y2—9y+27—;>dy

1 9
= 2<§y3 - Eyz + 27y — 27ln|y|) +C

(u+3)° —9(u+3)2+54(u+3)—54ln|u+3|+C

wl o

= |2(vz+3)° -9z +3)* +54(yT +3) —54In (v +3) + C |

77. Let u=+/x, du = ﬁ dx, so dr = 2u du. We obtain

dx _/ 2u du
Vr+2 J u+2
Let y = u + 2, then we have
dx y—2
—_ = 2 du
VI +2 /y

= 2/(1—g>dy
Y
= 2(y-2mlnfy))+C
= 2u+2)—4lnju+2|+C

2z -4l (VT +2)+C|
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78. Let u = ¢z, du = w57 dx, so dr = 3u® du. We obtain

3x2/3
/ dz / 3u?
= du
x— T ud —u
3u
- [atg

3u
- [ o=

We use partial fractions to obtain

3u A n B
(u—1)(u+1) u—1 u+1
3u Alu+1)+ B(u—1).
When u = —1 we obtain B = 3/2, and when u = 1 we have A = 3/2. We now obtain

/x—dxe/i - /(u3£21+u3—/|—21)du

3 3
§1n|u—1|+§1n|u+1|+0

= [2Wm|yz—1|+3n|yz+1/+C|

79. Let u = /T, du = 57 dz, so dz = 3u® du. We obtain
rdx u?
Sl 3u?) d
Jz—1 /u—l(u) B

5
u

= 3 du.
/u—lu

Let y = u — 1, then we have

d 1)°
_zdz 3/Mdy
Vo -1 y
B y® + 5yt + 10y + 10y + 5y + 1
= 3 dy
Yy

1
= 3/(y4+5y3+10y2+10y+5+§>dy

1 5 10
= 3<—y5 + Zy4 + —y® +5y° —|—5y+ln|y|) +C

) 3
. 3 5 15 4 3 2
= g(u—l) —|—Z(u—1) +10(u—1)" +15(u—1)"+15(u— 1) +3Inju— 1|+ C
3 3 3
= gu5+1u4+u3+§u2—|—3u—|—3ln|u—1|+C

= | 2253 4 3243 4 o 4 3223 4+ 3213 + 3In[2'/3 — 1]+ C |

80. Let u = z'/6, du = 5=t75 dr, so dx = 6u® du. We obtain
/ dx / 6u’
L . (Y
VI + Jx ud + u?

3
_ /6u du
u+1




7-190 Chapter 7 Techniques of Integration

Let y = v + 1, and substitute to obtain

d 33
/ T _ /G(y 1) dy
Vo + 3z Y
/6y3—18y2+18y—6
Y

6
/(6y2 — 18y + 18 — —) dy
Yy

= 29 -9y + 18y —6lnly| + C
= 2u+1)°-9u+1)°+18u+1)—6Inju+1/+C
= 20 —3u?+6u—6lnju+1/+C

= |2z —=3Yx+62"/% —6In |2/ + 1|+ C|

81. Let u = 2%, du = m;/f" dzx, so dx = 6u® du. We obtain

/ dx / 6u’ d
= " du
3T — Jx 3ud — u?

3
= / bu du.
3u—1

Let y = 3u — 1, and substitute to obtain

[ _/6(%“)31d

3V — Uz y 3

/%y3+%y2+%y+%dy
3y ’

/ 324_2 +2+i d
o7? T9Y T 9 T ory )Y

2 . 1, 2 2
= Sy 1 C
sV To¥ Tgytornlyl+

2 s 1 , 2 2
= 81(3u 1)+9(3u 1)+9(3u 1)+271n|3u 1|+ C
2 1 2 2

= | 22124 L1213 4 22V/6 4+ Z1n 3216 — 1|+ C |,

82. Let u = 2 4 3z, and substitute to obtain

/uil/g du
(gu2/3) +C

= |ie+32)* 0|

/ dzr B /%du
virm )
1
3
1
3
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83. Let u = 1 + 2z, and substitute to obtain

/ dx
V14 2z

84. Let u = 1+ z, and substitute to obtain

/ —-1/4 du
3/4)

2(1+22)°* 1 C|.

L
/2
1
2
1
2

[t - [

= / (u1/4 — u73/4) du

§u5/4 — a4 C

- [

1+2) 41 +2)" +C|

85. Let u = 1 + z, and substitute to obtain

B du
- u2/3
= /u_2/3 du

= 3uP4C
= [31+2)"*+C|

86. Let u= /x, du = T 2/3 dz, so dx = 3u® du. We obtain

[

1
z/i?)quu.
u—1
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Let y = v — 1, then we have

Vx4 1 /(y+1)+1 2
de = 3 [ 22— 1)°d
%_11' Y (y+) Y
2 1)°
_ 3/(y+ )y +1) dy
Y
34 4y? + 5y 42
:3/y+y+y+ dy
Y

2
= 3/(y2+4y+5+§> dy

1 1
= 3<§y3+4<§) y2—|—5y+2ln|y|) +C

= 3<%(u—1)3+4<%> (u—1)2+5(u—1)+21n|u—1|>—|—C

= u+3u*+6ut+6lnju—1/+C
= |z +32?3 +6Yr+6In|Yr—1]+C|

87. Let u = 2%, du = —L~ dz, so dz = 6u® du. We obtain

6x5/6

dx 6u®
/ﬁ(1+e/5)2 N /u3(1+u2)2 du

(1+u?) -1
6/ (1+u2)? du
1 1

= 6tan71u—6/%du.
(1+u?)

In the last integral, let u = tan 6, and substitute to obtain
1 29
/72 du = /—Sec do
(1 +u?) sect 6

= /cos2 0 do

1

5/(1—|—cos (20)) do

1 1 .
= 5(9—1—5811129)4-0

1 1
-0+ Esinecosb‘—i—C

2
L an g 1Y L ¢
= — tan u -
2 2V14+u2V1+u2
1 1 U
= —tan  u+ +C
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We now obtain

/7 = 6tan1u—6(ltan1u+L)+C
V(1 + z)° 2 2(u? +1)
3u
= 3tan! C
an -~ u — 2 1 +
= |[3tan~! (:61/6) — 3% + C'|
88. With the substitution z = tan 3, sinz = %, and dxr = fﬁ; we obtain
/ dx B / 1 2dz
1 —sinz 1—1+21—|—z2

_ 2/ dz
1—2z+ 22

= 2/(1—2)72dz

= 2(1—2)*1+C
= | ez + O}

1— tan

2dz :
and dx = T we obtain

/ dx _ / 1 2dz
1+sinz 1—1—1+21—|—z2
_ 2/ dz
1422+ 22

= 2/(1+z)*2dz

. e . o
89. With the substitution z = tan 3, sinz = 1+z2,

= —2(142) " 4+C
= 1+tan Titanz T ¢l
90. With the substitution z = tan g, cosz = 1+ =%, and dx = 2+d > we obtain
/ dx / 1 2dz
1_cosr T_ 122714 .2
1 —cosx 1_1+Z21+z
- dz
22
1
= ——4+C
z
B 1
tan 3
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91. With the substitution z = tan 5, cosz = %I_—jz, and dz = 12+d;2 we obtain
/ dx _ / 1 2dz
3+2cosx 3+2}+Z§1—|—z2
/ dz
22+ (\/5)
25 5
= T\/_tan_l <%z) +C

o

= %gtan_l(‘{gtan )—i—C’.

2dz

92. With the substitution z = tan 3, sinz = %, cosxT = 11—237 and dr = {775 we obtain
/ dx / 1 2dz
: = 1—22 2
sinx + cosx 1+Z2 + 5= 1+2

/ 2dz
—2242z4+1

/ —2dz
22 -22-1

/ —2dz

(== (1+Vv2)(: - (1-v2))

We use partial fractions to obtain

-2 A B
G-+ -(-v2))  2-(1v3) z-(1-2)
-2 A(z—(l—\/i))—l—B(z—(l—i-\/i)).

When z = 1 — /2 we obtain B = \/5/2, and when z = 1 4+ /2 we have A = —\/5/2. So
we obtain

dx - —V/2/2 V2/2
/sinx—i—cos:v N /<z—(1+\/§)+z—(1—\/§)>d:€
v2 z—l—ﬂ’—i—?ln

= ——1In
2
= —‘/T§1n|tan%—1—\/§|+‘/T§1n|tan%—l+\/§|+c.

z—l—i—\/i’—i-c

93. With the substitution z = tan 3, sinx = %, cosx = }jr—zj, and dx = fﬁ; we obtain
/ dx / 1 2dz
— o - 2 122 2
1 —sinx + cosx 1—1+§+1+221+2
- dz
- 1—=2
= —lIn|l—z|

= —ln‘l—tan%‘—l—C’.
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94. Let u = 3 + cosz, substitute to obtain

sinvrdr —du
/3+cosx - u
—Inju|+C
—In(3+cosz)+ C.

2dz
Trz2

95. With the substitution z = tan , tanx = and dx = we obtain

12 ER)
dx %
/tanx—l - 1%:—1(&
/ 2(1 - 2?) "
(14 22)(2z—(1-22)
= / (1 ) dz
(22+1)(224+22-1)

We use partial fractions to obtain

2(1 - 2?) _ Az+B Cz+D

(22 +1)(224+22—-1) 2241 +z2+2z—1
-22°+42 = (Az+B)(2*+22-1)+ (Cz+ D)(* +1)

-22242 = (A+0)2*+(2A+B+D)2*>+(2B—-A+C)z+ (D —

Equating coefficients, we have

A+C = 0
2A+B+D = -2
2B-A+C = 0

D-B = 2.

We solve this system and obtain A = -1, B=—-1,C=1,and D =1. So
/ dx / z+1 z+1
= - dz
tanz — 1 224+22—-1 22+1

1 [ 241 1 [ 22 1
= == __ dz— | ——d
2/22+2z—1 2/z2+1 N /z2+1 N

= %ln’zz—l—Qz—l’—%ln(zQ—i—l)—tan_lz—i—C

= %ln|tan2(%)+2tan%—1|—%ln(tan2(%)—|—1)—%—|—c.

B).



7-196

Chapter 7 Techniques of Integration

96. With the substitution z = tan 3, sinz =

97. With the substitution z = tan 3, secx =

/

/

tanx —sinx

secx dx

tanx — 2

dzr

1i227 tanr = %’ and dw = 12<'rd;2 we Obtain
-2
o 1+z
- / 2z 2z dz
1—22 1422
2(1 — 22
— / ( ) dz
22((1+22) — (1 - 22))
2(1 — 22
= /u dz
423
1 1
/(e
2 z
1 1
= 55 omi) e
= |—1cot? (%) — sInftan Z| + C
ii_z; tanz = 2%, and dzx = 12+d;2 we obtain
1+2% 2
— 2 2
% dz
2

/
/

We use partial fractions to obtain

1—22

| =u==

224+ 2-1

dz

1
dz

(== (3v5-3))(x -

When z = —1v/5 — 1 we obtain B = —/5/5, and when z = /5 — 1

So we obtain

/

secx dx
tanz — 2

(35— 1)

1

e

- (3v5-3)(z- (=3v5-3))

Joo(-(35-3))

we have A = \/5/5

[ (=i =)
\/?gln z—<%\/_—%)‘—gln z—<—%f—%)‘+c

% In ‘tan

X

2

15+ |- Blufuang + 35+ +]
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98. With the substitution z = tan &, sinz = %, cotx = 1;2, and dr = 12+dzz2 we obtain
1— 2
/ cotwdr / 252 ( 2 ) @
~ 2
1+sinx 1—|—1Jrzz2 1+2

1—2°
= /72 dZ
1422422

C[lsana,

2(1+2)°

1—
- /sz.

z(1+4 2)
We use partial fractions to obtain
-z A B
2(1+4 2) z 14z
1—-2 = A(l+2)+ B=.

When z = —1, we have B = —2, and when z = 0, A = 1. We now obtain

/ cot x dx / 1 -2
— = -+ dz
1+sinx z 1+ 2

In|z]| —2In|1+4 2|+ C

= ln|tan%}—2ln|1+tan%|+0.

1+z2

99. With the substitution z = tan 3, sinz = %, secr = 7=, and dzx = % we obtain
1422 2
sec x dx T 2177
/7. = /722 dz
1+sinx 1+ =
—2(1+ 22
= /—( ) 5 dz
(z—=1D(z+1)
We use partial fractions to obtain
—2(1+2?) A B C D
3 = + + 7 T 3
(z=1)(z+1) z=1 z+1 (z41) (2+1)
—2(1+2%) = A+1)’+B(-1)(z+1)°+C(z—1)(z+ 1)+ D(z — 1).

When z = —1, we have D =2, and when z = 1, A = —1/2. We now obtain

2222 = (-1/2)z+1)°+Bz-1)(z+ 1) +C(z—1)(z+1)+2(z — 1)

1 3 1 5
5.2 _ R P 9\ 2 i _ 2
2z 2 (B 2)2 +<B+C’ 2)2 +<2 B>z <B+C’—|—2).
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Equating coefficients, we obtain B = 1/2 and C' = —1. We now have

sec x dx -1/2  1/2 -1 2
T = + + 5 + 3 | dz
1+sinx z—1 z4+1 (z+1) (z+1)
—1/2 1/2 -1 2
= /—/dz+/Ldz+/72dz+/7gdz
z—1 +1 (z+1) (z+1)
1 1 1
= —-lnlz—-1|4+= 1n|z+1|+——72+0
2 z+1 (+1)
= 1n}tan —1}—!— ln|tan —|—1|+ - L +C|

t‘m 5+1 (tan %-l—l)

100. With the substitution z = tan §, sinz = 1?;2, and dr = 12+d;2 we obtain
/“/ 2 de /1 1 2dz
o sinz+1  Jy 1+2+11—|—22

B 2/1 dz

B 0 1+2z4 22
1

2/ (1+2)%dz
0

[_2(1 + z)ﬂ;
—2(1+1)7' - (—2(1 + 0)‘1)

ol

. . . o _ 1422 _ 2 _ 2d
101. With the substitution z = tan §, cscx = ==, T2, and dv = 35,

/”/3 cser o _ / 373 1J2rzz 1+2,zz &
x/a 3+4tanw tan
2
= / 22) dz
tan 7,/8 1—2 )+ 8z

/ 22 -1
tan (mw/8) 3Z+1)( 3)

we obtain

We use partial fractions to obtain

2Bz+1)(z—-3) 3:+1 -3

22—1 = ABz+1)(2—3)+Bz(z—3)+Cz(3z +1).

22 -1 A B C
z
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When z = 0, we have A = 1/3, when z = —1/3, B = —4/5, and when z = 3, C = 4/15.
We now obtain

/3 V3/3. /1/3  —4/5  4/15
/ _esex o / (L+ / +/_)dz
7.‘./4 3—|—4tanx tan(Tr/S) zZ 3Z+1 Z—3

V3/3

1 4 4

= |z —mBz+1)+—In(3—

[3 nz- oz n(3z+1)+ 5 n( z)]tan(w/&
1. V3 4 V3 4 V3

B U et R (DA NP S
3173 15n<33+>+15n<3 3)

1 T 4 T 4 T
—<§ln(tan§) —Eln(3tan§—|—1) +Eln(3—tan§))

= 3mg —Im(V2-1) - Em(VE+1) - S (4-v2) + I (3V2-2) + 5 (3 ) |
102. With the substitution z = tan 3, cosz = }I_—ji, and dr = 12+d;2 we obtain
/”/2 cosrdr /1 };—jzﬁdz
5 . = P
0o 2—cosx 0 2_1“2
/1 2(1 - 22) ]
= yA
o (14+22)2(1+22)—(1-22)
1 2(1 — 2
= / ( : ) dz.
o (224+1)(32241)
We use partial fractions to obtain
2(1 - 2?) _ Az+B Cz+D
(224+1)(322+1) 2241 32241
2(1-2%) = (Az+B)(32°+1)+(Cz+ D)(z* +1)
2-222 = (BA+0)2*+ BB+ D)2+ (A+C)z+ (B + D).
Equating coefficients, we obtain
3A+C = 0
3B+D = -2
A+C =0
B+D = 2.
We solve this system, and obtain A =0, B=-2,C =0,and D =4. So
/”/2 cosx dr /1 2 4
0 2—cosx 0 2241 32241

1 1
1 4 1

= —2/ 2—d2+—/ 72d2

o 2°+1 3 Jo 2’2+(\é§)

1
1

ot

= [—2tan_1 z] 3

% tan~! (\/32)]

0
= —2tan'1— (—2tan"'0) + # tan~! (\/5(1)) - 4—\/5 tan ! (\/5(0))

_ a3 1
g T3

|
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103. With the substitution z = tan §, tanz = 13‘22, and dz = fﬁ; we obtain

/F/4 4dx _ /tan (m/8) 41-3Z2 5
o tanz+1 0 |

B /tan (m/8) 8(1 — ) p
o I+ 222+ (1-22)) "

)
_ /tan (m/8) 8(22 ) 0
0 (24 1)(22-22-1)

We use partial fractions to obtain

8(z2 —1) ~ Az4+B  Cz+4D
(24+1)(22-22-1) 2241 22-22-1
8(z2=1) = (Az+B)(2*—22-1)+(Cz+D)(2* +1)
822-8 = (A+0)z*+(B-2A+D)z*+(C —2B—A)z+ (D - B).

Equating coefficients, we obtain

A+C =
B-2A+D =
—A-2B+C

-B+D = -8

S o O

We solve this system, and obtain A = —4, B=4, C' =4, and D = —4. We now have
/”/ 2 4dx /taﬂ /&) [ 4z 44 4z —4
S — + dz
o tanz+1 0 22 +1 22 —-2z-1

tan (7w /8) 2, tan (w/8) 1 tan (7w/8) 2, —9
= -2 dz+4 dz+2 ———d
/0 22+1 ot /0 2241 a /0 22, 1%

= —2[In (z + 1)]tan /% +4 [tan_l z] :)an (/8) +2[In(1+2z - 22)}8% (w/8)

= —2In(tan®(7/8) +1) — (=2)In (0° + 1) + 4tan™ " (tan (7/8)) — 4tan™' 0
+21n (1 + 2tan (x/8) — tan? (7/8)) — 2In (1 +2(0) — (0)2)

_ _21n<(\/§_1)2+1>—|—4(%7T>+21n<1+2(\/§—1)—(\/§—1)2)
_ 21n<w>+1w

2 -2 2
_ 21n(\/§)+lﬂ'

2
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104. With the substitution z = tan &, cscx = 142° and dz = 292 we obtain

2z 14222
1 2 9
/csc:v dx / tE 2 dz
2z 14 22

1
= /—dz
z

= Inlz|+C

= ln’tang‘—i—c

th T
‘Slni‘

= In =

‘COS 3

/1l—cosx

2

= In—+C

14cosx
2

— In l—cosz + C |

14cosx

105. We simplify as follows

1—coszx (1 —cosz)?
Iny/—— = In
14 coszx (14 cosz)(1 — cosx)

1 —cosx

V1 —cos?zx

1 —cosx
sin® z

1 —cosx

= In

= In

|sin z|

1 —cosx

= ln‘

sinx

1 cosT

= In|— .
ST ST

= In|cscz —cotz|.

106. The domain of the function given by tanh™' () is the interval (—1,1), so the function

given by tanh ™' (z) is not an antiderivative of = on the interval [2,3]. We use partial
fractions to obtain
L _ 1 _ A B
1—22  22-1 2z-1 x+1

1 = Al@+1)+Bx-1).



7-202 Chapter 7 Techniques of Integration

When z = —1 we obtain B = % and when = 1 we have A = —%. So we obtain

/231—1%26&17 - /(1—/2 :c1f1)dx

= [——ln|:v—1|+ ln|x—|—1|}

3

2

1 1 1
—§ln|3—1|+§1n|3+1|— <—§1n|2—1|+§1n|2+1|>

— In2—1n3
|
107. We simplify as follows
sm
n 1+tan% - I 1—i_cosi
1—tan 3 1 Sing
COS§
sin? Z
W I+ mzems
sin2 Z
1 - sin § Cozs 5
1—cosx
1+ =
= In|l——2+
1— =2
=
1+ 17.cosx
= hl 1ilcno§x
1 - sin z
- sinx +1 —cosx
B sinx — 14 cosx
1 tanx +secx — 1secx + tanx
= In
tanx —secx + 1secx + tanx
! (tanz 4 secx — 1)(secx + tan )
= In
(tanz — secx + 1)(secx + tan )
! (tanz 4 secx — 1)(secx + tan )
= In
tanz sec x + tan® & — sec2 ¢ — sec z tan z + sec z + tan x
! (tanz 4 secx — 1)(secx + tan )
= In
—1+secx + tanx

= Inlsecz + tanz]|.

108. We factor 1 + z* = (x2 +V2x + 1) (:102 — 2z + 1), and use partial fractions to obtain

1 B Az + B Cx+D
T+a4f 22422 +1 22—V224+1
1 = (Aa:—l—B)(a:Q—ﬁx—i-l)+(Ca:+D)(:1:2+\/§x+1)

1 = (A+O)x3+(B+D—\/§A+\/§C)a:2+(A+O—\/§B+\/§D)x+(B+D).

We solve the system
A+C =
B+D—-V2A+V20C =
A+C—V2B+V2D
B+D =1
and obtain A =/2/4, B =1/2, C = —/2/4, and D = 1/2. We now obtain

o o O
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/ Lo /((\/5/4)x+1/2+(f/4)x+1/2>

1+ 24 22 + 2z + 1 NI
= (\f/s)(2x+\f)+4 (—@)(2x—\/§)+% ]
a / 22 +2x +1 22— Jor+1 x
\/_ 2z 4+ /2 1 o
= /x2+\/—x+1d$+1/(x+\/7§)2+(72)2
V2 27 — /2 s L dzgc 2
R %—@) (4]
= gln(gcz—l—\/i:v—i—l)'i‘\?tan (V2z+1) — ¥ In (22 —V2z + 1) + @tanfl(\@x—l).i_C.

AP® Practice Problems

. e e . 246

1. Apply polynomial division to mj_rl .
z—1
(x+1)] 22+0x+6
—(@? + =)
-z +6
—(—z—1)
7

The quotient is £ — 1 and the remainder is 7.

z+1

+6—x—1—|—miandfm+6d:17-f(:c—1—|—£—L)d:c: ””2—2—x+7ln|:17—|—1|—|—0.

The answer is C.

2. Apply polynomial division to 12_:122.

2

(22 +1)] 22> +0x40
— (222 +2)

—2

The quotient is 2 and the remainder is —2.

Therefore, lzf—; =2 H% and [ ff; de = [ (2 — sz) dr =2z —2tan"ta + C.

So, Jif 2y dr = 22— 2tan"a] = [2-2(Z)] - (0-0) =[2 - Z]

The answer is B.
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: R 2t 43222

3. Apply polynomial division to =
z? +2
(z2+1)]  2* +02% + 322 + 0z — 2
222 + 0x — 2
— (222 +2)
—4

The quotient is 2 4+ 2 and the remainder is —4.

Therefore, % = 22+ 2 - z2+1 and fm +2311_2 dr = f(:v +2—2—+1) dx =

%3 + 2z —4tan"lz + C|.

The answer is D.

4. The average value of f(x) = ;—ﬁ over the closed interval [0,2] is f = 715 |3 i—ﬁ dx.
Use algebraic manipulation to rewrite i—ﬁ in a form whose antiderivative is recognizable:
z+2 (z+1)+1 z+1 1 1
fr = = 1 + .
z+1 z+1 z+1 x+1 z+1

_ 1 242 1 [ 1 1 9
So, f=—— do = = do = = 1 1
o, f 20/, 1™ 2/0 ( x—i—l) z 2(:10—1— nlz+ 1),

1
==[(2+In3)=(0+In1)]=|1+11n3|
2 2

The answer is C.

5. To evaluate

Begin by factoring the denominator: 22 — 9 = (z + 3)(x — 3). Since the factors are linear
and distinct, this is a Case 1 type integrand and can be written as W = %;3 + %'
Clear the fractions by multiplying both sides of the equation by (z + 3)(z — 3).

12 = A(x — 3) + Bz + 3).
Grouping like terms, 12 = (A + B)z + (—-3A + 3B).
This is an identity in x, so the coefficients of like powers of x must be equal.

A+B=0
—3A+3B=12

This is a system of two equations containing two variables.

After solving this system, the solution is A = —2 and B = 2.

12 12 —2 2
So, EEa = x+3 + 2z and [ i5de= | (m + 1_—3) dz.

=2z +3] +2Injz-3] +C=|2In|Z

]+C.

The answer is A.
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6. To evaluate [

m dx, notice the integrand is a proper rational function in lowest

terms.

Since the factors are linear and distinct, this is a Case 1 type integrand and can be written
3 _ _A B
A TG — 7=3 T maT

Clear the fractions by multiplying both sides of the equation by (z — 2)(z + 1).
3z =A(x+1)+ Bz — 2).

Grouping like terms, 3z = (A + B)z + (A — 2B).

This is an identity in x, so the coefficients of like powers of x must be equal.

A+B=3
A-2B=0

This is a system of two equations containing two variables.

After solving this system, the solution is A =2 and B = 1.

So, = 2)(z+1) :ﬁ"'z_ﬂ andf o= za;g(axﬂ) dx:f(%"'%ﬂ) dr =
‘2ln|x—2|+ln|x+1|+0‘.

The answer is D.

. To evaluate [ —Z w(m+2)

Since the factors are linear and distinct, this is a Case 1 type integrand and can be written

46 __ A
as z(z+2) — =z + m+2

dx, notice the integrand is a proper rational function in lowest terms.

Clear the fractions by multiplying both sides of the equation by x(z + 2).
x+6=A(zx+2)+ Bz

Grouping like terms, x + 6 = (A + B)z + 2A.

This is an identity in x, so the coefficients of like powers of x must be equal.

A+B=1
2A=6

This is a system of two equations containing two variables.

Since 2A =6, A=3and B=1-3=—-2.

So, s£ESs = 3= 2 and [ 2£8 e = [ (2 - 2% ) do = [3Inje] —2In e + 2+ C]

The answer is C.

1 _
. To evaluate |[; %

terms. Begin by factoring the denominator: x? + 3z +2 = (x + 1)(z + 2). Since the

factors are linear and distinct, this is a Case 1 type integrand and can be written as
2z—1 A, B
(x+1m)(x+2) T+1 + +2°

dx, notice the integrand is a proper rational function in lowest

Clear the fractions by multiplying both sides of the equation by (z + 1)(z + 2).
20 —1=A(x+2)+ Bz +1).

Grouping like terms, 22 — 1 = (A + B)z + (24 + B).
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10.

11.

This is an identity in x, so the coefficients of like powers of x must be equal.
A+B=2
2A+B=-1

This is a system of two equations containing two variables.

After solving this system, the solution is A = —3 and B = 5.
2x—1 _ =3 2x—1 1 -3 .
So, G2 — 241 T x_+2 and fo Ti3as AT = I (erl + z+2) dr =

[~3Infz + 1|+ 5|z +2[)y = (~31n2+51n3) — (~3In1+5In2) =| -8In2+51n3.|

The answer is D.

Express the logistic model % = P(3 —
carrying capacity.

dP P P

— =P(3——|=3P|1—-—).

dt ( 2000) ( 6000)
Therefore, the carrying capacity is | M = 6000 |.

The answer is C.

Express the logistic model ‘f;: = 0.0005P (800 — P) in the form d—P =kP(1—£) to find

the carrying capacity M and the maximum population growth rate k.

Wlf)o) in the form % = kP(l - %) to find the

dP P P
= = 0.0005P(800 — P) = 0 0005(800)( 0 0) 0 ( - 0)

(a) The carrying capacity is M = .

(b) The maximum population growth rate is =|0.4 or 40% |.

(¢) At the inflection point, the size of the population is given by one-half the carrying
capacity. Therefore, the size of the population is at the inflection point.

. . . . . e dp
(a) The size of the insect population at time ¢ follows a logistic growth model %~ =

k:P(l — %) where k is the maximum growth rate and M is the carrying capacity.

We are given the daily maximum growth rate of & = 0.20, a carrying capacity of
M = 600,000 insects, and an initial population size of 100 insects. The differential

equation becomes | 22 = 0.20P (1 - Wpooo) with P(0) = 100 | insects.

(b) The initial population size is Py = 100 insects.
The solution to the differential equation 2€ = kP(1— L) is P(t) = Wi‘% where
k = 0.20, M = 600,000, and @« = Mzfo — 600.000-100 _ 5999  Therefore,

Py 100
_ 600,000
P(t) 145999020t |

(¢) Find ¢ so that P(¢) = 100,000.
600,000

T4 5999¢—0z0r — 100000
600,000 _ ¢
o—0-20¢ _ 100,000 _ 0
5999 5999

)

1 5

The population of insects will exceed 100,000 on the 35th day.



7.6 Approximating Integrals: The Trapezoidal Rule, 7-207
Trapezoidal Sums, Simpson’s Rule

7.6 Approximating Integrals: The Trapezoidal Rule,
Trapezoidal Sums, Simpson’s Rule

Concepts and Vocabulary
1. True
2. True

Skill Building

3. When n = 3 we have Ax = % = 2. So the Trapezoidal Rule provides the approximation

Q

6
| e~ SEO) +27@ 26 + 7(0)

- ;(6 +2(3) +2(3) + 4)
_

When n = 6 we have Az = 8~9 = 1. So the Trapezoidal Rule provides the approximation

6
/06 f(z)dz

Q

% [£(0) +2f(1) +2f(2) + 2/ (3) + 2f(4) + 2f(5) + f(6)]

—_

= —(64+2(3)+2(3)+2(4)+2(3)+2(2)+4)

= .

4. When n = 2 we have Ax = % = 2. So the Trapezoidal Rule provides the approximation

[\)

5 Az
| f@de ~ SEr0)+266)+ £6)

Q

= §(0+2(3) +6)

= .
5-1

When n = 4 we have Az = >7= = 1. So the Trapezoidal Rule provides the approximation

5
[ fadn m ST+ 20()  263) + 200 + £6)

_ %(o +2(2.5) + 2(3) + 2(6) + 6)

— 29 _
= |2 =145]

5. When n = 2 we have Az = 559 = 3. So Simpson’s Rule provides the approximation

Q

6 Az
| t@as = S0 +456)+ £6)

(6+4(4) +4)

Wl w

6|

Il
3]
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When n = 6 we have Az = % = 1. So Simpson’s Rule provides the approximation

Q

6
[ de ST +4£0) +2)+4£G)+ 200) +415) + F6)
(64+4(3)+2(3)+4(4) +2(3) +4(2) + 4)

58
= |

Wl

6. When n = 2 we have Az = % = 2. So Simpson’s Rule provides the approximation

Q

[ @i~ S+ a5 + 7))

2
= S(0+43) +6)

= u

= 1. So Simpson’s Rule provides the approximation

Az
3

—

When n = 4 we have Az =

/15 f(z)dx

o

Q

() +4f(2) +2f(3) +4f(4) + f(5)]

(0 +4(2.5) + 2(3) + 4(6) + 6)

Wl =

Il

7. (a) With n = 3 we have Az = ”7;/2 = m/6. So the Trapezoidal Rule provides the

approximation
T sinx Az ™ 2m 5
de ~ =2 (_) of (5 427 (22
Lo = FPE(5) - (5) )
_ /6 {sir;% N 251r21:7” N 2sir51:?7T sinw}
2 13 k3 5 ™
2 3
SR A C
12 2w 57T
~ [0.483|
(b) We have 4 (£22) — — L (sinw — z cosz), and ‘; (#22) = — L (22 sinz — 2sinz + 2z cos z).
The graph of |[f"(z)] = |2 (z*sinw — 2sinz + 2z cosz) | shows that the maximum
occurs at x = m, and so M = |—%(7r2 sinm — 2sin7 + 27TCOS7T)| = % We obtain
—a/2)3 (2
Error < w ~ 0.007
12(3)
03T
0.2

0.1

00 —+T+—+T1F1T—+T1—+1T+T1—+"1—
1.6 1.8 20 22 24 26 28 30



7.6 Approximating Integrals: The Trapezoidal Rule, 7-209
Trapezoidal Sums, Simpson’s Rule

(¢) We require

3712
Error < (ﬁ_;;/(i))z(p) = < 0.0001
m 2
®0o00ny "
™
w0000y "
25.58 < n

So we need n = .

8. (a) With n = 3 we have Az = %_Sﬂ = 7/6. So the Trapezoidal Rule provides the

approximation
27
cos T Az 3 11
[ e = S l(F) o (F) 2 () +sem)
37/2 x 2 2
5w 117w
_ /6 {co:7T2 +2CO5S,,3 +2001slﬂ6 cos(27r)}
2 5 5 = 2
T 3 63 1
= —_ O —_— _— -—
2 + 57 + 11 « + 2#1
~ (0.1704|.
s CO”)=$(2cosx—x2cosx+2xsinx).

(b) We have £ (£22) = — L (cosz + zsinz), and -1 ( =
The graph of |f”(z)| = ’% (2cosz — 2 cos & + 2z sin ) ’ shows that the maximum

M < 0.2. We obtain
(2m — 37/2)%(0.2)

Error < 12(3)2 ~ 0.0072
03T
021 o)
0.0 —H—+—4—+—+—+—+—+—+—+—+—+—+—+

48 50 52 54 56 58 60 62
(¢) We require
21 — 31/2)°(0.2 3
Brror < CT3M/20D) T 001
12(n) 480n2
7T3 2

0.0001(480)

3
0.0001(480)
25.42 < n

So we need n = .
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9. (a) With n = 4 we have Az = 120 = %. So the Trapezoidal Rule provides the approxi-

mation
&) E) (20

1
2
/ e 7 dx
0
e~ (0 + 267(i)2 + 267(%)2 + 267(%)2 + 67(1)2}

2
|
o=
=
_|_
g

2e7 16 4+ 27 4 2716 + 6_1}

Il
| =
L—|

—_
+

(b) We have di(e_”ﬁ) = —2z¢~" | and o (6_12) = 422¢7*" — 2¢7*". The graph of

[ (z)] = ‘4902 —2* _ 2¢=%"| shows that the maximum M = 2. We obtain
(1-07@2) 1
Error < ———5— = —
12(4) 96
3+

(¢) We require

(1-0°2) _ 1

Error

IN

_ L 2
6(0.0001)

1
6(0.0001)

40.82 < n

So we need n = .

10. (a) With n = 4 we have Az = 14;0 = %. So the Trapezoidal Rule provides the approxi-

mation
/Olexzdx ~ %{ +2f( )+2f(%>+2f(%>+f(1)]
1/4
2

[ (0 +26 +26(%) +2€(%) —I—e(l)ﬂ

1

2¢T6 + 2e1 +2e% —I—e}

Il
ool —
lﬁ

Q

[y
N
Nej
—_
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Trapezoidal Sums, Simpson’s Rule

(b) We have d%(e”ﬁ) = 2z¢””, and j—;(ewz) = 2¢*”" + 422¢*". The graph of |f”(z)| =
’2612 + 41‘2€w2’ shows that the maximum M = 2e + 4(1)2612 ~ 16.31. We obtain

(1—0)°(16.31)

Error < 5
12(4)

~ 0.085

20T

ol 17 ()

0 +——————————

0.0 0.2 0.4 0.6 0.8 1.0

(¢) We require

(1—0)%(16.31) _ 1359

Error
12(n)? n?

IN

< 0.0001

1.359 )
0.0001
1.359

00001 = "

116.6 < n

So we need n = .

11. (a) With n = 4 we have Az = 0_(4_1) = 1. So the Trapezoidal Rule provides the
approximation

[t = Flova(@) (7)o (5) o]

% ! + 2 ! + 2 !
S R T S Y T S Ve

0

1 1
+2 +
\/1— (—1/4) \/1— (0)?
_§Bﬁ+§@h§ﬁ+£@@ﬂ

0.907 |.

Q
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d 1 _ 322 &2 1 _ 3x(52°+4)
(b) We have dm(\/liz\%) = i d and dm?(\/kxs) = i The graph of
3
[ (z)] = T(SM%;) shows that the maximum M < 1. We obtain
)3
0—(-1))°1) 1
o< 0= U0 1
12(4) 192
T 1.0
If ")l + 0.5
et 0.0
-1.0 -0.8 -0.6 -0.4 -0.2 0.0
(¢) We require
0—(-1))°(1 1
Error ( ( )3 L _ 5 < 0.0001
12(n) 12n
1 < 2
— n
0.0001(12)
o,
0.0001(12)
28.87 < n

So we need n = .

12. (a) W1Eh n = 3 we have Ax = % = % So the Trapezoidal Rule provides the approxi-
mation

/01\/% ~ %[f(o)+2f(%)+2f(§)+f(l)}

1/3 S S S S
*Vir0r Vi@ Vi@ Vieap
{1+%\/ﬁ+3—65\/ﬁ+%\/5]

~ [0.9046]

!

[
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Trapezoidal Sums, Simpson’s Rule

d 1 _ — 322 d 1 . 3%(51374)
(b) We have dm(\/lﬂa) = Sirand’ and dﬁ(\/1+13) = el The graph of

3
[ (z)] = % shows that the maximum M < 1. We obtain
)3
(L-0°(1)
Error < —— 5= =~ 0.0052
12(4)

10T
05T IF ")l
0.0 e L A

0.0 0.2 0.4 0.6 0.8 1.0

(¢) We require

1-0)>°1 1
Error < ( )2( ) = < 0.0001
12(n) 12n?

1 < 22
S n
0.0001(12)

_ o,
0.0001(12)
28.87 < n

So we need n = .

13. (a) With n = 4 we have Ax = % = %. So Simpson’s Rule provides the approximation

2
e’ Ax 3 7

/ 6 5/4 63/2 67/4 2

= L= 2= 44—
s Tt Ssa ettt
1 16 s + 4 + 16 - e 1

= —_ —e4 —82 _84
12 ) 3 7 2

Q

3.059 |
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(b) We have j—; (<) = Le®(2* — 42® + 1222 — 24z + 24). The graph of |f4(z)| shows
M < ‘f(4) (1)| = 9e. We obtain

2-1)°(9
Error < 2= 09 5 309 1074
180(4)

20

ol

10 T

(c) We require

5
Bror < 2009 _ 001

180(n)
9e 4
0.0001(180) ~ "
af e < n

0.0001(180)

6.072 < n

Since n must be even, we need n = .

14. (a) With n =4 we have Az = W = %. So Simpson’s Rule provides the approxima-
tion

o A 7 ™ 7T 4
[0 = S (E) o (F) e (7) ru () v

/2
/8 [cos (37/2) cos (137/8) cos (Tm/4) cos (157/8)  cos(2m)
_§_[ 3m/2 137/8 2 /4 A 578 on }

[0.759)

Q



7.6 Approximating Integrals: The Trapezoidal Rule, 7-215
Trapezoidal Sums, Simpson’s Rule

15.

(b) We have %(Cojx) = L (24cosz — 1227 cos & + x* cosz — 4x® sinx + 24z sinz). The
graph of ‘f‘l(x)‘ shows M < 0.2. We obtain

(2m — 37/2)°(0.2)
180(4)"

~4.151 x 107°

Error <

01T
ol

0.0 F+——t————F————————
48 50 52 54 56 58 60 62

(¢) We require

(27 — 37/2)°(0.2) _ 1.063 x 1072

Error < =
180(n)* nt

< 0.0001

1.063 x 1072 .
0.0001

4/1.063 x 10—2 < n
0.0001

3.211 < n

Since n must be even, we need n = .

(a) With n =4 we have Az = % = i. So Simpson’s Rule provides the approximation

Lo 1 3
iy o~ 2F 4 of (=) +ar(2 1
fperte = S lorar(g) sa(y) <u(5) + o)
_ 1?/4 (=@ 1 4=/ 1 9012 | gm0 4 ~7]
= %[1 eTT6 £ 27T +4e7T6 4o~ ]

[\

~ [0.747]
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Chapter 7 Techniques of Integration

(b) We have %; (6_12) =4~ (42* — 122% 4 3). The graph of | f*(z)| shows M < 12.

‘We obtain

1-0)°(12
Error < w ~ 2.604 x 1074
180(4)*
15T
10 lf””(x)l
5
O T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
(c) We require
1-0)°(12 1
Error < ( ) (4 ): 1 < 0.0001
180(n) 15n
_ L
0.0001(15)
4 ; < n
0.0001(15)
5.081 < n
We need n = @
1-0

16. (a) With n = 4 we have Az =

1 2
/ex dzx
0

:|so
g
P

‘ P

%

—_
~ W

4

|’_‘c,o‘

[
[\]

= %. So Simpson’s Rule provides the approximation

eolE) o (3)ro3) o

o>+41m>+20m>+&ﬁmf+gn}

ﬁl’_‘
w>|H

1.464 |
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Trapezoidal Sums, Simpson’s Rule

(b) We have % (em2) = 4¢7” (42* + 1222 4 3). The graph of | f*(z)| shows M = 76e ~
206.6. We obtain
(1 —0)°(76¢)

Error < I ~4.483 x 1073
180(4)
200 T
100 + If 0l
0 —t—t—t——t—

0.0 0.2 0.4 0.6 0.8 1.0
(¢) We require

(1-0)°(76e) _ 1.148

Error T ~ — < 0.0001
180(n) (n)
Lus
0.0001
1,148
0.0001 "
10.35 < n

Since n must be even, we need n = .

17. (a) With n = 4 we have Az = 0_(4_1) = %. So Simpson’s Rule provides the approximation

[ = Flensu(3)(F)u(F) 0]
3 \/1 —(-1)? \/1 — (—3/4) 1—(-1/2)°

1 1
+4 +
\/1—(—1/4)3 \/1—(0)3
= % B\/i+ %x/ﬁ+§\/§+%\/@+1}

[o910)

%
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Iz CEG Cl)s
(b) We have %4(\/11,13) =2 1((:(1;430)% HG). The graph of | f4(z)| shows M < 15. We
obtain
—(-1)°(1
Error < w ~3.255 x 107"
180(4)
T15
T 10
If ()l

T5
e N R S B e p 0

-1.0 -0.8 -0.6 -0.4 -0.2 0.0
(¢) We require

Error < (0= (=1)°(5) — Y 0000
180(n)* 12(n)*
1 4

0.0001(12)

4 ; < n
0.0001(12)

5.373 < n

We need n = @

18. (a) With n = 4 we have Ax = % = %. So Simpson’s Rule provides the approximation
1 1 3
JF(0) +4f 1 +2f B +4f 1 + f(1)
1 1 1
+4 +2
V107 W1+(1/4)7 (J14+(1/2)°
1

1
+4 +
Vi+6/47 1+
1 16 4 16 1
= 1+ 2VIT+ VB — 4 2V2
12{ +17\/—7+5\/5+ = +2f}

e

/1 dx
o V1+z2

Az
3
1/4
3

%
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Trapezoidal Sums, Simpson’s Rule

(b) We have %(\/li_w ) = 24?;‘3;”;“’. The graph of | f*(x)| shows M = 9. We obtain

1-0°09) 1

Error < = ~1.953 x 1074
- 180(4)* 5120
0T
N o)
0 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
(¢) We require
1-0)° 1
Error < ( 0) (49) = 7 < 0.0001
180(n) 20(n)
1 < 4
n
0.0001(20)
V500 < n
4729 < n
We need n = @
19. (a) 12 do — [ln:c]f =In2—-Inl=1In2.
(b) With n =5 we have Azx = % = % So the Trapezoidal Rule provides the approxi-
mation
2
dx Ax 6 7 8 9
o SRl 2 (2) w2f (L) w27 2) v2f( 2 2
s Sl (B ver(D) var(3) v2s(3) + s
1/5 1 1 1 1 1
= L 29— 42— 42 2 -
2 { Tt T T /5*2}
R SRTIE ST
10 37 49 2
1753
2520
~ [0.6956 |

(¢) With n = 6 we have Az = = =. So Simpson’s Rule provides the approximation

o a(2) (2 2) ) () 1]

1/6 1 11
3[ + 7/6+ 73 +4W2+27_+4ﬁﬁ?+ﬂ

1{124386241]

2

Tt tg Tttt
14411

20790

~ [o6932]

= B T T
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20. The area is given by the integral f2 x) dx, which we approximate by Simpson’s Rule,
with Az = 0.4.

4.4

f(z)dx

|k

[£(2.0) + 4f(2.4) + 2(2.8) + 4f(3.2) + 2(3.6) + 4£(4.0) + f(4.4)]

%

2

(@)
S

= = [3.03+4(4.61) + 2(5.80) + 4(6.59) + 2(7.76) + 4(8.46) + 9.19]

|

Q

15.73|.

21. The arc length is given by fﬂ/2 1+ (d—y) dr = 071'/2 \/ 1+ (cosz)?da = W/Q V14 cos? z dx.

(a) With n =4 we have Az = i) =0 — §- So Simpson’s Rule provides the approxima-

tion
F/zﬁd Ax 4 s 9 T 4 3 ™
/0 —cos?zdx ?[f + f(§)+ f(z)‘F f(§>+f(§)]
_ ? [\/m+4\/1+cos2%+2\/1+cos2g

3
+4\/1+6082£+’/1+Cos2g‘|

Q

3

~ [L910]
(b) With n = 3 we have Az = —(W/?_O = %- So the Trapezoidal Rule provides the
approximation
/2 A
/ Vi—costzdr ~ =% [f(0)+2f(f)+2f(f)+f(z)}
0

2
% [\/1—1—0052 +2\/1+COS26 +2\/1+cos2g+\/1+cos2g]
1.910]

22. The arc length is given by f04 1+ (d—y) dr = fo V14 (e) do = f04 V1 + e2e dz.

(a) With n =4 we have Az = % = 1. So Simpson’s Rule provides the approximation

%

Q

4
/0 V1+ e dg % [fO)+4f(1)+2f(2) +4f(3)+ f(4)]

% [\/1 1620 441 4 €2 4 2v/1 4 2@ 1 4y/1 4 23 4 /1 + e2<4>}

EED)

Q
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Trapezoidal Sums, Simpson’s Rule

(b) With n = 8 we have Az = % = 1. So the Trapezoidal Rule provides the approxi-
mation

/04 V1it+erdr =~ % [F0)+2f(1/2) +2f(1) +2f(3/2) + 2f(2)

+2f(5/2) +2f(3) +2f(7/2) + f(4)]

+201+ 2@ + 21+ e2(3) 4 2v/1+ 2@ +2¢/1+2(3) + 1+ e2<4>}
55.17 |

23. The work is given by the integral f12'5 pdV, which we approximate by Simpson’s Rule, with
AV =0.25.

0

[\DlNJI)—A

Q

/Q'Spdv ~ % [£(1.0) +4f(1.25) + 2f(1.5) + 4£(1.75) + 2£(2.0) + 4£(2.25) + f(2.5)]

% [68.7 + 4(55.0) 4 2(45.8) + 4(39.3) + 2(34.4) + 4(30.5) + 27.5]

L

Q

‘ 62.983 inch-pounds ‘

24. The work is given by the integral f050 F dx, which we approximate by the Trapezoidal Rule,
with Ax = 5.

P hdr ~ % [£(0) + 2/(5) + 2£(10) + 2£(15) + 2£(20)

+2f(25) + f(30) +2f(35) + 2f(40) + 2f(45) + f(50)]
= g [100 4 2(80) + 2(66) + 2(56) + 2(50) + 2(45) + 2(40) + 2(36) + 2(33) + 2(30) + 28]

~ [z0)

25. The volume is given by the integral f0150 S dx, which we approximate by the Trapezoidal
Rule, with Ax = 25.

0

150
Sdx H
O 2

= 2—25 [105 + 2(118) + 2(142) + 2(120) + 2(110) + 2(90) + 78]

16,787.5 m3 |.

26. Let y represent the vertical distance of the pond at position x. Then the area is given by
the integral f02 0 y dx, which we approximate by Simpson’s Rule, with Az = 5.

Q

[£(0) +2f(25) +2f(50) + 2f(75) + 2£(100) + 2£(125) 4+ f(150)]

Q

20
| wde ~ SR+ 4£6) + 200 + 4705 + f(20)

g [0+ 4(12) + 2(19) + 4(13) + 2(13) + 0]

(2733 12

Q

Q
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27. The volume is given by the integral f025 Adzx. We first approximate by the Trapezoidal
Rule, with Ax = 2.5.

v Adz % [f(0)+2f(2.5)+2f(5.0)+2f(7.5) + 2f(10) + 2f(12.5)

+2£(15.0) + 2f(17.5) + 2£(20) + 2f(22.5) + f(25)]
2;25 [0 + 2(2510) + 2(3860) + 2(4870) + 2(5160) + 2(5590)

+2(5810) + 2(6210) + 2(6890) + 2(7680) + 8270]

131,787.5 m3 |

We next approximate by Simpson’s Rule.

25
/ Adx
0

Q

0

Q

% [f(0)+4f(2.5)+2f(5.0) +4f(7.5) +2f(10) + 4f(12.5)

+2f(15.0) + 4£(17.5) + 2f(20) + 4f(22.5) + f(25)]
= 2—35 [0 4 4(2510) + 2(3860) + 4(4870) + 2(5160) + 4(5590)

+2(5810) + 4(6210) + 2(6890) + 4(7680) + 8270
132,625 m® |

28. The area is given by the integral f08 0 ydz. We approximate by the Trapezoidal Rule, with
Az = 10.

Q

Q

/8Oydx ~ % [F(0) + 2£(10) + 2£(20) + 2£(30) + 2£(40)+
0

+2f(50) + 2f(60) + 2f(70) + f(80)]
- ? 5+ 2(10) + 2(13.2) + 2(15)
+2(15.6) + 2(12) + 2(6) + 2(4) + 0]

~ [mss0m?]

29. The volume is given by the integral f28 my? dz. We approximate by the Trapezoidal Rule,
with Az = 2.

8
/2 i ~ % [£(2) + 2£(4) +2/(6) + £ (8)]
_ ; (7 (1)” +27(3” + 22(3.5)” + 7 (3)’]

(101931

30. The distance traveled is given by the integral f03 vdt.

Q

(a) We approximate by the Trapezoidal Rule, with At = 0.5.

Q

3
/0 vdt % [f(0) +2£(0.5) +2f(1) +2f(1.5) +2f(2) + 2f(2.5) + f(3)]

0;25 5.1+ 2(5.3) + 2(5.6) + 2(6.1) + 2(6.8) + 2(6.7) + 6.5]

~ [535al
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Trapezoidal Sums, Simpson’s Rule

(b) We approximate by Simpson’s Rule, with At = 0.5.

/3vdt ~ 2L17(0) +47(0.5) + 2£(1) + 4£(15) + 2(2) + 4(25) + £(3)]
0

31. The volume is given by fol 7 (sin~

3
0.5

FENER)

the approximation

/Olﬁ(sin_ly)Qdy = %{f()+4f< )+2f<%>+4f<%>+f(1)]

— (514 4(5.3) +2(5.6) +4(6.1) + 2(6.8) + 4(6.7) + 6.5]

! y)2 dy.

(a) With n =4 we have Ay = 120 =

%. Using the disk method, Simpson’s Rule provides

~ |1.6095]
Using the shell method, we have Ax = # = g. Simpson’s Rule provides the

approximation

Q

Q

(b) With

/2
/ 27z (1 — sinx) dx

[f +4f )+2f %)+4f(8)+f(g]

n = 3 we have Ay = 1

provides the approximation

Q

Q

1
/ T (sin_1 y)2 dy
0

% [f(o) +2f(%) +2f(§> +f<1>]
%3 [ﬁ (sin~0) +2 <7r <sm1 %>2> +2 <7r <sin1 §>2> + (sin ! 1)21

[T.705)



7-224 Chapter 7 Techniques of Integration

Using the shell method, we have Az = #
the approximation

%

/2
/ 27z (1 — sinz) dx
0

%+ The Trapezoidal Rule provides

32. The arc length is given by f08 \/1+ (dy/dz)? dz. We use implicit differentiation, and obtain

922 + 100y>

d
18 + 200y£

dy
dx

9z 81x2 81x2

900

0
9x
100y

Jz and

~ 100y

-
/08 14 (dy/dx)? da

The Trapezoidal Rule, with n = 4 and Az = 82
8
A
/ 14 (dy/dx)’ dz  ~ i
0 2
2/1

2\ 10

()]

2
100(100y2) — 100(900—9z2) _ 100(100—z2)’

/8 P
0 100(100 — 2:2)
[

o 10

= 2 is used.

10000 — 91(0)?
100 — (0)?

dx

10000 — 91z
100 — 22

[£(0) +2£(2) +2f(4) + 2f(6) + f(8)]

10000 — 91(2)?
100 — (2)?

()

10000 — 91(4)* 10000 — 91(6)* 10000 — 91(8)*
R\ | 2\ ——— | T ———=—
100 — (4) 100 — (6) 100 — (8)
33. (a) With n = 6 we have Az = ’TT_O = &- So the Trapezoidal Rule provides the approxi-
mation
/Ff(:v)d:v ~ 27\ o) +2f (%) +2r () +2f(5) +2f 2 vof (25 4 fi2m)
0 T2 6 3 2 3 6
. 7/6 sin (7/6) sin (7/3) sin (7/2)
= {1+2 76 +2 73 +2 72
sin (27/3) sin (57/6)  sin (27)
+2 2
27/3 57/6 27

[555)

Q
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Trapezoidal Sums, Simpson’s Rule

(b) Simpson’s Rule provides the approximation

[ st = S [rowar(g) eas(5) +as(5) +2r () #2575 + rem)

/6 sin (7/6) sin (7/3) sin (7/2)
N T[l 4 /6 2 /3 4 /2

Q

sin (27/3) sin (57/6)  sin (27)
2 4
+ 27/3 + 57/6 + 27
~ |1.852]
34. (a) With n = 20 we have Az = %&1) = 15. So the Trapezoidal Rule provides the
approximation
! A
2 T
/ se " dn xS (A1) 2f(-09) + -+ 27(0.9) + F(1)]
-1
_ @ {56471)2 n 2(56470.9)2) 4oa 2(5(;(0»9)2) n 5641)2}

(b) Simpson’s Rule provides the approximation

-1

1
/ e " de ~ %[f(—l)+4f(—0.9)+2f(—0.8)+-~-+4f(0-9)+f(1)]
1
10

1? 5e— (-1 1 4(56*(*0-9)2) + 2(567(—0.9)2)
o+ 4(5e7 O e 7]

~ .
(¢c) Using a CAS, we obtain f_ll 5¢—%" dr ~ _

Challenge Problems
35. Since T}, = %(Ln + R,) where L, is the Riemann Sum using left endpoints, and R,, is the

Riemann Sum using right endpoints, we have

1
lim 7, = lim i(Ln—l—Rn)

n—00 n—00

—th +—11mR

TLHOO TLHOO

/f dr + - /f
/af(:c)da:

36. Since f¥(z) = j—; (Az® 4+ Ba? + Cx + D) = 0, we have M = 0, and the error obtained
using Simpson’s Rule satisfies

(b—a)°(0)

sont 0

Error <

So an approximation using Simpson’s Rule, with any n, gives the exact value of f: f(x)de.
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AP® Practice Problems

1. Since y = 2® is nonnegative on [0, 4], f04 23 dx is the area under the graph of y = 23 from

2 = 0 to x = 4. Partition [0, 4] into four subintervals, each of equal width: [0, 1],[1, 2], [2, 3],
and [3,4].

The width of each subinterval is Az = 1.
Now apply the Trapezoidal Rule:

4
/ 22 da ~
0

[7(0) + F)IAT + 5[F(1) + F2))A + L[7(2) + ) Az + L[F(3) + F(4)]Aa

[F(0)+2f(1) +2f(2) +2f(3) + f(4)|Ax
507 +2(1%) +2(2°) +2(3) + 4] (1) =[68]
The answer is B.

2. Partition [0, 30] into three subintervals, each of equal width: [0, 10], [10, 20], and [20, 30].
The width of each subinterval is Ax = 10.

=N~ N

Now apply the Trapezoidal Rule:

30

Fla) de ~ S1£(0) + F10)]Az + L[7(10) + F20)]Az + L[7(20) + F(30)] A

0

[£(0) +2£(10) + 2 (20) + f(30)](10)

~[16 +2(12) + 2(c) + 6](10)
= 230 + 10c.

N~ N~ N~

Since the estimate of f030 f(z) dz using the Trapezoidal Rule is 310, then 230 4 10¢ = 310,
and ¢ = .
The answer is B.

3. Partition [—2, 6] into four subintervals, each of equal width: [—2,0], [0, 2], [2, 4], and [4, 6].
The width of each subinterval is Ax = 2.
Now apply the Trapezoidal Rule:

6
e dm 5D + FO1AT + 5170 + S8 + (@) + FO]AT + () + FO) A0

1

= 51f(=2) +2f(0) +2f(2) + 2f(4) + f(6)] Az

1
:5[64—1-2-60—1—2-644—2-616+636](2)

24 3¢t +2¢16 4 3

The answer is A.

4. The total volume V of water in the tank after 12 hours is given by the definite integral
12,
Jo V'(t) dt.

12

o V'(t)dt using the Trapezoidal Rule with n = 4.

Approximate
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5.

Partition [0, 12] into four subintervals: [0, 2], [2, 5], [5, 10], and [10, 12].
Aty =2-0=2 Aty=5—-2=3, Aty=10—5=>5, and Aty = 12 — 10 = 2.
Now apply the Trapezoidal Rule:

| Vi 500+ FIAL + 51+ £6)AL + 5116G) + F00)AL

1
+5l
= S(6+12)(2) + 512+ 10)(3) + 5(10+12)(5) + 3 (124 8)(2)

f(10) + f(12)] Aty

=28+33+55+20=|136|

The answer is C.
(a) Partition the interval [0, 4] into four subintervals of equal width Az = 422

1
The four subintervals are [0, 1], [1, 2], [2, 3], and [3, 4].
In each subinterval, choose u; as the left endpoint of the ith interval.
Then u; =0, us =1, uzg =2, and uy = 3.
4 4
1 1
——dr~ —A
/0 1128 ;l—l—u? *
=[f0)+ 1)+ f(2) + f(3)]Az

1 1 1
<1+2+9+28)~1z 1.647
4-0

(b) Partition the interval [0, 4] into four subintervals of equal width Az = 22

7
The four subintervals are [0, 1], [1, 2], [2, 3], and [3, 4].
In each subinterval, choose u; as the right endpoint of the ith interval.
Then uqy =1, us =2, uz =3, and uy = 4.

4
/01+x3 NZH?
=) +F2)+ ) + f(4)Ax
(1 11 1
+§+—8+65>-1z
4-0

(c) Partition the interval [0, 4] into four subintervals of equal width Az = =2

7
The four subintervals are [0, 1], [1, 2], [2, 3], and [3, 4].
Now apply the Trapezoidal Rule:

4
/0 L do s S[F(0) + F(D)A + L [(1) + FJAT+ [f(2)+ F(3)]Aa

1423 2 2
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7.7 Improper Integrals

Concepts and Vocabulary
1. (¢), an improper

2. (b) diverges

3. False

4. True

5. False

6. lim fat f(z)dx

' t—b—
Skill Building

7. The integral is | improper |, since upper limit of integration is oc.

3

8. The integral is | not improper |, since the function f(z) = z* is continuous on the closed

interval [0, 5].

9. The integral is | not improper |, since the function f(z) = Il is continuous on the closed

1
interval [2, 3].

10. The integral is | improper |, since the function f(x) = ﬁ is undefined, at the endpoint

x = 1.

11. The integral is | improper |, since the function f(x) = % is undefined, at the endpoint x = 0.

12. The integral is | not improper |, since the function f(z) = is continuous on the closed

1
241
interval [—1, 1].

13. The integral is | improper |, since the function f(z) = %5 is undefined, at the endpoint
z =1

14. The integral is | improper |, since the upper limit of integration is co.

15. We evaluate

* dx ) b de
-3 = lim 3
1 T b—oo [ @
r b
. 1
= lim |— -~
b—o0 L 2x 1

o |2 1
I __@_ _2(1)2

~ i Lo L]
b—o0 _2 202
1

The improper integral converges to .
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16. We evaluate

~10 .
— =
[

The improper integral converges to .

17. We evaluate

o0
/ e dy =
0

The improper integral .

18. We evaluate
/ e “dx
0

The improper integral converges to .
19. We evaluate

The improper integral .

y —10 g
atoo 22
- -10
1
lim ——}
a——00 L xr a
I 1 1
im |—— — | —=
a——oo | —10 a
i 1 n 1
im |-+ —
a——co | a 10
1
10°
b
lim €% dx
b—o0 0
- b
1
lim —ezx}
b—o0 _2 0
lim | Le2® _ 120
b—o0 _2 2
. (1 9 1
| 3¢ ‘5]
00.
b
lim e “dx
b—o0 0
b
li —e 7
Jim =],
li b _(__-0
Jim [—e™ — (=e™)]
lim [1—e?
o, [t =]
1.
-1
lim —dx
a—r—00 xr

. —1
lim_[4lnla]],

lim [4ln|-1|—4ln|al]
a—r — 00

lim [—4In|a|]
a— — 00

—0OQ.
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20. We evaluate

>4 by
/ —dx lim —dx
1 x b—oo 1 X
. b
= Jim [4In ][]y
= lim [4ln|b| —41In|1|]
b—o0

= lim [41n|b|]
b—o0

= oo
The improper integral .
21. We evaluate
*  dz . b dx
— = lim —
3 (z-1) b—oo J3 (x—1)

- b
= _3(1—1)3]
S IS SR S T
T oo | 3010 33 -1)°

= - -
boo | 24 3(b— 1)3]
1

24"

The improper integral converges to .

22. We evaluate

0 dzr . O dx
= Jm [
—oo (z—1) =0/, (x—1)

r 0
. 1
= lim |-———s

a——00 3(1- _ 1) 1@

A I N S U
~ am—o | 3(0-1)° 3(a—1)°

1 1
= lim |—mg+
as—c |3(a—1)" 3

1

3

The improper integral converges to .
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23. We evaluate
/°° da i /0 da o /b da
—_ = im —_ im —_
oo T2 44 a——oo J, 2 +4 b=y 2244
- 0 b
1 1
=t |Gt ] i |G g]o
1 0 1 1 b 1 0
= lim |=tan™'= — —tan_1E + lim |=tan"'= — Ztan"!' =
a——o0 | 2 2 2 2 b—oo | 2 2 2 2
[ 1 1 b
= lim ——tarf12 + lim |[=tan™! =
a——oco | 2 2 b—oo | 2 2
B —1( 77) n 1(7r)
2 2 2\2
_ T
2

The improper integral converges to .

24. We evaluate

/°° dx B
e @2+l

. /b dx
+ lim [ ——
b%oo 0o +1

}+hm[ L),

- a} —l—bliglo [tan b}

The improper integral converges to [ 7]

25. We evaluate

L de

0 a2 a—0+ x2

1
1

= lim ——]
a—0t [ X
. [ 1 1
a—0t | 1 a

= lim

= lim ——1}
a—0t [a

The improper integral .

] + hm [tan_l b—

W]
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26. We evaluate

L dx . L dx
—3 = hm —3
0 T a—0t J,
- 1
. 1
= lim 53
a—0t+ | 2x2 |,

I 1 1
= lm |——- | —=—
a0t | 2(1) 2a2

. (1 1
= im |— — =
a—0t _2a2 2
= oo.
The improper integral .
27. We evaluate
/1 dxr . L dx
— = lim —
0o T a—0t J, T
= lim [In]z|)}
a—0+

= lim [In|1] -1
i [ [1] = In fa]

= lim [—1In]al]
a—0t
= o0
The improper integral .
28. We evaluate
/6 e _ /6 dzx
L r—4  asat ), x—4
= lim [In|z—4[°
a—4t
= lim [In|6 — 4| —In|a — 4]]
a—4t

= lim [In2—1Inja — 4]
a—4+
= oo.

The improper integral .

29. We evaluate

/4 dx . /b dzx
= lim
0 4—x b—4- Jg V4 —=

b
= 1l —2v4 —
S | o

= lim [-2VI=5 - (—2v1-0)|

b—4—

= lim [4 — QM}

b—4—

= 4.

The improper integral converges to .
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30. Let u = 5 — x and substitute to obtain

/0 (5 —u) (—du)

The improper integral converges to

/5 x dx B
1 5—x N

Ju

4
/ (5u71/2 — u1/2) du
0

4
(5u_1/2 — u1/2) du

lim
a—0+

lim

a—0+ |

lim
a—0t

lim

a—0t |

44
3

a

44

31. We split the integral into two improper integrals:

[
vV

We consider

And

We conclude that the improper integral fil

/.

dx

<

0

dx L dx

“LET L

lim
b—0—

lim
b—0—
lim
b—0—

lim
b—0—

a—0t

a—0t

3

5"

b dx

_3 2:|b
—x3

12 -1

_3 2 3 2
—b3 — —(=1)3
5]
§b§—§

12 2

Lo
EXIE

_2 a

(3 2 3, .2
—_ 3 _ 3
S0 -]
(3 3 2]

2 3"

da_ 343 7@
375 converges to—5+5 =0}
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32. We split the integral into two improper integrals:

Ai;if_li

We consider

dx +/3 dx
z—-27% )2 (z-2)%

/2 dx , /b dx
— = lim —
0o (z—2) b2 Jo (x—2)

= lim

= lim

= lim

= OQ.

11
b—2- | T — 2],

! 1
b2 | b—2 0—2

1 1
b—2= | b—2 2

We conclude that the improper integral f03 (Id%?)g .

33. We evaluate

oo
/ cosxdr =
0

b

lim cosx dr
b—o0 0

. b
Jim [sinz],

lim [sinb — sin 0]
b—oo

lim [sinb] .
b—oo

Since this limit does not exist, the improper integral .

34. We evaluate

/ sin (rz)der = lim
0

b—o0 0

1 b
im |- cos (mc)}

b—o0

b

sin (mz) dx

0

= lim —% cos (wb) — (—% cos (w(0))

b—o0 L

1 1
= lim |—— —cosn'b} .
T 7

b—o0 L

Since this limit does not exist, the improper integral .

35. We evaluate

0
/ efdxr =

The improper integral converges to .

0
lim e” dx
a—r—00 a
RN
lim [eo - ea]

a—r—00
1-0
1.
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36. We evaluate

The improper integral .

37. Let u = 22 and substitute

J

/2 gdax

sin 22

w2 /4
J

The improper integral .

38. We evaluate

J

0 0
e ¥dxr = lim e Ydx
— 00 a—r— 00 a
= lim [—e ””]
a—r—0o0

1
§du

sinu

a—0+ 2
T w2/4
lim ——1n|cscu+cotu|]
a—0t 2 @
I L fese ™ 4 cot ™| + L nfesca + cot al
im |—=1In|csc — + cot — —1Inlcsca + cota
a—0+ 2 4 4 2
I Lnfese ™ 4 cot ™| + L nfesca + cot al
im |—=1In|csc — + cot — —Inlcsca + cota
a—0t | 2 4 4 2
0.
"nzdz . "nzdx
= lim
T a—0t J, xT
_1 1
= lim —lnzx}
a—0+ |2 a
1 1
= lim |=In®1-=1n%a
a—0+ _2 2
= lim ——1n2a}
a—0t | 2
= -

The improper integral .
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39. We evaluate
/1 da i b da
= 11m —_—
o 1—a? v—1- Jo (1 —2)(1+x)

b
= lim 1 - 1 dx
s Sy \20z+1) 2@ —1)
b

[ 1
= lim —ln(a:+1)——1n|x—1|]
b—1- | 2 0

= lim
b—1—

ln(b+1)—%1n|b—1|— (%m(o“)—%lnm_uﬂ

1 ]
NI~ NI~ N

= lim
b—1— |
= oQ.

The improper integral .

40. We evaluate

1
ln(b+1)—§1n|b—1|}

/2 dx i /2 dx
_ ™ _  lim e
1 VaZ -1 a—1t+ J, Va? —1
= lim [ln ‘x + V22 -1
a—1t
= lim [ln’2+\/22—1’—ln’a—i-\/aQ—lH

2
} (by Formula 55)

a—1+
= ali}m{l+ {ln (\/§+2) —ln}a—i— va?— 1H

- 1n(\/§+2).

The improper integral converges to | In (\/§ + 2) .

41. The function f(z) = \/1{7 is continuous on [0,1) but is not defined at = = 1, so
fol ﬁ dzx is an improper integral.

1
x . —1/2
——=dx = lim 1—a? rdz
A V1 — 2 b—1- Jo ( )

0
1
=5 tim (VI=0 = vT=0) =1
b—1—
Therefore, fol —f— da converges to .
42. The function f(z) = \/417—96 is continuous on [0, 4) but is not defined at x = 4, so f04 \/41: dx

is an improper integral.

/ dr = lim (4—:10)_1/2dx
0 4—x b—4- 0

b

= -2 lim [(4 - x)l/Q]

b—4~ 0
= —2 lim (\/4—17—\/4—0) = 2(0-2) =4.
b—4—

Therefore, f04 ﬁ dx converges to .
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43.

44.

45.

46.

We evaluate

/4 b
/ tan (2x)dr = lim tan (2z) dx
0 b=3"Jo
1 b
= lim [5 In |sec 2:10@

b—3~ 0

1
= lim <— In |sec 2b|>
b—=%~ 2

= OQ.

The improper integral .

We evaluate

/2 /2
/ cscxdr = lim cscx dx
0

a—0t J,

/2

= lim [—In|cscx + cotz|],

a—0t

= lim (In|csca + cotal)
a—0t

= OoQ.

The improper integral .

To evaluate [~ %, use the substitution u = v/ + 1. Then = v>—1 and dz = 2u du.

The lower bound becomes v = /0 + 1 = 1.
For the upper bound, as x approaches oo, u also approaches oc.

The improper integral becomes

oo oo 2 _ 0 3 _ o
/ xdx :/ (u 1)2udu:2/ u’ —u du:Z/ 1 1 o
o (z+1)52 ) ub . ub Lo\l

By definition,

1 + 1 1+ ! .
b 3b3 3 o 3.
Therefore, fooo ﬁ converges to '

We evaluate

/OO dx . b dx
- = lim =
5 xvVaZ-—1 b—oo Jo zvV/22 —1
b
= i 1
bggo [sec :c}2
= lim (sec_l b—sec™! 2)
b—o0
T
2 3
o
= 5

The improper integral converges to .
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47. We split the integral into two improper integrals:

/°° dx B
o T2 4445

/°° dx
0o x24+4x+5

We consider

We now determine

/0 dx 7
o2 H4r+5

We conclude that the improper integral converges, with [~

(tan™'2+ Z) =[x}

/0 da +/°° da
o T2 44 +5  Jy x2+4x+ 5

A
b—oo Jo 2 4+4x+5
, /b dz
lim —
b=oo Jo (2 4+2)"+1
. 1 b
bl;rgo [tan™" (z + 2)]0
lim [tan™" (b+2) —tan™" (0 + 2)]
b— o0

s
Z —tan"'2.

2
. 0 dx
im —_—
a——oco J, 22 +4x+5

lim

/0 dx

am=o0 o (z+2)°+1
. —1 0

akr}loo [tan™" (z +2)]

- -1 a1
Erzloo [tan~' (04 2) — tan™ " (a + 2)]

a

™

ant2 (1)
" 2

™

tan™12 4 —.
n + 5
oS} dx _(
oo x24+4x+5 — \2

48. We split the integral into two improper integrals:

/°° dv
N e

/Oo dx
o €¥F+te”®

We consider

Let w = €®, and substitute to obtain

/Oo dx
o €¥+te”®

/0 dx
—eo EF 7T

/:: dx
+ —_—.
o €¥+te”®

. b dx
= lim _—
b—oo Jo €e¥ +e~*

_ erdx

b
~m/ N
b—o0 0 €2m+1
b
. /8 du
= lim —
b—oo Jq u?+1

o . -1 eb

= i Lty

= lim [tan_l e? — tan~! 1]
b—oo

T
4

=R

T _tan"!2

)+
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We now determine

0 dx . 0 dzr
Coo € e a—s—oo [, € e
. O erdy

= lim

Let u = e®, and substitute to obtain

/0 dx
—oo EF 7T

We conclude that the improper integral converges, with [~

49. We evaluate

/2 dv
oo V4 —x B

The improper integral .

50. We evaluate

/1 x dx . U pdr
= lim

a——oo [, e2r 4 1°

i /1 du
= im —_
a——00 [.a u?+1

= lim [tan_l u} 1a
a——00 €

= lim [tan_l 1—tan~ ! e“]
a——0o0
T

- 1-0

1

e =B+ (3) =[5}

lim P do
a—s—oco [ V4 —=x
lim [-2vA—a].

aEI}loo [-2V1—2— (—2v1—a)]
IR

o V2 —x a——oo J, \2—=x

Let w = 2 — x and substitute to obtain

/1 zdx . 1
= im
oo V2 —x a——oco [o_
= — lim
a—r—00

The improper integral .

(2 —u)
a« Vu

1
(2u_1/2 — u1/2) du

(—du)
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51. We evaluate

52.

/4 2x dx B
2 31'2—4 N

The improper integral converges to

T 1
Pt
o l—cosx

We evaluate

The improper integral .

1
)
T
T 1T
N w l\DIC»D e

Y oxdx
N
(IQ B 4)2/3} *
(2 - )" = 3 a2 4)2/3}
lim [3(18)"/% — %(oﬁ - 4)2/3}

. T 1
lim  —
a—0+ J, 1—cosx
. ™14 coszx
lim ———dz
a—0+ sin” x
™
lim (CSC2 x + cscx cot :c) dx
a—07F
lim [—cotx — cscx|)
a—07F
s
cosx + 1
lim |———
a—0t | sinz |,
I [ (cosz +1)(cosz —1)]"
im |———
a—0t | sinz(cosz — 1) u
- . T
. sin? x
lim | ———
a—0+ | sinz(cosx — 1)
r . s
. sinx
lim | ———
a—0t [cosx — 1]
. [ sinw sina
lim —
a—0+ [cosT — 1 cosa—1
) I sina
lim |[———
a—0+t | cosa—1
. [cosa+1
lim |———
a—0+ | sina
0.

53. We split the integral into two improper integrals:

/1553 /1953
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We consider

/0 dx
1 Ig

. b dx
lim -3
b—0— -1 X
- b
lim |— 1
b—0— 22 1
i 1 1
im — | -
b—0— | 262 2(—1)°
i (1oL
b—0— _2 2b
—00.

We conclude that the improper integral f_ll dz .

54. We split the integral into two improper integrals:

We consider

/

dx

dx

1
/0 z—1

= lim

b—1-

= lim
b—1—
= lim
b—1—
= lim
b—1—

= —OQ.

/1 dx +/2 dx
r—1 J, z—1 1 z—1"

b de
0o z—1

n |z — 1[5

Mnfb—1] —1In 0 — 1]
o |b— 1]

We conclude that the improper integral f02 % .

55. We split the integral into two improper integrals:

We consider

/2 dv
o (z—1)"3

[ &5

)73

I3

b—1-

dx +/2 dx
'L @)Y

b dx

o (z—1)Y?
]
:g(b—l)g—g(O—l)g]
:g(b—n?—g}
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And
/2 dx . 2 dzx
im
1 (2 —1)Y3 a1t Jo (2 —1)Y3
_3 2 2
= lim —(17—1)'2*]
a—1t _2 o
(3 2 3 2
= lim [2(2-1)7% - 2(a—1)7
Jm |52 -1 =5l )}
(3 3 2
= 1 —_— = — 3
Jm 53—l }
_ 3
= 5

We conclude that the improper integral f02 (m_dﬁ converges to —% + % = @

56. We split the integral into two improper integrals:

bdx _ O dx boda
_1:1:5/3_ _1x5/3+ o xd/3

/0 da i b da
2 im ar
e b—0- J_4 2%/3

T3 | _
. 3 3
= lm |-———- |- 5
b—0— I 2b3 < 2(_1)3)]

i (3 3
= im |- —
b—0— | 2

= —o0.

We conclude that the improper integral f_ll % .

57. We evaluate

We consider

/2 dx i b dr
gy [
12— )Yt b=2- )y (2= )3/t
b

. . _ \1/4

- g [oa-o

o . . _ 1/4_ _ _ 1/4

- i im0

= lim [4—442—17]

b—2—
- 4.

The improper integral converges to .
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58. We evaluate
/4 dzx i /4 dx
- - lm -
0 V8 — 22 a—0t J, 8z — 22
4
d
= lim+/ -
a—0 a 16 _ (4 _ ZC)2
[ 4—2\1*
_ li w1
[ (57)]
[ 4—4 4—a
o . | I |
[ (5 (e (52
[ 4—a
_ li -1
o (55)]
o7
= 3
The improper integral converges to .
59. The function f(z) = (szﬁ is continuous on (1,3] but is not defined at x = 1, so

2z dx
(z2— 1)3/2

N

is an improper integral.

/3 2x dx _
1 (22— 1)%?

3
lim (z®—1) —8/2 (2 dx)
b—1t Jy
1918
=2 lim [(a* 1)
b—1+ b
= -2 lim (i - ! )
b—1+ 8 b2 —1

Since

1
li —
ol ViE o1

Therefore,

60. We evaluate

The improper integral .

b

. T dx

s 0 (9—:02)3/2

. 2 71/2]17

S (0=

i [0 = 0=

lim [ (9—b2) "% -

b—3~
Q.

|
|
|

;)
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61. We evaluate

= lim |—
b— o0

= lim |—
b—o0

. 1 1 e
= lim 5—56 }

b—oo |

The improper integral converges to .

62. We evaluate, using formula 125,

63.

64.

65.

oo
/ e “sinxdx
0

lim
b—o0

lim

b—o0

lim

b—o0 _5
(1
2

b—oo |

lim

b
e “sinxdx

0

1
—e *(—sinz — cos )

|2

N =

The improper integral converges to .

(a) We have

By the comparison test, since p = 1 and floo % dx diverges, we conclude that floo

v

(a) We have

v

(a) We have

1
Va2 -1

Y]

2

1

Va?

2

.

e ’(cosb + sin b)}

x.

2

—_—> =
Va2 =47 /22 oz

By the comparison test, since p = 1 and f;o % dx diverges, we conclude that fQOO \/% dx

1+e™®
T

1
> =
T

1 1
e ?(—sinb — cosb) — (56_0(— sin0 — cos O))}

1

VaZ-—1

dzr

By the comparison test, since p = 1 and floo % dx diverges, we conclude that floo % dx

diverges |
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66.

67.

68.

69.

70.

(a) For & > 1, we have

et < 1
x
S0
e~ " 3
< -
x x
By the comparison test, since p = 2 and floo z—%dw converges, we conclude that

00 —x
J1° 3¢~ dx [ converges].
xX

(b) Using a CAS we obtain

[ e~ [
1

x
(a) We have
sin’ <1
S0
sin’ x 1
22 = a2
By the comparison test, since p = 2 and floo %dw converges, we conclude that

o0 sin? gz
Ji 2252 da [converges |

(b) Using a CAS we obtain

© gin?
/ — do ~[0.673]
1

(a) We have
cos® <1
SO
cos? x 1
22 = 22
By the comparison test, since p = 2 and floo z—lzdx converges, we conclude that

00 cos?
Ji €%2% dx [converges].

(b) Using a CAS we obtain

* cos? x
/ dx ~{0.3265|.
1

2

(a) We have
1 11
(x+ 1)z ~ oz 23/2°
By the comparison test, since p = % and floo 13—1/2 dx converges, we conclude that

IF* G e o)

(b) Using a CAS we obtain

e i El

(a) We have
1 < 1 1
o/14+22 ~ /22 2%
By the comparison test, since p = 2 and floo w%dx converges, we conclude that

o 1
S s do [converges |

(b) Using a CAS we obtain

> 1
— _dr~ -0.8814 .
/1 V1 + a2 v
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Applications and Extensions

71. The area is given by the improper integral fooo (#_1 — ﬁ) dx. We evaluate

> /1 1 b 1
/ — dzr lim — dx
0 z+1 x4+2 booo Jg \z+1 x+2

= lim |z + 1] —Injz +2[]}
b—o0

= blim njp+1—Injb+ 2| — (In]|0+ 1] —In|0 + 2|)]
—00

= lim [n2+In|b+ 1] —In|b+ 2|]
b—o0

b+1H

b+2

b—o0

_ [ma)

72. The area is given by the improper integral fooo

= lim [1n2—|—1n

_1
1422

00 1 ] b 1
——dx = lim ——dx
o 1+a? b—oo o 1+ a2

dzr. We evaluate

. _ b

= bli)r{)lo [tan 11:]0

= lim [tanflb—tanfl O}
b—o0

= lim [tan_l b}
b— oo

s

2 |

73. The volume is given by the improper integral fooo 77(6’””)2 dz. We evaluate

0o b
/ w(e_””)de = lim e 2 dy
0 b— oo 0
b
= lim ——weQI}
b—)oo_ 0
I I SR L 50
e (e
_ 7 1 I o
= |gm o gTe ]
pr— %'

2
74. The volume is given by the improper integral floo 7T( i) dx. We evaluate

Nz

o0 1 2 b 1
/ 7T<—) dr = lim T—dx
1 \/E b—o0 1 X

L b
— lim frin fof)}
= lim [rln|b] — 71n|1|]
b—o0
= lim [wlnd]
b—o0
= oo0.

So the volume of the solid of revolution is .
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75. The area is given by the improper integral f - m dr = fooo w2+4a2 dx —I—fo 2+4a2 dx.

We evaluate first

I

8a3
22 + 4a2

We next evaluate

8a?

———d
/0 22 +4daz ™’

dzr

0 3
. 8a
tll{lloo . 22+ 4a? du
- 0
: 3 —-1( %
i ) (2]
[ 0 1 t
: 3y L -1 YY) 3y L 1t
tggloo _(8a )2 tan 2a> (8a )2a tan <2a>}
I t
lim |—4a®tan™! <—)}
t——o00 L 2a

(1) (-5)

2ma’.

t—oo [ 2 + 4a?

lim
t—o00

B i aftY 3 i -1
tllglo _(8(1 )2a tan (2@) (8a )2a tan

So the area under the graph is 27a? + 2wa? = .

76. (a) One can consider the total reaction as the rate of reaction times time. When the rate
is not constant, the total reaction is given by the integral of the rate of reaction for
t > 0. This integral is equal to the area under the graph of y = r(¢) on [0, c0).

(b) We evaluate the improper integral

/OOO r(t)dt =

o0 2
/ te=t dt
0

b
= lim t(ft2 dt

b—o0 0

= lim
b—o0 L

= lim
b—o0 L

= lim
b—o0 _2

So the total reaction is .
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(a) We have R(t) = 100, and r = 0.08. So the present value of the asset is given by the

improper integral

oo b
/ R(t)e_Tt dt = 11m 1006—(0.08)t dt
0 b—o0 0
b
= lim ﬂefo.OSt
b—oo | —0.08 o
100 100
= 1 " —0.08 _ —0.08(0)
b [—0.086 ~0.08°
= lim [1250 — 1250~ -0%"]
b—o0
= 1250.

The present value of the asset is $1250.00.

(b) Now with R(t) = 1000 + 80¢, and r = 0.07, the present value of the asset is given by

the improper integral

) b
/ R(t)e ™ dt = lim [ (1000 + 80t)e (-0t gt
0

b—o0 0

b—o0

b b
= lim [1000 / e~ (00N g1 4+ 80 / te“tdt]
0 0

b—ro0 —0.07

1 1
= lim [1000———e %" 4+ 80 ———5e~®9Dt((0.07)t + 1)
(0.07)

[ 1
= lim [1000———e %070 1 80 —
(0.07)

se 078 ((0.07)b + 1))

- (1000%(007(0) + 80 <— (0';7)2 e~ 00O ((0.07)(0) + 1)) )]

1000 1
= lim l—e_o'mb+80<——26_(0'07)b((0.07)b+1))

—0.07
(1000 80
—-0.07  (0.07)°

~ (1000 80
—-0.07  (0.07)

~ 30,612.

The present value of the asset is approximately | $30,612|.

(0.07)
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78. We evaluate the improper integral

/ Ri?dt =
0

b 2
R(Ie’Rt/L) dt

lim
b—o0 0
b
lim RIZ2e2Rt/L gt
b— o0 0
[ RI” 2Rt/L ’
lim |[————e~ ]
b—s oo _—2R/L 0
lim |—LL12e-2R0/L _ (_Lpp2.-2mo)n
b—oo | 2 2
i 1 2 L1, —2Rb/L
lim |=LI*— -LI%e
b— o0 _2 2
1
§LI2 .

79. We evaluate the improper integral

2rNIr /OO dy
100 Jo o (r2 4 92)%?

2rNIr . [1 b 1 x

(by Formula 61)

1 T

2 5 .
(r/b)y"+1

80. We evaluate the improper integral by splitting into two integrals.

rim [~ dy

10 J oo (r2 4 ¢2)%/2

We first evaluate

0 dy
oo (12 +42)*?

rim /0 dy +/°° dy
10 oo 24922 o (12 442)*?

i O ay
1m ==l
a——oo [, (7’2"‘?]2)3/2
_1 0
. Yy
| —_—— by F la 61
L | ) (B Formula SU
I (1 0 1 a
w0 |2 VIT 02 2Rt o
1
lm |[———
azTee _1"2\/1—1-(7’/@)2
1

10 b—o0 _7’_2\/7’24_1)2 _T_Q’/TQ—FCCQ
J)

r T2—|—CC2
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And we evaluate

/°° dy i [y
" — lim %
o (7’2—|—y2)3/2 b—oo Jo (T2+y2)3/2
- b
= lim 1_v (by Formula 61)
b—o0 _T21/T2+y2 0 Y
Y E T
o b— oo _7’2 7'2+b2 r2 T2—|—O2
1
= lm |———>—
breo _r2\/1+(7°/b)2
= =
So
rim [~ dy ~orIm |1 1
10 J_oo (r2442)¥2 10 [72 12
_ [
5r |

81. We have W = [ F(r)dr, where F is the force acting on an object. So we evaluate the

improper integral
00 b
GmM
/ F(r)ydr = lim n”; dr
1 b—oo Jq r

0 GmM]b
= lim |—
b—o0 L T 1
o GmM < GmM)]
= lm|-——— | ——
b—o0 L b 1
= lim GmM—Gm—M]
b—oo L b
= |GmM |

82. If @ > 0, then fol x® dzx converges as an ordinary definite integral. If —1 < a < 0, then

1 1
/ z%dr = lim % dz
0 a,—)OJr a
anrl 1
= lim { }
a—0t+ [a+ 1],
10c+1 aochl
= lim —
a—0+t |la+1 a—+1
B 1
T oa+41’
and the improper integral converges. If « = —1, then
1 1
/ z%dr = lim x Vdx
0 a~>0+ a

= lim_[In|z|];
Jim In fo[],

= lim [In|1] —In|al]
a—0t

= 00,
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and the improper integral diverges

1
/ % dx
0

and the improper integral diverges

83. We evaluate the improper integral

. And if a < —1,
1
= lim % dx
a—0t [,
xoz-l—l 1
= lim
a—0t+ |a+1 a
1a+1 aa-i—l
= lim —
a—0t |a+1 a+1
= OO,

. So fol x® dx converges for .

[ b
/ ze *dxr = lim ze *dzx.
0 b—o0 0
Let w =z, du = dx, and dv = e ®dz, v = —e~ ", and use integration by parts.
< T _a\1b b
/0 ze Ydr = bli>I£lo [:v(—e )}0 —/0 (—e )dw}
[ b
= lim be~? —|—/ e " d:v]
b— oo 0
— d _ b __—ax7b
- i [ ]
_ : _ b b _(__-0
— lim [~bet 4 [~e™ = (=e)]]
= lim [—befb +1-— efb}

84. We evaluate the improper integral

b—o0

al

1 1
/ rlnzdr = lim rlnzxdz.
0 a—0t a
Let u=Inz, du = %dw, and dv = xdx, v = %:102, and use integration by parts.
1 i 1 1
1 1 1
/ zlnzdr = lim {(111:17) (—:172 } —/ (—xQ) <—) da:]
0 a—0+ 2 a o \2 T
[ 1
= lim
a—0t

= lim

1 1
—Zad’lna — le
a—0t 2 2 @

1 1 1
= lim |—=d®’lna— Z - Za?
a—0t | 2 2 2
- . 1 9 1 5 1
= i |0t et g

N[
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85. We evaluate the improper integral

0o b
e “cosxdr = lim e *cosxdr.
0 b—o0 0

We use integration by parts to obtain formula 126, and so

o) b
/ e “cosxrdr = lim
0

e (= cosx + sin a:)]
b—o0

0

b—o0

= lim -
b—o0

1
12
. (1 —b . 1 —0 .
= lim ¢ (—cosb—l—smb)—(Ee (—cosO+s1nO)>]
(1
12

e ’(cosb — sin b)}

N | =

1
5 .
86. We evaluate the improper integral

%) b
/ tan !z dzr = lim tan~! z dz.
0

b—oo Jo

_1
1+2x2

oo [ b
1
/ tan 'zdr = lim [a: tan™! :zr]g — / x<—> d:c]
0 b—o0 0 14+ 2

Let w =tan" 'z, du = dzx, and dv = dx, v = x, and use integration by parts.

b
1
= lim |btan™'b— [5 In (x2 + 1)]

b—o0

0

S - 1
= lim btanlb—iln(lﬂ—f—l)}

b—oo |
= 007
and the improper integral .
.. e’} d T b d
87. By deﬁnltlon, fO W = bli)nolo fO W

To evaluate [ Mﬁ, use the substitution z = 2tan6, —5 <0 < 3.

Then dz = 2sec? 0 df and Va2 + 4 = VAtanZ 0 + 4 = 2v/sec2 6 = 2secd since -5 < 6 < 3.

When x =0, 2tanf = 0 and so 8 = 0. Asx—)oo,tan@—)ooandso@%%.

So,

o dx b dx b1 1 b
e | —— =1 ——2sec’Adh =~ i 0do
/0 (22 + 4)3/2 bggo/o (22 +4)3/2 EHHTP/Q/O Ssec3g ¢ 41HH;1/2 o o8
1. T T . 1 1
=> 1 o ==~ 1 b—0)=-(1-0)=-.
1,0 P =3 I, B =0 =70 =7

oo dx 1
Therefore, fo @i converges to .



7.7 Improper Integrals 7-253

- 0o . b
88. By definition, [, m dx = bliglo Ih m dx.

89.

Use the substitution x = 3secf to evaluate f m dr. Since z >0, 0 <60 < 3.
Then dx = 3tanf secf df and
(22 —9)%/%2 = (9sec?§ — 9)3/2 = [9(sec® 0 — 1)]3/2 = (9tan 9)3/2 = 27tan® 0.

Then

1 1 1/ 1
/(:102—9)3/2 dw-/(m>(3tan6‘ sec@d@)—g/ -y -secddf

9 sin?f cosé 9 sinf sin@ 9

Since x = 3secf, we have cosf = ; and sinf = v1 —cos20 = \/1—— = \/x2 9 —
+ V2?9

Since 0 < 6 < 5, sinf > 0. So, sinf = Y= and cscf = —L—.
So,

1 1 T
————dr=———+—+0C
e s

and
/*; / ot [ ]
. Eoopr = g m —93/2 9000 | Va2 =9,
__1 AN L _AN_ 1, 4 4T
B 91;%0 ./—bz Vi) 9 Vi) 9 9J7T 63
47

Ol

Therefore, [, W dx converges to

D

3

s oo dx
By definition, fl [EEs Wore=t b~>oo fl (x+1)\/m

dx

GIDvETE begin by completing the square on the expression 2z + z2.

To evaluate [

2x+x2:x2+2x+1—1:(x+1)2—1.

The integral becomes f Y 2x+12 = f( +1)\/ e

dx _ dx —
Use the substitution v = « + 1. Then du = dz and f DT = J Y ey
J u\/% = arcsecu + C = arcsec(z + 1) + C.
So,

/OO dz = lim /b dz = lim [arcsec(z 4 1))}
1 (z+DvV2x 422 booo)y (x4 1)V2x 422 booo !

= lim [arcsec(b+ 1) —arcsec(2)] = = — = =
b—o0

e

T
3

| 3

oo dx ™
Therefore, fl GIDvI e converges to .

2
ZE/M-LCMZE/COSH LI 1/00‘59 csc@d@-—%csc@—i—(}'

O~
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oL oS} dz da
90. By definition, fQ raevinTe? bliglo 2 @122 Vasta®

To evaluate [ Wiﬁ, begin by completing the square on the expression 4x + 22.

dr+a2? =2 +dr+4—4=(2+2)7° -4

dz dx

ot2)2VAsta? f (42)24/(x42)2—4

The integral becomes f

Use the substitution u = z + 2. Then du = dz and f o I4z+m2 = ( +2)2\7(1 =

f uz\/uT
Use the substitution v = 2secf to evaluate [ M%. Since z >0, 0 <6 < 3.

Then du = 2tanfsecd df and

Vuz —4=1/4sec20 — 4 =2v/sec20 — 1 = 2v/tan? 0 = 2 tand since 0 < § < g

Then
2 tan 0 sec 6 df 1 1 1 1
= df = 0do = - 0
/uQs/uQ /{45%29 2tan9)] 4/se(39 4/COS 4s1n +C.

. . 2_

Since u = 2secf, we have cosff = 2 and sinfl = V1—cos?0 = /1 — % = (/432 =
u?—4

A=

Since 0 < 0 < I, sinf > 0. So, sinf = Y =4,

u

So,
/ dx B du__ 14 (x+2)2_4+0_\/m+0
(x + 2)2V4x + 22 u?Vui—4 4 u 4(x +2) 4d(x +2)
and
b
/°° da i /b da i Vix + 22 Vab+ 02 V12
= 11m = l1im . = - .
o (z+2)2VAz+ a2 oo fy (2 4+2)2VAx+ a2 booo | 4z +2) b—oo | 4(b+2) 16
Note that
VIER 1 VIR (3 1 P11/ 0FTY 1
m-——=-1lm —- (2| == lim | —— - -,
b—oo 4(b+2) 4500 b+2 % 4 boo 1+% 4\ 1+0 4
So,
/°° dx i VAb+02 V12 1 2v3 1 V3
= l1im _— | == — = - — —,
o (x+2)2VAxr +22  booo | 4(D+2) 16 4 1 4 8
Therefore, f2 ﬁjm converges to %— \/Tg A
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91. We evaluate the improper integral

oo b
/ sinzdr = lim sinx dx
0 b—oo J
= lim [— b
Jim [— cos ]
= lim [—cosb— (—cos0)]
b—oo

= lim [1 — cos?].
b—oo

Since this limit does not exist, the improper integral fooo sinx dx . We now
evaluate the improper integral

0 0
/ sinzdr = lim sinx dx
— 00 a— — 00 a
— 3 _ 0
= agrgloo [—cosz],
= lim [—cos0— (—cosa)]
a— — 00

= lim [cosa—1].
a—r—00
Since this limit does not exist, the improper integral fEm sinzx dz . We now
determine

¢

, . . t
lim sinzdr = lim [cosz]_,
t—o00 ¢ t—o0

= tli)rgo [cost — (cos (—1))]

= tli)ngo [cost — cos (¥)]

= lim [0

t—o0

92. If we let f(z) =2+ 111;, then

o 1 b 1
/ T+ /7 dr = lim T + /™ dzr
0 1+ 22 b—oo Jg 1+ a2

b

1 1
= lim |22+ Ztan"'2x
b—oo | 2 ™ 0

1 1

= lim [—b2+—tan1 b}
b—oo | 2 ™

= OO,

so this integral diverges. And

0 0
1
/ rdr = lim T+ /m dx
o a——oo [, 14+ 22

0
1 1
= lim |:§$2 + —tan~! x}

a——00 s a
1 1

= lim {——a2 — Ztan! a}
a——00 2 T

- —0Q0,
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so this integral also diverges. But

t - t
1 1 1
lim T+ /7 dr = lim |=2?>+ ~tan" 'z
t—o00 ¢ 1—}—(52 t—o00 _2 e —t
AR R L2 1
= lim _Qt +—tan~lt — (5(—15) + —tan" (~t)
[2
= lim —tanlt]
t—o0 _71'
= 1.
93. Since
1 1 1

> = —
V2+sinz ~ V2+1 V3

for all z, and since [, & dz diverges, by the Comparison Test, [;° \/ﬁ dz diverges.

94. Since for x > 2
Inx S In2 In2

Va2 -1~ 22 Tz

and [,~ 122 dx diverges, by the Comparison Test, [,~ \/1;2%1 dx diverges.

95. (a) We evaluate the improper integral, and let u = 2™, du = nz" "' dx, dv = e~® dx, and

v=—e % We obtain
oo b
/ e *dx = lim e " dx
0 b— oo 0
b b 1
= bli)r{)lo [[w"(—e‘m)]o—/o nx"” (—e_””) d:v]

b
= lim l—b”e‘b—i—n/ :C"_le_mdx]
b—o0 0

b
= lim [—b"e_b] + lim [n/ 2 le® dx]
0

b—o0 b—o0

b
= 0+n lim l/ x"lexd:c]
b—o0 0

oo
= n/ 2" e T dx.
0
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(b) Using part (a) repeatedly, we obtain

oo o0
/ e Fdx = n/ 2" e T dx
0 0

= n(n—l)/ " 2e " dx
0

= [n(n—l)---l]/oooe_md:v
b

= (n!) lim e dr
b—oo J

= (n!) lim [_671]3

= )i [t ()]
= (n!) bli}rgo [1—e?]
= nl

96. We evaluate the improper integral, and obtain for p # 1

/Oo dx — b dx
. z(lnz)? i . z(lnz)?
(=7 21"

= lim ]
b—o0 L 1-— P .

~ [mm'™?p 1n1pe}
= lim —
bsoo | 1 —p 1—p
[In'~Pb 1 ]

= 1. —_——_—,—_—_—
bggo_l—p 1—p

If p>1,then1—p <0, and
/°° e . m'”?p 1] 1
. x(lnx)p_bggo 1-p 1—p| p-1
If p<1,then1—p >0, and

/°° e _ . In'"?b 1]
. x(lnx)p_bggo 1-p 1-p -

And if p = 1, we have

/°° dx . b dx
lim

z(Inz)? b—oo J, zlnzx

= lim [ln(ln x)]z
b—o0

= lim [In(Ind) — In (Ine)]
b—o0

= lim [In(lnbd) — 0]
b—o0

= 0.

So foo w(li—xw)p converges if p > 1, and diverges if p < 1.

e
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97. We evaluate the improper integral, and obtain for p # 1

/b do b dax
o @—a)f  t5et ), (x—a)’

Ifp>1,then 1 —p<0, and

/b dx , [(b—a)lp (t—a)'”
(7:11111 —

r—a)’  tSat

IfoO<p<1,then1—p>0, and

/b de lim (b—a)' " B (t—a)'™? B
W (x—a)?  iSar 1—p 1-p B

And if p =1, we have

/b dx . b dx
——— = lim
o (x—a)’ tsat Jy T—a

= lim [ln]z — a]
t—at

b
t

= lim [ln|b—a| —In|t — al]

t—a™t
= OQ.

So f; (Ifﬂg)p converges if 0 < p < 1, and diverges if p > 1.

98. We evaluate the improper integral, and obtain for p # 1

/b do ' de
o b=z e ), (b—2)P

Ifp>1,then1—p<0,and

b dg _ —(b—t)'"" b—a)""\|
/a(b—:v)p_t—lgl 1-p \  1—p -

If0<p<1,then1—p>0, and

b da o —(b—1t)'"" b—a) "\  (b—
/a(b—x)p_t—lgl* 1-p \  1—p N
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And if p =1, we have

dzr

[

— )

= lim

todx

t—=b= Jq b—=x

= lim [~In|b—z[]}
t—b—

= lim [—In|b—t|—
t—b—

= OQ.

So f; (b‘f—i)p converges if 0 < p < 1, and diverges if p > 1.

99. pr = O, then (w_—a)

on [a,b], so the integrals f (w 57 and f
INE

z) dz diverges, then since g(z) > 0, we know that [ g(z)

converge. For example, fl

100. Suppose [~ g

11)1_

=1 for all z in (a, b], and so f
for all z in [a, b), so fa (= m)p =1. And 1fp < 0, then

(z— a)p

(~In b — al)]

_ oo 1
b — a. Likewise, Ty = 1

(w

a7 and =

1

any real number then there exists b such that for every b < ¢,

.ot
S0 i 1.
Now suppose [ f(z

b
MS/Q(I

) dx converges. Then [ g(x

>dxs[lbf<x)dx§11tf(x>dx

) dx = 00, by definition of an infinite limit. So f:o f(z

above, we otherwise would conclude that [~ f(z) dz diverges.

101. We evaluate, for s > 0,

L{f(x)}

/ e % f(x) dx
0

/ e Txdx

0

lim
b— o0

lim

b—oo |

lim
b—o0

lim
b— o0

1
s2 |

b

—SsT

e
0
[ 1
——e
52

x dx

b

5 (s + 1)}

0

L oF are continuous

)p are ordinary definite integrals, and hence

dx—[ (x—1) r*

1
3

dx = oo. If M is

) dx diverges.

) dz must also converge, since from the

-—Slze_bs(bs 1) (-S%e—@ﬁ(m)s 4 1))}

1
- -

LS

S

b (bs +1)

|
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102. We evaluate, for s > 0,

L{f(x)}

oo
| e
0

oo
/ e **cosxdx
0

() da

b
= lim e **cosrdr
b—o0 0
[e=*$(sinx — scosx) b
= lim
b—o0 L 82 + 1 0
. [e?(sinb—scosb) e (©%(sin (0) — scos (0))
= lim —
b—oo L 82 + 1 82 + 1
_ s n _psSinb — scosb
) PR R s2+1
= 523—1 :
103. We evaluate, for s > 0,
L@} = [ e
0
= / e *Tsinxdx
0

b

= lim e *Tsinxdx
b—o0 Jq
_ [—e5%(cosz + ssinz)]"
= lim
b—o0 L 52 +1 0
. [—e " (cosb+ ssinb)  —e (©%(cos (0) + ssin (0))
= lim —
b—oo | s2+1 s2+1
1 _psCOsb+ ssinb
= lm|———e " —r ——
b—00 _82 +1 s2+1
_ 1
- s241 |
104. We evaluate, for s > 1,
L@} = [ e
0
= / e e dx
0
b
= lim e”(1=%) dg
b—o0 0
'ez(lfs) b
= lim ]
b—o0 L 1—s 0
[eb(=s)  o(0)(1-s)
= lim }
b—o0 L 1—s 1—s
i [ 1 efb(sfl)
== P E— }
_ 1
s—1 [

But for s < 1, fooo e~ %%e® dx diverges.
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105. We evaluate, for s > a,

L{f(x)}

/OOO e=57 f(2) dz

'ez(afs)
= lim
b—oco | @ — S 0

'eb(afs) eO(afs)
= lim - ]
b—o0 L a—S a— S
'efb(sfa) 1
= lim - }
b—o0 L a—S a—S

3

e

But for s < a, fooo e~ %%e” dx diverges.

106. We evaluate, for s > 0,

L{f(x)}

Challenge Problems

_ /OOO =5 f(z) da

= /000 e (1) dx

= lim
b— o0

= lim
b— o0

= lim

b—oo |

W =

107. The arc length is given by fol A1+ (dy/d:v)2 dz. We differentiate, and obtain

dy = i(\/x—a:Q—sin_l\/E)
dx dx
1 —1/2 1 1
= 5(1:—12) (1-2z)— BNG
1— (V)
- 1-—2x 1
N N
—x

Vi —a2
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So

1+ (dy/dz)? = \/1+(\/%)2

We now evaluate the improper integral.

1 b
1 . —1/2
——d = 1 1— d
/0 At = Jim ) (-a)de

= lim [—2 l—xb

b—1— 0
-y [T )
= Jlim [2-2vT=7)

- @

108. We evaluate the improper integral

— 00 Tr—r—00 T

/ "= dr = lim ee ¢ d.

Let u = €%, then du = e* dx, and we obtain

— 00 Tr—r—00 et

/ e dr = lim e “du

ea
= lim [—e “} .
T——00 €

109. We split the integral into two improper integrals:

oo z——o0 [, z—o0 Jg

/ @) dr = lim e®e ¢ dr+ lim efe ¢ dx.

For the first integral, let u = e”, then du = e” dz, and we obtain
0 1

. J— x . —
lim e“e ¢ dx = lim e “du
z——oo [, z—=—00 [ o
. 1l
= lim [—e “] .
T——00 €

= Jtim |7 (=)

. — x —_
= lim [e ¢ —e 1]
r—r—00

= 1--.
e
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For the second integral, let u = e®, then du = e” dz, and we obtain

T e’

lim ee ¢ dr = lim e “du
oo
= lim |—e™*
Jim [—e™];
. — x —_
= lim [—e ¢ —(—e 1)}
XT—r00
= lim [e_l —e ¢ ]
xTr—r0o0

1

€

TR R A U
[e dx—(l )—i—e—.

0o e

So we have

In2

110. (a) We need to show that fo e Tdr = flzo2 e~ " dx. For the first integral we have

In 2 In2
/ e dr = [—efﬂ On
0

_ _671n2 _ (_670)

1
= ——+1
5+

The improper integral is determined next

%) b
/ e %dr = lim e “dx
1

n2 b=00 Jin2

So the areas are equal.
(b) The volume obtained by rotating the first region about the x-axis is

In2 9 In2
/ w(e_””) de = / me 2 dy
0 0

. _z _2w:|ln2
{ 26 0
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The volume obtained by rotating the second region about the x-axis is given by the
improper integral
00 9 b
/ w(e_””) dr = lim e 2 dx
In2 b—oo Jing
MES)
= lim |——e
b—o0 2 In2
—  lim [_Eef% _ (_16721112)}
b—o0 2 2
1 1
= lim |-7— —me" 2
b—oo | 8 2
T
= 3
So the volume of the first solid is three times the volume of the second solid.
111. Since a < b, f(x) > 0 for all . The integral of f is 0 outside of the interval [a,b], and so

we have

[

1
b—a

dx = (b—a)=1.

b—a

We conclude that f is a probability density function.

112.

/:: f(z)dx

We have f(x) > 0 for all z. The integral of f is 0 for x < 0, and so we have

1
/ —e v dy
0 a

b

1
lim Ze /gy
b— o0 0o @

1 b

lim {—6731}
b—oo 0
lim {—e‘Eb ( e_%(o))]
b—oo
lim [l—e %b}
b— oo
1.

We conclude that f is a probability density function.

113. We need to evaluate

The mean of f is u =| %42

dzr

[
axb—a
1 b
= b_a/axdx

— 1 11,2_1@2
b—a |2 2

(b—a)(b+a)
2(b—a)
a+b
5
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114. We need to evaluate

/OO ef(z)de =

— 00

The mean of fis p =[a].
115. We need to evaluate

| @-wea

— 00

The variance of f is 02 =

. The standard deviation is 0 =

116. We need to evaluate

R R

b—o0
bliigo [—e*%b(a +b)— (—e*%(o) (a+ O))]
b e )]

b
1t b\
' /(x_a—i— ) d
—a,
1 -1 a+b 3
il (P
b—a |3 2

3 3
S e O
24(b1— a) [2(1’ - aﬂ
(b—a)
12

o

—a

2

B

1
/ “(x—a)’e " dx
0 a/
b
1
lim —(x —
b—oo Jg a
L b
lim [—eiEz (a® + :102)] .

b—o0

a)’e /% dx

lim [
b—o0

lim [
b—o0

a’.

a’ — e_%b(a2 + b2)]

The variance of f is 02 = . The standard deviation is o = a.

—e b (a? + b?) — (_67%0(“2 + 02))}
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AP® Practice Problems

1.

r+2
x2+4+4x—12

The function f(z) =

o 2 42 . . .
T =2, 80 fo e dx is an improper integral.

2 T+ 2 . b T+ 2
——————dz = lim ————dzx
0 22 +4x—12 v—2- Jy 2?2 +4x—12

= (Hg;ﬁd) is continuous on [0,2) but is not defined at

Now use the substitution u = 2 +42—12. So, du = (2x + 4) dx = 2(x + 2) dz, (v + 2) dx =
doand [E2 o de =194 = 1inful+C=3In|2? +42— 12|+ C.

PR r24+4x—12 u 2
Theref /2 T2 gy [t
ererore —— axr = 11In ———— ax
" Jo 2?2 +4w—12 v—2- Jo x? + 4z —12

b

1
lim [—ln’xz—l—élx— 12‘
b—2- | 2 0

[,
5, m [In[6* +4b— 12 — In12].

. . . 2, -
Since lim [b? +4b — 12| = 0%, lim In[b? 4 4b — 12| = oo and so [ g5y dur | diverges |

The answer is D.

The function f(z) = % is continuous for z > 1.

ey oo 9 T b o
By definition, [~ & dx = blg](t)lo [} = da.

b ) b
1irn/ —3dx:2lim 3 dx
1

b—o0 x b—oo Jq

The answer is B.

The function f(z) = is continuous for x > 3.

8z
V8—a?

By definition, [;° w22 d

T3-a7 dx.

BRT b 8z
S e
b b
. 8r . 2y —1/3
i [ = [ ) e

= —4 lim [2(8 - :102)2/3}

b—o0

b
3

=6 lim [(8 43> —1].

— 00

2
Since blirn (8 — )23 = ¢ [lim (8 — b2)} = 00, —6 lim [(8 - b2)2/3 - 1] = —oo and so
e el

b—oo b—oo
oo 8 -
A wa—s da | diverges|.

The answer is D.
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4. The function f(z) = ze®” is continuous for z < 0.

By definition, f_ooo ze® dz = lim fb ze®” da.

b——o0
0 0

1 1 0 1
lim ze” dr == lim 612(2:10 dz) = = lim [ewz} = - lim (eo — ebz).
b——o0 Jp 2 bo—0c0 Jp 2 b—>—o0 b 2bo—o0

. . 2 2 0 2 -
Since , lim e = oo, % hm (eo —eb ) = —oo and so fioo xe® dx | diverges |
— — 00 — 00

The answer is D.

5. The function f(x) = m is continuous for x > 2.

By definition, f2 )2 dx = hm fz (ln z (Inw)? dx

To evaluate f ﬁ dx, use the substitution v = Inz. Then du = %d:z:, dxr = xdu, and

[ st do = J sha(wdu) = fudu="5 4+ 0= L 4 C.

Inx
* 1 b 11" 11
So, / 5 dr = lim ———dr = lim [——} = — lim (— - —>
2 z(lnz) b=oo Jo 1 (Inzx) b—oo | Inz|, b—oo \Inb In2

1 1
—‘(O‘E)—m'

6. The function f(z) = 4%/5 is continuous on (0, 1] but is not defined at z = 0, so fol 4%/5 dx is

The answer is A.
an improper integral.

1 3/4 1 4 4
/ dr = lim Y4 dz = lim [x ] = = lim (1— 4173) =-(1-0)= %.
G b 3

b—0+ Jy b—0+

=

The answer is C.
7. Using the method of disks, the volume is given by V = [ (y)* dx = =n [~ (%) =

oo 1
—z dz.

™1

By definition, [ 2 dz = blim flb L dw
—00

< 1 b1
/ d:v = lim — dzr
1 ,CC b—o0 1 T

x4
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7.8 Integration Using Tables and Computer
Algebra Systems

Skill Building
1. We use Integral 123,

/e‘” cosbx dx = azeiW(GCObe + bsinbz) + C,

with a = 2 and b = 1. We obtain

2z
/ezmcosxd:r = ﬁ@cosx—i—sinx)—l—O

e?*(2cosx + sinz) + C |.

1
5

2. First let u=2x+ 3, s0 x = “T_3 and %du = dx, and substitute to obtain

u— 1
/651+1sin(2:v+3)dx = /65( 23)+1sinu§du

5,13 .
272 sinudu

I
N~
—

(9]

_13 54 .
e 2 /e2usmudu.

We now use Integral 122,

axr

/e‘” sin bz dx = (asinbx — bcosbx) + C,

a? + b2

with a = % and b = 1. We obtain

1 1 [ s, . 1 1 e3 5 .
56 2 e?sinudu = 56 2 5272 §SIHU—COSU +C
(3)+1
1 . 2(2z+3)
= 5e%(65227<§sin(2:c—|—3)—cos(2a:—l—3)
(3)" +12

= | Ze5 1 (Ssin (22 + 3) — cos (22 + 3)) + C'|.

3. Use Integral 31 with a =2, b =3, and n = 4.

2+3z)° (2+ 3w 2
2+3z)*d ! — C
/x( +382) dz 32 (4+2 4+1>‘L

S

)<
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4. Use Integral 27 with a =5 and b = 2.

T 5 1
——dr = ————+—=Inl5+2 C
/(5+2x)2 TS g Tz P
= m+%ln|5+2x|+0

5. Use Integral 41 with ¢ =6 and b = 3.

22 dx 2
= 8.62—(4-6-3 33922 |V6+ 32+ C
verriaeer N S R G B L NCRE iy
:ﬁ(288—72x+27x2)\/6+3x+0

= %(32—8x+3x2)\/6+3x+0

6. Use Integral 45 with a =1 and b = 1.

\/1—1—:17 dzr
r=2V1+x+
/ . vl—i—:v

Use Integral 43 with a =1 > 0 and b = 1 to evaluate

dx o Vi+r-—1
Vitz  |Vitz+1

e

So,

vi+zx ViFz-1
. de = 2\/1+x+ln’ﬁ+1‘ +C

7. Use Integral 50 with @ = 2. Then a? = 4 and

2
/de: ~/x2+4—21n’2+7‘/f2+4’+0

x

8. Use Integral 54 with a = 3. Then a? = 9 and

IVa2 =9+ 2|z + Va2 - 9|+ C

/de
Vrz -9

9. Use Integral 59 with @ = 2. Then a? = 4 and

dx ~
/(x2 — )32 =" T

10. Use Integral 58 with @ = 3. Then a? = 9 and

4
3 1n}x+\/x2+9}+c
=|2(2202 +45)vVaZ + 9+ X In |z + Va2 + 9| + C

/(:v2+9)3/2dx: %(21%5-9)
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11. Use Integral 120 with m = 3 and n = 2.

3+1 2 4 2
3 o, _ a2 (Inw) 2 / 3 9-1 , _ ' (Inx) _1/ 3
/x (Inz)® dx = 341 el (Inz)* " da = —5 "3 /¢ Inxdz

Use Integral 117 with n = 3 to evaluate fx3 Inxdx.

341 4
3 _(® o1 _T _1
/x lnxdx—<3+1><1n:v 3+1)+C— 4(11196 4)+C
So,

Il
&
S
_
=]
&
N~—
S
|
| =
L —
|H
=
/;\
=]
&
I
| =
N———
—_
+
Q
Il

SR - (e —§) +C

3 2
/:v (Inz)” dx 1 5

12. Use Integral 119.

d
/ R In|lnz|+C
rinz

13. Use Integral 47 with a = 4. Then a? = 16 and
16

/\/:102—16d:v:g\/:CQ—lG—Eln’x—kx/x?—lG‘—i—C

= %\/xz—16—8ln}x+\/:172—16|+0

14. Use Integral 50 with @ = v/3. Then a? = 3 and

2
/de_ Va2 + _\/gln’\/g“‘i \;$24‘3I+C
X

15. Use Integral 67 with a = V6 . Then a? = 6 and

. 4
/(6—:62)3/2d:v=E[G—wz}g/zﬁ-%\/G—xz—i—@sin1 +C

2
i V6

= %(6—952)3/24-%x\/6—12+2—2751n71”T‘/g—i—c

16. Use Integral 66 with ¢ = v/10. Then a? = 10 and

S W
224/10 — 22 10

dz Vi

17. Use Integral 69 with a = 5.

2

/\/1Ox—x2da::x_5 (2-5)x—x2+%cos1<5_x>+0

2
= IT%W—F Lcos™! (35E) +C

5

18. Use Integral 76 with a = 3.

dx (2-3)x — a2 N
=— +C0=|-¥Xr2z 1 C
/$\/6$—$2 3z 3z
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19. Use Integral 95 with a = 3 and b = 8.

sin[(3+8)x] = sin[(3 — 8)x] sin (11z)  sin (—5z)
3 8z)dx = C= C
/cos( x) cos (8x) dx 3353 3(3-8) + 95 + (=10) +
Since sin (—5z) = —sin (5x), Si?ﬁ;g)w) = Sinl(gm) and the integral becomes
/cos(?):v)cos(&v)d:v = % + w +C|
20. Use Integral 94 with m =2 and n = 5.
. . sin[(2+5)z] sin[(2 — 5)x] sin (7z)  sin(—3z)
2 5z)dx = — C= C
/51n(:1c)51n( x) dx 3255 2(2=5) + 11 + —6) +
Since sin (—3z) = — sin (3z), Si“((:(gw) = sin é3m) and the integral becomes

/sin (2x) sin (5z) dx = —% 4 sin é3m) +C

21. Use Integral 109.

/xtanflzzrd:r: #tanflx—%—i-c

22. Use Integral 107.

P 2_ .o J1—12
/:Csm Yy de = %sm 1:10—}—%4—0

23. Use Integral 117 with n = 4.

4 I4+1 1 e )
z'lnzdr = i1 1D517—m +C = ?(lnx—g)—i—c

24. Use Integral 116 with n = 3.

/(111:0)3 dr =z (Inz)® -3 /(ln:c)3_1 dr =z (Inz)® -3 /(ln:c)2 dz
Use Integral 116 with n = 2 to evaluate [(Inz)? dz.
/(11196)3 dr =z (Inz)® — 3[:10 (Inz)? — 2/1n:vd:v} +C =x(lnz)® -3z (Inx)* + 6/1n:vd:v +C
Finally, use Integral 5 to evaluate [Inz dz.

/(ln:c)3 dr =z (Inz)® -3z (Inx)* + 6(zlnz —z) + C

:‘x(ln:z:)?’ — 3z (Inz)? —|—6xlnx—6:17+0‘

25. Use Integral 128.

/sinh2 rdr = thj%) -5+C
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26. Use Integral 130.

/tanthda::‘:c—tanh:c—i-O‘

27. Use Integral 79 with n = 2 and a = 4.

/ dx B (2-4):v—x2+ 2-1 / dx LC
22v/8r — 22 4(1—-2-2)22  (2-2-1)-4 ) 2218y — 42
_\/8$—$2+i/ dx LC
1222 12 A/ 81y — 12
Use Integral 76 with a = 4 to evaluate [ w\/g;?.
/ dx B \/(2-4)$—$2+C_ V8x — 2
o/8x — 1% 4z B 4z

So, the integral becomes

rOo=|EEFE T o

dx
/wQ\/Sx—xQ T 1222 +ﬁ 4x

V8x — x2 1 [ V8x — x2

28. Use Integral 72 with a = 6.

122 — 22 24/(2-6)x — 22 6 —
/7V;fvdx:_w_cosl< w>+c

29. Use Integral 36 with n = 2 and a = 2. Then a? = 4 and

dx

x

dx 1
= + 2~2—3/
/(4+:1:2)2 2(2—-1)-4 (4_‘_:172)2*1 ( )
1 x dz
== c
8(4—1—172 +/4+:172> +
Use Integral 17 with a = 2 to evaluate [ %.

dz 1 1 T
Yty
/4+:v2 gtan ot

+C

So,

dx R s
/(4+x2)2: %(4+12+%tan 15)+C'

30. Use Integral 37 recursively with @ =5 and n = 3. Then a? = 25 and

dx 1 T dx
/ (2 —25° 2B3-1)-25 [_ (22 — 25)°° T @3- 3>/ (z2 —25)°7"

1 T dx
—m[‘m”/m]

+C
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Use Integral 37 with @ =5 and n = 2 to evaluate [ 7(1225)2-

dx 1 T dx
/ (@2 —25° 22-1)-25 [_ (22 — 25)2 1 (2-2- 3>/ (z2 —25)°7"

_i_ x _/ dx LC

50\ 22-25 r2 — 25
/diﬂv_i L S IR S _/ dz
(x2 —25)% 100 | (22 —25) 50\ 22 -—25 x? — 25

_L _ T n 3z i 3 / dx
© 100 | (22 —25)%  50(z2 —25) 50 —25

So,

Using Integral 35 with a =5, [ 42— = L In ;—_g”—l-o:% w+5‘+c
Finally,
/ dx 1 T n 3z n 3 1 -5 LC
e S 2 =2
(@2 —25)°  100| (22 —25)%  50(z2—25) ' 50 10 |z +5
1
= m[_( o t soGr7) T+ 500 10| 558 } +C

31. Use Integral 132.

/xsinh:cd:c = :zrcosh:c—sinhx—l-C"

32. Using Integral 134 with n = 2,
/x2 sinh x dz = 22 coshz — 2/9ccosh:vdac.

Using Integral 133,
/xcoshxdw = zsinhz — coshx + C.

So,

/x2sinhxd:1:::czcoshx—2/:rcosh:z:da:

= 2% coshz — 2(xsinha — coshz) + C

=|2?coshz — 2xsinhx+2005hx+0‘

33. Begin with the substitution v = x + 1. Then x = v — 1,dz = du, and V4x +5 =
VAa(u—1)+5=V4u+ 1.

The integral becomes

/(:v—i—l)\/de:/u\/Mdu.



7-274 Chapter 7 Techniques of Integration

Use Integral 38 with a =1 and b = 4.

/uv4U+1du= Fg(12u -2+ 4+ C = 6—10(6u—1)(1+4u)3/2+c
So, using u = x + 1,
/(:v+1)v4:v+5dw= %[6(96-1-1)—1][1+4(:C+1)]3/2+C

—| & (624 5)(4z +5)** + C

34. To evaluate [

use the substitution u = 2z + 3. Then du = 2dx, dx = %“

dz
[(22+3)2-1]3/2°
d

and f [(214_3(;5_1]3/2 = f (u2_21)3/2 = %f 7@2:&;)3/2-

Use Integral 59 with a = 1. Then a = 1 and

du U
= - +C.
/ (u2 —1)%?2 u? —1

So,

dzr 1 du 1 U
= — = ———— |+ =| - 2 (C
/ (22 +3)2 —1]2 2 / (w2 —1)%2 2 < u? — 1> 2Vt

2. Then substitute u = . — 2

2= g (- ;

35. We complete the square, and write 3z — z* = 1 — (x -5
split the integral, and use symmetry to obtain

2 3 2 3
x x
/ ——dr = / — _dx
1 V3xr — a2 1 9—(95—3)2
1 2

1
JRias LE% 22

3 (—9) (9 _,2 27
_0+2/2(2)(4 u)+2du
0

9
V-
z [9 E |
= —9/ ——u2du+27/ — du.
0 4 0 /%_uz
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Now use Integrals 60 and 16 to get

1/2

2 3 9 1/2

x u /9 = u U

—— dr = -9|=4/Z—w24+Lsin = + 27 [sin1 —}
1 2 1
5 /9 1 9 . _,2(3) 0 /9 9 . _,2(0)

— _9 2 z - 7 1 2) e __02 - 1 2\Y

2\ 1 (2) Tyen Ty sV~ Ut 3

20 20
+27<smlTQ—51an>

V2 09 1 1
= —9<T+§sm 5—0 +27<sm 5—0)

36. We use Integral 57,

with a = v/2. We obtain

/e dx B /e dx
1 x2Vx2 42 1 .9 x2+(\/§)2

37. (a) Using a CAS we obtain

5

/ezmcosxd:c: e (sinx +2cosz) + C'|.

(b) We obtained in problem 1,

/ezwsinxdx =|2e**(2cosz + sinz) + C |

(c) Since
eQ;E 1 5
— (sinz +2cosz) = e *(2cosz + sinx)

we see that the results are equivalent.
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38.

39.

40.

41.

42.

(a) Using a CAS we obtain

/851+1 sin (2z + 3) dx

(b) We obtained in problem 2,

/ e%* sin z dx

=|—5e"" 1 (2cos (22 4 3) — 5sin (2z + 3)) + C |

2?1 (S sin (22 4 3) — cos (2z + 3)) + C'|.

(¢c) Since
1 2 )
_EeMH@ cos (2z +3) —5sin (2x + 3)) = _EGSUEH (cos (2z +3) — 3 sin (2z + 3))

we see that the results are equivalent.

2 )
= 2—9€5m+1 (5 sin (2x + 3) — cos (2z + 3))

Refer to the integral in exercise 3. Using WoLframAlpha,

/x@+3mﬁmz

A screenshot is shown below.

rxL2+3x]4cz‘x=

wt

27
2

a0 + 21045 + 542* 4 3223 + 822 + constant

27 x®

216 x°

+54xt 4+ 325 £ 857

Refer to the integral in exercise 4. Using WolframAlpha,

| & mr

dr =

% [% + log (22 + 5)} -+ constant

where log (x) is the natural logarithm.

A screenshot is shown below.

J (5 +2x)°

1(2x+5

+log(2x + 5}]

Refer to the integral in exercise 5. Using WolframAlpha,

2v/x+2

2
€T
[ -2

A screenshot is shown below.

(322 — 8z + 32) + constant

2Vx+2 (3x? -8x+32)

dx =

r x°
Y YO+ 3x

15V3

Refer to the integral in exercise 6. Using WolframAlpha,

V1
/ T dex =|2v/x+ 1+ log (1 —Vx+ 1) — log (1 +Vr+ 1) + constant
x

where log (x) is the natural logarithm.
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43.

44.

45.

46.

47.

A screenshot is shown below.

r dx=2Vx+1 +log{l-Vx+1|-log[Vx+1 +1)
o X

Refer to the integral in exercise 7. Using WolframAlpha,

/\/44—3:2
——dz =
x

Va? +4 —2log (Va2 + 4 + 2) + 2log (x) + constant

where log (x) is the natural logarithm.

A screenshot is shown below.

f' LA P PR —2log(-\if+4 +2]+210g(x)
X

Refer to the integral in exercise 8. Using WolframAlpha,

% [V#? — 9z + 9log (Va2 — 9 + z)]| + constant

22
[ e-
V=9 + 22

where log (x) is the natural logarithm.

A screenshot is shown below.

fﬁ dx:é(.vfr?—_gx+910g('\[f?——9+x]]

Refer to the integral in exercise 9. Using WolframAlpha,

dz .
/W =|— 17— T constant

A screenshot is shown below.

1 X
rp4+fﬁﬂdx=_
” 4y -4

Refer to the integral in exercise 10. Using WolframAlpha,

/ (9 + x2)3/2 dr = % [a:\/xz + 9(2172 + 45) + 243 sinh ™! (%)} + constant

A screenshot is shown below.

(0w ax=1(xy/ o 2 45) s 203 smn(£) 1

8

Refer to the integral in exercise 11. Using WolframAlpha,

/:1:3 log?(z) do = &t [8 log?(z) — 4log () + 1] + constant

where log (x) is the natural logarithm.



7-278 Chapter 7 Techniques of Integration

A screenshot is shown below.

rxg log?(x)dx = 3—12 xt |8 log? (x) — 4 log(x) + 1] L constant

[

48. Refer to the integral in exercise 12. Using WolframAlpha,

1
/md:r—‘log[log(x)]—l-O‘

where log (x) is the natural logarithm.

A screenshot is shown below.

r dx = log(log(x))
J xlogix)

49. Refer to the integral in exercise 13. Using WolframAlpha,

/ V=16 + a2 dx = %x\/xz — 16 — 8log (V22 — 16 + x) + constant

where log (x) is the natural logarithm.

A screenshot is shown below.
ﬁ' ~16+x* dx= = xV x* - 16 —slog(-v'r" - 16 +x]

50. Refer to the integral in exercise 14. Using WolframAlpha,

1
2

V3L 22
/idxz V22 +3 —/3log (\/gx/x2+3+3)+\/§log(x)+constant
x

where log (x) is the natural logarithm.

A screenshot is shown below.
.||l 3 + 2
f—r dx=yx +3 —\qlog(\q'v X +3 +3]+\"?10ng)
X

51. Refer to the integral in exercise 15. Using WolframAlpha,

/ (6 — x2)3/2 de =2l sin~! (%) — 12V6 — x2(2? — 15) + constant

A screenshot is shown below.

r[ﬁ—x‘?)g"l‘? dx = 2—; sin‘l(i]— Elrx"q' 6—x" (x* - 15)

Ve

52. Refer to the integral in exercise 16. Using WolframAlpha,

dx VI0—2Z
ﬁi m dx = —sz —+ constant
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93.

o4.

95.

56.

o7.

A screenshot is shown below.

J ;
x4y 10 — x?

dx=—

Ay 10— x2
10x

Refer to the integral in exercise 17. Using WolframAlpha,

V/—(@=10)z[v2—10(z—5)/z—50 log (Vo—10+/z)]

/\/le—xQd:c:

2vz—10v/T

~+ constant

where log (x) is the natural logarithm.
A screenshot is shown below.

ﬁ 10x-—x" dx =

w

V-(x-10)x (Vx—-10 (x—5)Vx —50log{Vx—10 +Vx)

2vVx—10 Vx

Refer to the integral in exercise 18. Using WolframAlpha,

1
—dz
/ vV 6x — 22

A screenshot is shown below.

1
fx'\‘ 6x — x2

dx = —

3z

Y —(z—6)x

-+ constant

—

3x

V—-(x-06)x

Refer to the integral in exercise 19. Using WolframAlpha,

/ cos (3z) cos (8z) dx

L sin (5z) +

22

sin (11z) + constant |

A screenshot is shown below.

w

1 1
cos(3x)cos(Bx)dx = — sini5x) + — sin(1lx
r (3 x)cos(Bx) 0 (5x) 2 ( )

Refer to the integral in exercise 20. Using WolframAlpha,

/ sin (2z) sin (5z) dx

A screenshot is shown below.

w

% sin (3z) —

L
14

sin (7z) + constant

. . 1. 1 .
sinf2x)sin(5x)dx = — sin(3 x) — — s1n(7 x)
[ ﬁ 7

Refer to the integral in exercise 21. Using WolframAlpha,

/a:tan_l rdr =

% [(:c2 + 1) tan~lx — x} ~+ constant
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A screenshot is shown below.

1
rxtan‘lLIJ dx = 3 ({x* + 1) tan~Y(x) — x|

'

58. Refer to the integral in exercise 22. Using WolframAlpha,

/xsirfl zdr =|3[V1—2%2+ (222 — 1)sin™ ()] + constant

A screenshot is shown below.

; 1 5 ;
rx51n_1lx) dx = :}[\"I 1 —x* Jr+[2:vt—7 - l]sm_lﬁxj] }

o

59. Refer to the integral in exercise 23. Using WolframAlpha,

/:v4 log (z) dz = | 3z2°[5log (z) — 1] + constant

where log (x) is the natural logarithm.

A screenshot is shown below.

rx"‘ logix)dx = 2—15 x° (5log(x)— 1) + C

[

60. Refer to the integral in exercise 24. Using WolframAlpha,

/log3 (z) dz =|z [log® (z) — 3log® (z) + 6log (x) — 6] + constant

where log (x) is the natural logarithm.

A screenshot is shown below.

rlcng3 x)dx=x [loggux) — 3log?(x) + 6 log(x) — 15)

61. Refer to the integral in exercise 25. Using WolframAlpha,

/sinhQ(:v) dz =| 1[sinh (2z) — 2z] + constant
A screenshot is shown below.

rsinhE x)dx = :l} (sinh{2 x) — 2 x)

wt

62. Refer to the integral in exercise 26. Using WolframAlpha,

/taunh2 xdxr =|x — tanhx + constant

A screenshot is shown below.

rtanhz (x)dx = x—tanh(x)
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63.

64.

65.

66.

67.

Refer to the integral in exercise 27. Using WolframAlpha,

\/ —(z—8)z(x+4)

—+Y——5——= 4 constant

1
| ==

A screenshot is shown below.

V—-(x-8ixix+4

1
[P -
X2y Bx—x? 48

Refer to the integral in exercise 28. Using WolframAlpha,

V12x — a2 dp — | 2= VETT2VTlog (VT TR+ VE) —12]
o T = + constant

\/—(1—12)1

where log (x) is the natural logarithm.

A screenshot is shown below.

J"\,' 12x — x? J 2x-vVx-12 Vx log[Vx-12 +Vx | -12)
X =
x?

V-{x-12)x

Refer to the integral in exercise 29. Using WolframAlpha,

1 1 2z — x
/mdl‘ = 16 |:m2+4 —i—tan 1 (5):| —i—constant

A screenshot is shown below.

r—l-.- dxzi( ;'Ex +tan'1(f)]
o [4+x"’-:|“ 1l + 4 2

Refer to the integral in exercise 30. Using WolframAlpha,

10z (322 —125) Slon (5 . s
/ 1 dr — (m2—25)2 +3log (5—x)—3log (z+5)
(

x2 — 25)3 - 50,000 + constant

where log (x) is the natural logarithm.

A screenshot is shown below.

10 x (3 x% -125)

[‘ 1 2 (x?-25)2
S — =
J (x? -25)° 50000

+ 3 log(5 — x) — 3log(x +5)

Refer to the integral in exercise 31. Using WolframAlpha,

/:v sinh (z) dz = ‘ x cosh (z) — sinh (x) + constant
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A screenshot is shown below.

rx sinh(x) d x = x cosh(x) — sinh(x)

wt

Refer to the integral in exercise 32. Using WolframAlpha,

68.
/:c2 sinhz dz =| (2* + 2) coshz — 2z sinh (z) + constant
A screenshot is shown below.
rxz sinhix)dx = [x‘? + 2) coshix) — 2 x sinh(x)
69. Refer to the integral in exercise 33. Using WolframAlpha,
/ (z+1)Vix + 5de =| &4z + 5)*2(6x + 5) + constant
A screenshot is shown below.
r[l +x)V5+4x dx = t’:_lﬂ (4x+5* (6x4+5)
70. Refer to the integral in exercise 34. Using WolframAlpha,
/ ! de = | ——22£3 _ 4 constant
[~1+ (22 +3)2"/° WeTtante
A screenshot is shown below.
2x+3

71.

72.

(a) Using a CAS we obtain

r L dx=-——
213/2 N

2 3
T
—— dp=|15gnt1l_2,9]
/1 3y — 22 8 37 1
(b) We obtained in problem 15,
‘ dx 135 ;. —11 _ 9
— = | 5gin L 92
| i
(¢c) Since
135 1 9 135 1 9
g s g gV2= sl g - ava

we see that the results are equivalent.

(a) Using a CAS we obtain

/e dx i
L w2VaZ 2 L2
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(b) We obtained in problem 16,

© dx Ve242 + 3

1 72 /$2—|—2_ 2e 2

(c) Since

1 1 1 1
—V3——e e 2 = —5671\/€2+2+5\/§

2 2
VveZz+2 \/g
T T3

we see that the results are equivalent.
73. Using a CAS we obtain

/\/1—|—x3d17:/\/:c3—|—1d:c

and we conclude that this integral cannot be expressed using elementary functions.
74. Using a CAS we obtain

2
/\/1+sin:vd:v=

COST

(sinz — 1)v/sinx +1+C

and we conclude that this integral can be expressed using elementary functions.
75. Using a CAS we obtain

1
/6712 dr = iﬁerf(x) +C
and we conclude that this integral cannot be expressed using elementary functions.
76. Using a CAS we obtain

X

/ O g = Ci(z) + C

and we conclude that this integral cannot be expressed using elementary functions.
77. Using a CAS we obtain

/x tanx dr = %ixQ — idilog(ie”) —dmtan™? (eix) — idilog(—ie”) +C

and we conclude that this integral cannot be expressed using elementary functions.
78. Using a CAS we obtain

/\/1+ewdx: 2ve* +1+In(Ver+1-1) —In (Ve +1+1) +C|

Chapter 7 Review Exercises

1. We complete the square: 22 + 4z + 20 = (2 + 2)° + 16. Then we let u = z + 2 to obtain
/ dx _ / dx
2 +424+20 (z +2)° + 42

B / du
o u? 4+ 42

|
=+
I
=]
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2. We rewrite the integral to obtain the derivative of the denominator, complete the square
with 2 +y+1= (y—i— %)2—1— %, and let uzy—i—% to obtain

/ y+1 p
%
vy +y+1

%(2y+1)+%d

/ v+y+l

1 2y +1 1
= —_ 7d —

2/y2+y+1 $+2/

ln(y2+y+1)+%/

dx
1\2 |, 3
(v+3) +1
du
N2
e

DN | =

1/ 2 U
In(y?2+y+1 +—<—tan1—>+0
v +y+1) 2\v3 V3/2
1 12y +1
+ — tan +C
V3 V3

= %hl (y2 +y+ 1) + @ tan~! 7\/5(23y+1) +C|

N~ N

In (y° +y+1)

3. Factor out sec ¢ tan ¢p. Then let u = sec ¢, so du = sec ¢ tan ¢ d¢p. We substitute and obtain

/3603 ptangpdep =

/ sec? ¢ sec ¢ tan ¢ do

= /quu

1
= §U3+O

= %sec3¢+C.

4. We use the identity cot?# = csc? 6 — 1.

/ cot? 0 csc b do

/ (CSC2 0 — 1) cscOdo

/cscgﬁdﬁ—/cscﬂdG

1 1
—3 csccot O + 3 In |esc @ — cot 6
—In|cscd — cot B + C' (using Formulas 89 and 14)

—2ceschcotf — F1nescd — cot O] + C |

5. Factor out sin ¢ and use the identity sin® ¢ = 1 — cos? ¢.

/sin3 ddp =

/ sin? ¢ sin ¢ d¢
= / (1 — cos? ¢) sin ¢ do.
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Let u = cos ¢, then du = —sin ¢ d¢, so sin ¢ dp = —du. We substitute and obtain
/sin3 pdp = / (1 — u?)(—du)

= /(uz—l)du

1
= §u3—u+0

= |tcos’p—cosp+C|

6. Let x = 2sinf, then dx = 2cosf df. We substitute and obtain

(2 9
= / sin (2cosf)d

A/ 4 2s1n9

= sin” 0 —cosfdb

V4 — 4sin%0

= 4/Sm 9cos€d9
cosf

= 4/sin29d9

_ 4/1—0(;5(20)d0

22
/751@
V4 — 2

= 2/(1—cos (20)) df
= 2(9—%51n29> +C
= 20 —2sinfcosf+C.
We have 6 = sin™ (%) and cos = /1 —sin® 0 = 1—(z/2)° = V4 — 2%, We obtain

2t (5) - 2(3) (3vA) +0

2 2
= |2sin™ (%) — —:v\/4—x2 +C|

x dzr
V4 — 22

7. Let u =z + 2, so du = dx, then substitute.

dx dz
/\/m:/m

Let u = sec#, then du = secftanfdf. We substitute and obtain

/ dx B sec @ tan 6 do
/($+2)2_1 VsecZf — 1
B /sec@tan@d@

B tan @

= /sec@d@

= Inlsecd + tanf| + C.
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We have secl =u =x+2, 50 tanf = vsec20 — 1 =vu2 — 1= (:C—|—2)2 — 1. We obtain

In |z 42+ (x+2)2—1‘+0.

dx
/\/(a:+2)2—1 B

8. We use integration by parts with « = 2 and dv = sin (2z) dz. Then du = dx and v =
1(—cos(2z)) = —1 cos (27). We obtain

2 2
[rsmena = [o(gese)]” - [T (eonen) o
<_%(£) cos (2%)) - <_%(0) cos (2(0))> + %/Om cos (2z) da

/4
111
= 04 = |=sin2x
212 0

_ %(% Sin2(£)) - %(%sm(m)

1

= 1l

9. We use integration by parts with v = v and dw = csc?wdw. Then du = dv and w =
— cotv. We obtain

/UCSCQ’Ud’U = v(—cotv)—/(—cotv)dv

= —vcotv—i—/cotvdv

= ‘—vcotv+ln|sinv| —i—C‘.

10. Factor out cosz and use the identity cos? z = 1 — sin® x.

/sin2 zcossxdr = /sin2 x cos® x cosz dx
= /sinQ:v(l — sin? :C) coszdx.
Let w = sin z, then du = cosz dx. We substitute and obtain
/sin2 xcosdwdr = /u2(1 - u2) du
= / (u2 — u4) du
1 1

3 5
- B ZdS4C
g
1 3 1

= |3sin :v—gsin5ac—|—C.
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11. Let x = 2sinf, then dx = 2cosf df. We substitute and obtain

/(4—x2)3/2dx =

/ (4 — (2sin 9)2)3/2 (2cosb) db

= 2/(26089)3 cos 6 df

= 16/cos49d9

- 16/(14—#8(20);&

= 4/ (14 2cos (26) + cos® (20)) df

1+ cos (46)

= 4(9+sin(29))+4/fd9

= 40 + 4sin (20) + 260 + %Sin (40)+C
= 660+ 8sinfcosf + sin (26) cos (20) + C
= 69—!—8511190059—!—2511190059(1—2311129)+C’.

We have 6 = sin™* (%), and cosf = /1 —sin? =
) )

/ (4 — :102)3/2 de =

2 2/\2

A (Vi) (o)) -

12. We use partial fractions to obtain

322 +1 - 322 +1
3+ 222 — 3z x(x+3)(x—1)
A B C
T oz x+3 z-1

3224+1 =

A(x 4+ 3)(x — 1) + Bx(z — 1) + Cx(z + 3).

1—(2/2)° = V4 —22. We obtain

When z = 1 we obtain C' = 1, when z = —3, we have B = 7/3, and when z = 0, we obtain

A=-1/3. So

/ 32 +1
——  dz
3 + 222 — 32

7/3 + ! )d:z:
z—1

/ —1/3+
T r+3
1
d
+/w—1 o

/L/Bda:+/£d:c
x r+3

—tInfz|+ Znjz+3|+Injz— 1|+ C|
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13. Let u = €', so du = e dt. We substitute to obtain
2t t
/e— dt = / _° etat
et —2 et —2
= / v du
u—2
—2+42
= /u du
u—2

[ 5o

u+2Inju—2/+C
‘et+21n|et—2|+0‘.

14. We rewrite the integral, and obtain

[ttt
5+ 4y + 4y? 44 (1+2y)%

Let u =1+ 2y, so du = 2dy, and substitute:

/ dy B / Tdu
5+4y+ 4y 22 + 2

1/1 L u
(=)t -+C
2<2) an 2+

= %tanfl —1+22y +C|

15. We use partial fractions to obtain

216 (22—4)(a2+4)
T (@—-2)(x+2) (a2 +4)
A B Cx+D

x—2+:c+2+ 2 44

> r=A(x+2)(2®+4)+B(z—2) (2 +4) + (Cx+ D) (z —2) (z +2).

Let © = 2 to obtain A =1/16, and z = —2 to get B = 1/16. We now have

- 1—16(:v+2)(x2+4)+1—16(x—2)(:v2+4)+(C:v+D)(:c—2)(:v+2)
v - (C+%>x3+Dx2+(%—4C)HC—4D.

Equating coefficients, we obtain C' = —1/8 and D = 0. So

rdx 1/16  1/16  (—-1/8)«x
= d
/x4—16 /<x—2+x+2+ z2+4 o

1 1 1,
= —ln|z—2] +Eln|x+2|—ﬁln(a¢ +4)+C

16

1 1
= Eln|x2—4|—ﬁln(x2+4)+c
= |&in|5]+c
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16. Let y = 22, so dy = 2z dx and zdx = %dy. We substitute and obtain

/173612 dr = /xQezzxd:c
1
= y—d
/ye 5 Y
1
= §/yey dy.

We use integration by parts with u =y, du = dy, dv = e dy, and v = e¥. We obtain

1
‘/9c3ew2 dr = i(yey — /ey dy)

= %(yey —e)+C

2 2
xe® —Levm 4 O,

17. Let u =y + 1, so du = dy and y = u — 1. We substitute and obtain

/ yvdy /(u—l)zdu
(y+1)° u?
22 1
_ /wdu

us

1
= / (— —2u?+ u3) du
u

2 1
n|u|—|—u 2u2+

= 1m|y+1|+y%——z(y}m2 +C|

18. Let = 5tan#, then dx = 5sec? 6 df. We substitute and obtain

/ dx B / 5sec? 0 20
22V a? + 25 (5 tan 0)*1/ (5 tan0)® + 25
1 sec? 6

_ 1 / 9
5 ) tan?60v25tan?6 + 25

1 2

_ 1 / sec” 6 20
25 ] tan®#@sech

i sec

25 | tan?6

1 cos
= — [ ——d#b
25 / sin? 0

Let w = sin @, then du = cos 8 df. We substitute and obtain

/ dx 1 / 1 d
S R S (N
222 4+ 25 25 | u?

1 1
= 2—5(—5)“7

1
= 5% cscl + C.
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VVehawetaunHz%,socot@:%,aundcsc@zx/l—i—cot2 = 1+(§) \/x2+2 We
obtain
dx 11
—_—— = ———\/22425+C
222 + 25 25 x

19. We use integration by parts with © = 2 and dv = sec? x dz. Then du = dr and v = tanz.

We obtain
/:zrseczzcdx = gtanx — /tanxd:z:

= ‘:Ctanx — In |sec z| —i—C‘.

20. We complete the square: 16 + 4z — 2z% = 2(8 + 2z — z?) = 2(9 —(z— 1)2). Then we let

u = (x — 1) to obtain
dx
/ 1/2(9 (- 1)2)

1
ﬁ/m
= —sin ! (%) +C

/ T
V16 + 4z — 222

= @sin*1 (%) + C'|

21. We use integration by parts with v = In (1 —y), du = % dy, dv = dy, and v = y. We

obtain
/ln(l—y)dy = yln(l—-y y< >

= yln(l—y /
y
= yln(l—-y / )

— yn(l-y) - (bﬁ)dy
= lym(-y-y-m(-

22. We use partial fractions to obtain

3 —2x—1 Ax+ B Cx+ D
2 = 2 + 2
(2 +1) ¢ +1 (z2+1)
2 —2—-1 = (Ax+B)(x2+1)+C:C+D

Az® + Bx?* + (A4 C)z + (B + D).

-2 —1
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We equate coefficients, and obtain A =1, B=0, C = —3, and D = —1. We now have

/:v3—2x—1d$ _ / r 3r+1 dae
(22 +1)° 2 +1 (22 +41)°

1 T 1
= —1In (E2+1 —3/7d$—/7d$
p ) (z2 +1)° (22 +1)

1 3 1
= —In(2?+1)+ —/ de.
5 n(I ) 2(x2+1) (x2—|-1)2 €
For the remaining integral, we let x = tan , and obtain
1 29
/ﬁd:p = /&de
(22 +1) sect 0
= /00529d6’
1
- 5/(1+cos (20)) do

1 1

= 5(9—!-5811129) +C
1 .

= 5(9+s1n000s9) +C

1 tan @
2( +seczé’) +C

Since z = tan#é, secf = vVtan?0 + 1 = V22 + 1, and we have

1 1 1
/ﬁdx = —tanflx—i——%—i—c
(2 +1) 2 2 (VaZ+1)
_ 1 z
= —tan a:—|—2 2+1—|—C

And so we obtain

a® — 2z -1 1 3 1 - 1_ =
/de: §ln(x2+1)+m—§tan 1(E—§zg—+l+c.

23. We use partial fractions to obtain

3z +2 3z +2
B2 x?(x —1)
A B C
I R |

302 4+2 = Ax(zx—1)+ Bz —1)+ Cz?.
Let x =1 to obtain C' = 5. Let x =0 to get B = —2. Then

32742 = Ax(z—1)+ (=2)(x — 1) + 522

302 4+2 = (A+5)2*+(-A—2)z+2.
We equate coefficients and determine A = —2. We now have

/3x2+2d / —2+—2+ 5 d
= —dzr = — =4+ ——dx
3 — 22 T 2 -1

= |—2Infz|+2+5lnjz -1+ C|
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24. Let y = y/2/3tanf, then dy = \/2/3sec? § df. We substitute and obtain

/ dy \/2/3sec? 0 df
/291 32 2
tY \/2+3(\/2/3tan9)
B /\/ 2/3sec? 0 do
2+2tan
- \f
= — [ secfdf
\/3/
1
= —In|secfd + tanf|+ C.
7 | |
We have tan = 1/3/2y, and sec = V1 +tan?0 = /1 + (3/2)y2 = ‘/75\/2+3y2. We
obtain
dy 1 V2
—_— — In|—+2+3y2+/3/2y| + C
/\/2+3y2 V3 |2 Y /2
1 \f V6
= —=In|—V2+32+ -yl +C
V3 2 Y
= [£mn \/4+6y2+\/€y}+0.
25. We use integration by parts with u = sin"! z, du = ﬁ dx, dv = 2?dz, and v = 127
We obtain
1 1 1
/xQSinflxdx = §x3sin1x—/(§x3>ﬁda@
1 1 2
= §$3 sinfl:v— g/\/%xd:v
Now let u = 1 — 22, so du = —2xdx, rdr = —% du, and 22 = 1 — u. We substitute and
obtain

I
8
=
5
8

|

1 1 1-— 1
/xzsin_lzcd:c —z3sin! _/_u —— | du

3 3 Vu 2

1 _

|
|
8
w
a
=
8
_|_
— O =
/N
IS
L
~
%)
<
—
~
)
N—
U
S

= |3z sin_lx—i—%\/l—xQ—%(l—xQ)g/z—i—C.
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26. Let x = %tan 0, then dx = %sec2 0 df. We substitute and obtain

/\/ 16 + 922 dx

3

1—36 /8603 0 do

6

16 [1
3 [— sec f tan 6 +

We have tanf =
8

3

/\/ 16 + 922 dz

(G

4
3

?jT””, and secd = V1 +tan?6 =+/1+

2
/\/16+9<§tan9> (%se&o) de

/ V16 + 16 tan2 f sec? 0 df

1 / (4sec ) sec? 0 df

1
5 §1n|sect9+tan9|} +C

8 8
gsecﬁtarﬂ—l— §1n|sect9+tan9| +C.

1
57 16+9x2+§ln‘\/16+9x2+3x‘ —§1n4+c

1216 + 922 + £ In [V/16 + 922 + 32| + C'|

27. We use partial fractions to obtain

LI
2 4+2r 2 +2)
_ a4, B
x x+2
1 = A(zx+2)+ Bz
When 2 = —2 we obtain B = —1/2, and when 2 = 0, we have A =1/2. So
d /2 —1/2
= ARl I
/x2+2:1: /( T +x+2) *

1 1
§1n|x|—§ln|x+2|+0

_Z_

1
=1n o

L +0|

28. We use formula 105, with m = 4, n = 4, and we have

/ sin y cos* y dy

With m = 2, n = 4 we have

/ sin g cos? y dy 3

sin®ycos®y  sinycos®y

sin® y cos® y

in®ycos®y 4-1
Smfjf i I /sin4_2y cost y dy
.3 5
3
S yeos ¥ +—/sin2ycos4ydy.
8 8
3/ sinycos®y 2-1 . 9_9 4
- - S cos
8 214 244 ) YRV

8

1 4
— dy.
16 +16/cosyy

(%)2 = %\/16 + 922. We obtain
3 8 1 3
\/16+9:c2> <II) + gln‘Z\/ 6+ 922 + f‘ +C

5
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We now can use formula 91, and obtain

.03 5 : 5
1 /1 4-1
/sin4y costydy = o yscos J_ 51ny1(3605 Y + 16 (Z cos® ysiny + I /COS2ydy>
sin®ycos®y  sinycos®y  cosdysiny n 3 2.4
- _ _ — [ cos .
8 16 64 64 v
Finally, from formula 85, we have
.3 5 : 5 3 :
.4 4 sin®ycos’y  sinycos’y  cos’ysiny 3 (y sin2y
dudy — _ = (4 c
/Sm yeosyay 8 6 64 64(2 1 )+

- 5 : 5 3, .
_ _sin"ycos®y _ sinycos’y cos” ysiny 3y 3 sin 2y
8 16 + 64 + 128 + 256 +C}

29. We use partial fractions to obtain

w—2 w—2
1—w?2  (1-w)(l+w)

B A B

T ol-w 14w
w—2 = A(l+w)+ B(1-w).

Let w = —1 to obtain B = —3/2, and let w = 1 to obtain A = —1/2. We now have

w— 2 B “1/2 —3/2
/l—dew o /(1—w+1+w)dw

= |[in|l-w/—2h|l4+w/+C|

30. Let u = 22 — 4, so du = 2z dx, and zdx = % du. We substitute and obtain
T 1 /1
——dx = — | =) du
/ Va2 —4 / Vu <2>
1

= —/u_l/Qdu

2
1
5(2\/6) +C

31. Let u =/, so du = ﬁ dz and % dr = 2 du. We substitute and obtain

/ % cos’ Vxdr = / (cos® u)(2) du

_ 2/1—|—C(;s(2u)du

= /(1+cos(2u)) du

1
= u—|—§sin(2u)—|—c
= wu+sinucosu+C

= ‘\/E—l—sin\/fcos\/f—i—C‘.
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32. We use formula 96, and obtain

/sin (Ex) sin(ﬂ':zr)dx _ _51n(5+7r)x+sm(§—7r):v+c
2 25 +7)  25-n)
B sin (37”:10) sin (—%x)
= - 3 e +C
_ _ sin (3:—7"1) 4 sin (ﬂ—%w) T C

33. We use formula 98, and obtain

) cos(1+2)xz cos(l—2)x
2x)dx = — — C
/smgccos( x) dx 20+ 21 -2) +
= |Fcosz— gcos(3z)+C|
34. Let x = 2cosf, so dr = —2sinf df, and the limits of integration are § = cos™* g =3 and
0 = cos™! % = %. We substitute and obtain

1 2
T 2(3089
/ ——dr = / —2sind)d
0 V4—ua? \/4 2cos€

_ —8/77/3 cosze.sin9d9
/2 2sin 6

/2
= 4/ cos? 6 do
/3

/21 20
- 4/ idg
w/3 2

/2
= 2/ (14 cos26) db
/3
r 1 /2
= 2 9+§sin29}

w/3

< g3 (G am )
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35. Let u = 1+ 22, then du = 2zdzx, so zdx = %du. The lower limit of integration is

u=1+02% =1, and the upper limit becomes u = 1 + (\/3)2 = 4. We substitute to obtain
% du

/\/5 vde /4
0 V1+ZC2 1 \/ﬂ

4
= /%u_l/zdu
1
_ {ul/zr
1
41/2_11/2

- m

36. (a) Let u =2z, so du = 2dz. We substitute and obtain

cos? 2z 1 _3
= dr == | cos’u (sinu du.
/ sin® 2z 2 / (sinu)

We use Formula 105 with m = —3 and n = 2, and obtain
cos? 2x 1 ((sinu) *cos2lu  2-1 _3
de = = + /0052_2 u (sinu du
/sin32:v 2 -3+ 2 —3+2 ( )

—cosu 1
= _72——/(35(33udu.
2sin“u 2

Next use Formula 89, and we have

cos? 2z —cosu 1 1 1
——dr = ——— —5|—gcscucotu+ Infescu —cotu| | +C
sin® 2z 2sin“u 2 2 2

1 1 1
= ——cos2xcsc? 2z + 75¢ 2x cot 2z — 1 In |csc 22 — cot 2z| + C.

(b) Using a CAS we obtain

cos? 2z 1cos® (20) 1 1
/ T de =| -5 () — 1C08 (2z) — 3 In|esc (22) — cot (2z)| + C'|

(¢) We simplify the first two terms of the antiderivative in part (a),
1 9 1 1 9 1
3 cos 2z csc” 2z + 1 csc2xcot2x = 3 cos 2z csc” 2x + 1 csc 2z (cos 2z csc 2x)

1 1
= 3 cos 2z csc? 2z + 1 csc? 2z cos 2z

1
7 o8 (22) csc? (2) .
And likewise, in part (b), we obtain

1 cos® (27)

1 cos (2z) (1 — sin® (2z))
4 5in? (2x) 4 T )

4 sin? (2x) 4

1
— 4 cos (2z) =
1 ) 1 1
= —jcos (2x) csc” (2x) + 7 %08 (2x) — 708 (2x)

1
= —jcos (2x) csc? (2) .

And so adding the same logarithm terms, we see that our results above are equal.
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37. We integrate by parts, with v = tan™ 'z, du = 1+ ——=dx, dv = z"dx, and v = n}rlx"“.
We obtain
1 1
/x” tan tzdr = " ) tant 2 —/ — " ——dx
n+1 n+1 1+ 22
n+1 1 n+1
- Z tanflx——/x—d‘r.
n+1 n+1) 1422
38. We integrate by parts, with u = 2", du = na" 'dz, dv = (a:v+b)l/2 dr, and v =
2 (az + b)?’/z. We obtain
n 1/2 2 3/2 2 3/2 n—1
2" (ax +b) " dx (™) 3—(@33 +b) - 3—(a:17 +b) (nz" ') dz
a a

n

2x™

Ha (ax
2n

 3a

n

2
i((190—}—1))3/2—?71/ "(az + b)? da
a

2 2

i(agc—i—b)3/2 n/(a:v—l—b)(ax—i—b)l/Z(:v"_l) dx
a 3a

+b)*/?

([ @@ drs [0 06 )

_ 2

% /:C"_l(ax +b)? da.

We add 27" J a2 (ax + b)1/2 dz to each side and obtain

2 2x™ b
(l—l—?n)/x"(ax—i-b)lﬂdx = 3i(a:1: 3/2 3n/:17 ax+b1/2d:17
a a
2n+3 n 1/2 B " 32 2bn 1/2
( 3 )/:17 (ax +b)"“dx = 3a(a x+b) 30 2" Y ax + b))/ dx
3 2z" 3  2bn
n W2 g — 2z p)3/2 _ 20n n—1 02 g
/:17 (ax +b) T 713 3a (azx +b) 9743 3a 2" (ax 4+ b) x
2(17" 3/2 2bTL / —1 1/2
= — b - " b)’“d
(2n+ 3)a (az +b) (2n+ 3)a ¥ (e +) v
39. We evaluate v
u dr = lim V22" gy
1 \/E b—oo Jq
Let u = 2/2, then du = %$—1/2 dx. We substitute to obtain
o, f ) pl/2 iy
Y S
. b2
- bliglo [_26 L
- - )
~ Jlim [—2e—b”2 +2e_1}
— 00
2

. . 2
The improper integral converges to .

e
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40. We evaluate

1 1
sin /o dr = lim /2 sin (xl/Q) dzx.
0 \/E a—0t a

Let u = 21/2, then du = 37/ dz. We substitute to obtain

1 1
/ sin 'z de = lim 2sinu du
0 \/5 a—0t Vva
= lim [-2 !
ai%l+[ cosu] s
= lim [~2cosl— (=2
Jim, [—2cos (—2cosva)]
= lim [-2cos1+2cos+/a
a—0t
= —2cosl+2(1)
= 2-—2cosl.

The improper integral converges to .

41. We evaluate

1 b

T dx . T dx
———— = lim B
o V1—zx2 b—1- Jo 1 — 22
Let u = 1 — 22 and substitute to obtain
L pdx . 15 —% du

0 \/1 — $2 N b—1— 1 \/E

- bl_i)r{{ [_ 4
= Jm [-Vi-# - (-VT))
= 1.

The improper integral converges to .

42. We evaluate o o
/ rze®dr = lim ze® dx.

— 00 a—r— o0 a

We let u = x, du = dx, dv = e* dx, and v = €” and integrate by parts to obtain

0 0
/ ze®dxr = lim ([xew]g - / e’ dx)
oo a——00 a

= lim (—aea - [ex]g)

a—r — o0
— 3 0
=i (ot = (0= "))

= —1.

The improper integral converges to .
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43. We evaluate

/% sinx

r

CosT

The improper integral .
44. We evaluate
/ V14 z1/8

Top/e

b

lim tan z dz
b—(m/2)~

lim  [In|secz|]]
b (m/2)"

lim [In|secb| — In |sec 0]
b—(m/2)~

lim [In|secb|]
b—(m/2)~
00.

, " V14 2l/8
dr = lim dz.
b—o0 I3/4

1

Let u =1+ x'/% then du = gx_7/8 dz, so dx = 8(u — 1) du. We substitute and obtain

V1+ 28 L+
/ Rk dr = lim AGS(u—l)?du
1 1'3/4 b—o0 2 (u_l)
1+b1/8
= lim 8 Vu(u—1)du
b—oo 2
14b1/8
= lim 8/ (u3/2 —u1/2) du
b—oo 2
- 14b1/8
1
= lim —6(3ug—5u%
b—oo | 15 2
— fim |16 1/8) ( 1/8)% 16( 9
= Jlim 15(3(1+b —5(14b = (327 -5
- [0 o) ) - o -5
- blggo_m(ub 3(1+0 5) - 32 (3% —5(2)
= oo.
The improper integral .

45. Since

1+e™®
T

1
> =
x

for all x, and since floo % dzx diverges, by the Comparison Test, f > 1+; dx

46. Since

(1+2)° ~

;—zda: converges, by the Comparison Test, fooo

for all z > 0, and since [;°

converges |

1
2

€T €T

3

—(lfx)S dx

47. We use integration by parts with © = 22 and dv = cosx dz. Then

/xQCosxda::xQSin:r—/2xsin:cdx.

=|z?sinzx|

Then f (z)
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48. (a) The volume is given by the integral ff m(ln x)2 dxz. We use integration by parts with
u = (Inz)* and dv = wdx. Then du = 21% dzr and v = wmz. We obtain

/1 *r(na)? de [(in :C)Z(wx)K - /1 () (2 1;”3) dz

= [(ln 6)2(71'6) — (In l)z(w(l))} —27 /le Inxdz

= 7Te—27r/ Inzdx.
1

We use integration by parts again with v = Inx and dv = dz. Then du = %dw and
v = z. We obtain

ew(lnx)de = 7e—2r([(Inz)z] — u % dz
1 1
= 7Te—27r<[(lne)e—(ln1)1]—/le da:>

= me—2m(e—(e—1))

(b) The volume is given by the integral ff 27z Inx dxr. We use integration by parts with
u =Inz and dv = 27z dz. Then du = %dw and v = mz2. We obtain

/1627T:101n:vd:v = [(ln:v)(mg?)]i_/le (mc%(%) du
= [me)(re?) — (m1)(x(1)?)] _W/Bxdx

1

2
49. The arc length is given by foﬁ/Q {1+ (3—‘;) dx = 0”/2 \/1+ (cosz)? da = foﬂ/Q V1 + cos? zdx.

(a) With n = 3 we have Az = W = %. So the Trapezoidal Rule provides the
approximation

[T~ 5 o5+ 2(5) +1(3)

6
= %[\/1+cos20+2\/1+cos2%+2\/1+cos2g—|—\/1—1—0052%}
~ |[1.910].
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(b) With n =4 we have Az = W = §- So Simpson’s Rule provides the approxima-
tion

/Ow/2\/1+cos2:cd:c ~ %{f(0)+4f(%)+2f(g)+4f(3§>+f(g)}
= /8[\/m+4\/1+c0s22+2\/1+c0822

3

3
+4\/1+C082—ﬂ—+ 1+0052E

8 2
1.910].

50. The distance traveled is given by the integral f14 v dt. We approximate by the Trapezoidal
Rule, with At = 0.5.

3

%

/1de ~ SL) +20(15) +2£(2) +2/(25) + 2/(3) + 2/ (35) + /(4]

0—j (34 2(4.3) + 2(4.6) + 2(5.1) + 2(5.8) + 2(6.2) + 6.6]

[15.4 meters},

51. The area is given by the improper integral

1 1
/ 23 dy = lim 23 dy
0

a—0t J,
1

lim [3x1/3}
a—0+

lim [3(1)1/3 - 3(a)1/3]

a—0t

= 3.

a

The area of the region is .

52. The volume is given by the improper integral

1 9 1
w(x_2/3) dr = lim xx 43 dx
0 a~>0+ a
1
= lim [—37rx71/3}

a—0t

= lim [—3#(1)71/3 - (—3#(@)71/3)]

a—0t
= OoQ.

The improper integral diverges, so the volume .

53. Express the logistic model £ = 0.0024P (100 — P) in the form 4€ = kP (1 — &) where
M is the carrying capacity and k is the maximum population growth rate.

a

dP P P
o 0.0024P (100 — P) = 0.0024 - 100P (1 — 1—00) =0.24P (1 — 1—00)
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(a) The carrying capacity is M = .
(b) The maximum population growth rate is k =|0.24].

(¢) At the inflection point, the size of the population is given by one-half the carrying

capacity. Therefore, the size of the population is at the inflection point.
54. Partition [2,10] into four subintervals [2, 3], [3, 5], [5, 8], and [8, 10].

The widths of the four intervals are
Ar1=3-2=1, Ao =5—-3=2, Ax3=8—-5=3, and Azy, =10—-8 = 2.
Now apply the Trapezoidal Rule:

10
[ p@yde = 5U02) + 1A+ 56)+ F6)) Az + 51/(5) + )]0,

S10451(1) + 505+ 20(2) + 52+ (~DIE) + 3[-1+2](2)

5 14 3 2
=5+5 t5+; =112

AP® Review Problems

1. Use the identity cos? § = %[1 + cos (26)].

1
2

/cosQ:cdx:/%[1+Cos(2x)]da:: {x—l—%sin(lp)] +C=|3z+isin(22)+C

1
2

The answer is B.

2. Apply polynomial division to 2’ +22° —3w45 g,

r+4
Apply polynomial division to %_;439”5.
22— 22 +5
(:17—|—4)| 23 +22%2 -3z 45
— (2% + 42?)
—222 — 3z
—(—22? — 82)
5 + 5
—(52 4+ 20)
-15

The quotient is 2 — 2z + 5 and the remainder is —15.

349222 -3 5 15
So,x ter T =22 —2x+5— .
r+4 z+4
34222 — 1
Therefore, /j7 ter 3x+5d:1::/ v? —2x+5— > dz
r+4 x+4

=|32% —2? + 5z — 15In|z + 4|+ C |

The answer is A.

3. Partition [0, 2] into five subintervals, each of equal width: [0, 0.4],[0.4,0.8],[0.8,1.2],[1.2, 1.6]

and [1.6,2.0].
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The width of each subinterval is Az = 0.4.
Now apply the Trapezoidal Rule:

[£0) + F(04) Az + S[£0.4) + FOBAT+ S[7(0.8) + f(1.2)]Aa

N | =

/O fa) do ~
+ %[f(1.2) + f(1.6)]Az + %[m.a) + f(2.0)]Az

[£(0) + 2£(0.4) + 2£(0.8) + 2£(1.2) + 2f(1.6) + f(2.0)]Ax
= 3134 2(4) + 2(4) + 2(6) +2(8) + 10)(0.4) = .

The answer is C.

. The integrand of [ m

So, we complete the square in the denominator.

e e e e e
_— dx = Xr = — = ax.
22— 27 +2 (x2 =2z +1)+(2—-1) (x—-1)2+1

Now use the substitution u = z — 1. Then du = dz and [ m de = [ m dx =

= DN =

dx contains the quadratic expression z2 — 2z + 2.

fﬁdu:tanflu—I—C:‘tan*l(:v—l)—i—C‘.

The answer is C.
. Partition [0, 10] into four subintervals [0, 1], [1,4], [4, 8], and [8, 10].
The widths of the four intervals are

Ar1=1-0=1,Az0=4—-1=3, Axg=8—-4=4, and Azy, =10—-8 = 2.
Now apply the Trapezoidal Rule:

10

Fla)de ~ S(FO)+ F))A1 + [F() + F4)) Az + S[F(4) + F(8)) Ay

N =

+ 51O + 110 Ay

1 1 1 1
= S +5]1) + 56 +10)3) + 510+ 12)(4) + 512+ 8)(2)

= g + 4—25 + 8—28 + 470 =[o1]
The answer is D.
. Evaluate [z cos(7x) dz using integration by parts.
Let u = x and dv = cos (7z) dx.

Then du = dz and v = [ cos (7z) dz = Lsinz.

s s

So / xcos (nz) do = x F sin (m)} - / L gin (2) da

m m m ™ s

— % in (wz) — / sin (ne) de = © sin (nz) — = [—1 cos (m)} +C

=|Zsin (rz) + 25 cos (mz) + C |

The answer is B.
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7. Evaluate [z csc? ¢ dzx using integration by parts.

Let u = z and dv = csc? z dz.

Then du = dx and v = fCSC2$d,T = —cotx.

Now/xcsc2:1:da:::c(—cotx)—/(—cotx)(d:z:):—xcot:c—l—/cotxd:c.

To evaluate [cotzdr = [ <L dx, use the substitution u = sinz. Then du = cosz dz,
and [cotzdr = [$Ldy = [ L _(coszdr) = [Ldu=In|u/+C =In|sinz|+C.

sin x sin x

So, /xcsc2:vd:v=—xcotx—i—/cotxdx:‘—xcot:v+1n|sinx|—|—C‘.

The answer is D.

8. The function f(x) = =7 s continuous for x > 1.

. o g T b g
By definition, fl e dr = blggo f1 (22+1)° dr.

0o b
J T S p——
1 (22+1) booo J1 (22 +1)

b
E lim (z®+1) _3(250 dx)

2 b—oo 1
1 [@+07?)
= — lim ]
2 b—oo -2
1
1

The answer is B.

9. The function f(x) = 1“7”” is continuous on (0, 10] but is not defined at z = 0.

10 . . .
So, fo 1“7”” dx is an improper integral.

X b—0t Jp X

To evaluate f l’“Tm dx, use the substitution v = Inz. Then du = % dzx, and

1 1 2 1 2
ﬂdw:/lnx(—dx):/udu:%_i_cz(nx) e
x

T 2
10 10
1 1
/ 22 dr = lim e dx
0 xT b—0+ b xT
) 10
= lim l(nx) ]
b—0+ 2
b
1 2 2
= 3 Jim, [(11110) — (Inb) }

2
. . 2 _ . _ 10 Ing :
Since b1_1>r51+ (Inb)” = (131_1}(1;1+ In b) =00, |, —tdx|diverges|

The answer is D.
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10.

11.

12.

To evaluate [ #&tg) dx, notice the integrand is a proper rational function in lowest

terms. Since the factors are linear and distinct, this is a Case 1 type integrand and can be
written as #&tg) = ﬁ + %.

Clear the fractions by multiplying both sides of the equation by (z — 1)(z — 3).

2r+4=A(x—-3)+ B(z—1).

Grouping like terms, 22 +4 = (A + B)z + (-3A — B).

This is an identity in x, so the coefficients of like powers of x must be equal.
A+B=2

—-3A—-B=14

This is a system of two equations containing two variables.

After solving this system, the solution is A = —3 and B = 5.

z+4 x
So, G =~ t g and [ g da = (_% + %3) dr =

\—31n|x_1|+51n|x_3|+c\.

The answer is B.

l\?|=\

To evaluate f 2\/16— dx, use the substitution x = 4sin6, % <fh<

Then dx = 4cosfdf and V16 — 22 = /16 — 16sin?60 = 4v/1 —sin®0 = 4vcos2 0 =

4cost) since —5 < 0 < 3.

The integral becomes

; 4 cos B db :i csczedez—icotb'—i—c.
(4sin 6 16 16
sin

1
=
x24/16 — 22 )4 cos b

2
Since v16 — 22 = 4cosf, secl = \/ﬁ, tanf = v/sec20—1 = ”(\/ﬁ) -1 =

+-=Z and cot@::l:—vlﬁm_”ﬁ.

1 1 1 \/1 — x2
Therefore, [ ———do = ——cotd + C = —— 6 16:5 V16 — 22 + C'|.

224/16 — 22 16 16 T

The answer is C.

The logistic model ddf =0.1P ( ﬁ) is in the form dd—f =kP ( ﬁ) where M is the

carrying capacity and k is the maximum population growth rate.
(d) The carrying capacity is M = |4000|.

(e) The maximum population growth rate is k = .

(f) At the inflection point, the size of the population is given by one-half the carrying
capacity. Therefore, the size of the population is | 2000 | at the inflection point.
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Practice AP® Exam, Part I
1. For f(z) = e +sin (22), f/(z) = e** [ £ (42)] + cos (2z) [-L (22)] = 4e*® + 2 cos (22).
So, f'(0) = 4€® + 2cos (0) = 4(1) +2(1) = @

The answer is D.

2. Note that lim1 2221 — iy %7(?_1) = lim (z+1) =2.
z—

z rz—1 z rz—1

Therefore, lim =0 — (lim £51) - 1im f(2)] = (2)(3) =[6]

x—1
The answer is C.

3. Since lim3 f(z) # f(3), function f is discontinuous at x = 3. Statement (B) is TRUE.
r—r

Since lim f(z) = lim f(x), lim f(z) exists. Statement (C) is TRUE.
z—4t z—4

r—4-

Since 1im5 f(x) = f(5), function f is continuous at = 5. Statement (D) is TRUE.
z—

Since lim f(z)=1and 1< f(2) <2, 111?7 f(z) # f(2). Statement (A) is FALSE.

=2
The answer is A.

4. For f(x) = 23 — 152% — 1800z + 2000, f'(z) = 322 — 30z — 1800 = 3(z — 30)(x + 20).
Note that f/(z) < 0 on the interval —20 < z < 30, and defined at z = —20 and = = 30.
Therefore, f is decreasing on the interval —20 < x < 30.

Use f"”(x) = 6x — 30 = 6(x — 5) to examine concavity.

Note that f”(z) < 0 for < 5. Therefore, f is concave down for z < 5.

So, f is both decreasing and concave down for .

The answer is B.

5. For y = e%* cos (3x),

f'(w) = e [% cos (3;5)] + cos (3z) (%6%) = ¢2*[~3sin (3z)] + cos (3) (2¢%7)

= e**[—3sin (3x) + 2 cos (3z)] = ‘ e?*[2 cos (3x) — 3sin (3z)] ‘

The answer is B.

6. Note that lim 2% — 7 Jjy o)
r—0— 2z 2 x—0— Tz

Lett=7z. Asx — 0", t—0".

Th 1; — sin (7x) _z li sin (7z) _7 i sint _ 7 1) = z'
en lim f@)= lm Zom =g im T =z i 2(1) =73

Since k + 21In(z + e®™1) is continuous for all z > 0,

lim f(z) = lim [k+2In(z+e"t)] = f(0) =k +2In(0+e") =k + 2.

z—0t z—0

For f to be continuous at x = 0, choose k so that lim f(z) = lim f(z).
z—0~ z—0t
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10.

11.

So, § =k + 2. Therefore, k= § and lim f(x) = 1.

Note that for k = 2, f(0) = I = lim f(z).

z—0
Therefore, f is continuous at = 0 for k = .

The answer is C.

. Note that lim §/(z —3)7 = | lim(z — ?,)r/5 —0and f(3) = {/(B-3)T=0.

x—3

Since 1iH13 Y/ (z — 3)* exists and is equal to f(3), function f is continuous at z = 3.
r—r

Note that f'(z) = 2(z —3)71/° = 5{,/%. So, f'(3) is not defined.

Therefore, function f is not differentiable at z = .

The answer is B.

. secx + tanx) tanx dx = secztanz + tan? z) dz
J( ) J(

Use the identity tan? z = sec? z — 1.

/(secx—i—tanx)tanxdx:/(secxtan:v+se02:v—1) d:v:‘secx—l—tanx—:v—i—(}'

The answer is C.

1/2

| =

(4$ + Getanx)

~1/2 d
dz

= (4:1: + Getanz) -1/ (4 + 6etenT L gec? :1:)

X
(4I+6€tanz) (4x+6€tanz)

N =N =,

_ 446et T sec? x
24z 1 Getane
2 + 3etanTgec? g

The answer is D.

For a function f that is continuous on the closed interval a < = < b and diﬁerentjable'on
the open interval a < = < b, the Mean Value Theorem guarantees that f’(c) = M

for at least one ¢ between a and b. Applying the Mean Value Theorem to function f_tahat
is continuous on 1 < x < 5 and differentiable on 1 < x < 5 with f(1) = 10 and f(5) = 50,
F(c) = f(5g*{(1) — 50210

= 10 for at least one ¢ between 1 and 5.

The answer is B.

The ith term of the sum is /20 - 2= = f(u;)Az for f(z) = €%, u; = o, and Az = 5.

The quantity u; is the right endpoint of the ith subinterval [ fori=1,2,...,n.

% 20)
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12.

13.

14.

Since the last term of the Riemann sum is e? and the right endpoint of the nth subinterval
is 55, therefore f(%) = en/20 = ¢2 oo 56 = 2, 50 n = 40. So, the interval [0,2] is
partitioned into 40 subintervals of equal length

2 1

40
1
Therefore, 20 et/ 4 e2/20 4y 62} = Z fui) Az = f02 e’ dx.
i=1

The answer is B.

The region in the first quadrant bounded by the graph of y = 1 + ¢~2% and the line z = 3
is pictured below.

¥

L]

0 1 2 3

Since y = 1+ e~ 2% is nonnegative on [0, 3], f03 (1 + e727) dx is the area under the graph of
y=14+e"2% fromx =0 to z = 3.

A= ° —2x _ 1 72m37 1 —6 1O _ |7 1_—6
= (1+6 )dil?— T + —5 e = 3—58 — 0—56 = 5—56
0 0

The answer is C.

Use the substitution u = \/z. Then @ = u? and dz = 2udu. The lower limit of integration
becomes u = v/1 = 1, and the upper limit of integration becomes u = v/4 = 2. Therefore,

4 2 2

1 1 :

/ — T o= | 2 ougu =2 R e gy |
1 1+\/§ 1 1+U

The answer is D.
Using the Chain Rule, =L f(f(z)) = f'(f(z)) - f'().

For f(z) = /25— a2, f(—-3) = /25 — (—=3)2 = 4 and
%f(f(—a?)) =f(F(=3) - f1(=3) = f/(4) - f'(-3).

Sice 10) = gtz U = 1019 = (k) [y = () () =
=Y

The answer is B.
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15.

16.

17.

18.

19.

20.

/_tﬂx)dx:/—(Jlf(x)dx+/01f($)d$:/_(Jle%dx-f'/ole—4wd$
0 . L

_ 121 e 71 _72_1 -4 4\ _ |3 _1,-2 1,-4
—|:26 }_14—{ 46 }0—2(1 e ) 4(6 1)— 7~ 3¢ 7€

The answer is D.

Use the limit definition of the derivative of function f at x = xq, f'(xg) = }llimo M
—

Apply the definition to f(x) = sin (2z) at 2o = F.

(T sin [2(5 +h)] —sin(2-5) | sin( +2n) —sin(3)
f(4)_;113% I = g '

The answer is B.

At z = 3, the graph of f crosses the z-axis. So, f(3) = 0.
At z = 3, the graph of f is decreasing. So, f'(3) < 0.

At z = 3, the graph of f is concave up. So, f”/(3) > 0.

Therefore, ‘f’(?)) < f(3) < f"(3) ‘

The answer is C.

42432245 4P 432745 (5 o 4A+3+ 5% 44040 7
lim ——— " = lim ———— - [ £~ | = lim 22 — =2/
oo 5r3 422 —x  w—eo Sxd4 -z \ L eveo b+ 1L 540-0 LS

The answer is B.

Given v(3) = —3, the velocity of the particle at time ¢ is given by
¢ t

v(t) = v(3)+/ a(z)dr = —3+/ 3dr =3+ [3a]y = 3+ (3t —9) = 3t — 12.
3 3

The particle is at rest when v(¢) = 3t — 12 = 0. So, the particle is at rest at ¢ = 4.

Given z(2) = 5, the position of the particle at time ¢ is given by

x(t) = z(2) —l—/;v(:v) dx = 5—}—/: (3xz — 12) dz.

4 4
3
So, 2(4) =5+ [ (3x—12)dx =5+ [5:102 - 12:10]

=5+[(24 - 48) — (6 — 24)] =[-1]

The answer is C.

2

For the rectangle with two sides along the x-axis and y-axis and inscribed using the function
f(x) = e7 922 the width of the rectangle is z and the height is f(x) = e792%. So, the area
as a function of x is given by A(z) = 2 -e~%2%. To find z so that the area of the rectangle
is a maximum, set A’(z) = 0 and solve for z.

Applying the Product Rule,
Al(z)==z- ie_o'% 4027 ix =z (—0.2e79%) 4702 . (1) = e (1 — 0.22)
dz dx ' B

Since e7%2% > 0 for all #, A’(z) =0 when 1 — 0.2z = 0. So, A’(z) = 0 when z = 5.
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Note that A’(z) > 0 for < 5 and A’(z) < 0 for © > 5. So, the area is a maximum for
a3
The answer is D.

21. For y = f(r) = X2 find f’(z) by applying the Quotient Rule.

2x—6"
T dz\20-6) (22 — 6)*
_ (2r-6)(1)—(x+2)(2)  —10
(22 — 6)° (22— 6)
The slope of the tangent line to the graph of y at the point (4, 3) is M., = f'(4) =
-0 _ _5
Gor = 2

The slope of the normal line to the graph of y at the point (4, 3) is Mnorm = ff(l

N
(S

1
The equation of the normal line to the graph of y at the point (4, 3) is y — 3 = Z(z — 4).

Multiplying both sides by 5, by — 15 =2(z —4) or | by — 2z =T |.

The answer is A.

22. For f(z) = ek, f'(z) = ek (L (ka?)] = 2kzeh’
and f"(z) = 2kx(%e’”2) + eha’® (L (2kz)] = (2kz)*ek*” 4 2kehs” = 2fehe’ (2ka?® +1).

Since f has a point of inflection at z = £2, f”(£2) = 2ke**(8k + 1) = 0.

Since k is nonzero, and e** > 0 for all k, 8k + 1 = 0. Therefore, k = | —

ool

The answer is B.

23. Apply the Product Rule.

%[ﬁ/jln(u—i—i&)du} = (#?) [%/jlﬂ(u—i—i&)du} + [/;ln(u—i—?))du] (%ﬁ)

=t*In(t+3)+ {/;ln(u—l-ii)du}(%)

=|2In(t+3) + 2t [, In (u+3) du

The answer is D.

24. Rewrite the differential equation % = ycos (2x) as ’z—y = cos (2z) dz.

Integrate both sides to obtain [ % = [cos (2z)dx

or In|y| = 0.5sin (2z) 4+ C for some constant C.
Applying the condition that y = 3 when z = 0 yields In3 = 0.5sin (0) + C.
Thus, C'=1In3 and In|y| = 0.5sin (2z) + In(3).
4 0.5sin (22)+1n(3) _

Solving for y yields y = $e0-55in (22) In(3) — 43¢0-5sin (22)

0.5sin (2x)

The condition y = 3 when = = 0 requires the positive sign. Therefore, |y = 3e

The answer is B.
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3

3 3 3
5. [ B@) + o) @) ~6ldo =3 [ Fydat [ gl @de—6 [ da
= 3@ + 5 {lo@)} 6l
= 31£3) — 7]+ 5 {lo@) ~ )} 63~ 1)
:3[4—2]+%{52—12}+6(3—1)
=6+12—-12=6]

DN | =

The answer is A.

26. If x represents the number of words memorized at time ¢, then expression Ci—f represents the

rate at which a list of M words are memorized. We are given that the rate is proportion
to the product of the number of words memorized, M, and the number of words that have

not been memorized, M —x. Therefore, the differential equation Ci—f = ka(M — z) | models

this situation.
The answer is C.
27. For f(z) = (z — 3)*(x — 5),

Fla) = (e =3 | oo =) + - 9)| o - 97
=(@—-32+2x—-5)(z—3)
= (z — 3)(3z — 13).

Note that f/(z) =0 for z =3 and z = £2.
For x < 3, f’(x) > 0. So, the graph of f is increasing for x < 3.

For 3 <z <1, f/(z) < 0. So, the graph of f is decreasing for 3 < z < 12.
For x > 1—33, f'(z) > 0. So, the graph of f is increasing for = > 1—33

At x = %, the graph of f changes from decreasing to increasing.

Therefore, the function has a relative minimum at |z = 1—33 .
The answer is D.
28. Use implicit differentiation to find %2
d , 5 9 d
— 3y°) = —(12
dz (I +y ) dac( )
d
22 + 6y 2L =0
dx
dy -2z  x
dr 6y 3y
So - _® _ 4
O & (@.9)=(3.1) 301
d
d d —z(3% d
Then £4 = £(8) = £ (-g) - 2l M0 0B)
x T T T Yy (31/) 9y 9y
3z Z_Z—?)U
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29.

30.

a2y — 33)(D-831) _ —9-3 _

B (4 )=(3,1) 9(1)” 0

ol

The answer is B.

Since lim [3z — sin (32)] = 0 and lim [1 — cos (22)] = 0, lim 22=5102) 45 of indeterminate
z—0 2—0 a0 1—cos (2z)
form 2. Apply L'Hopital’s Rule to evaluate lim z=sin(z)
0 rs0 l—cos(2x)
. 3z —sin(3z) . L[Bx—sin(3z)] | 3—3cos(3xz) 3 .. 1—cos(3x)
lm —— =lim*%—— = =lim—————* =—— lim ———*
@0 1 —cos(2z) =0 L[] —cos(2z)] =0 —2sin(2x) 2 z—o0  sin (2x)

1— . . .
1-cos (32) 4o of indeterminate form 2.

Since Ill_r}% [1 —cos (3x)] = 0 and ili)l}) sin (2z) =0, ili)l}) STYem) o

1—cos (3z)

Apply L’Hépital’s Rule to evaluate —% limo EYCORE
Tr—r

——lim ———— = —= lim =—-lim ——~ =——
220 sin (2x) 220 Lsin (2z)] 2 2—0 2 cos (2x) 2

X

3 .. 1—cos(3z) 3. A1 cos(3z)] 3 . 3sin(32) 3<g(1)) :@

The answer is B.

For graph I, the graph of f is concave down for 1 < 2 < 4. So, f”(z) < 0 for 1 <z < 4.
The graph on the right could represent f”/(z) for function f on the left.

For graph II, the graph of f is concave up for 1 < x < 4. So, f"’(z) > 0for 1 <z < 4.
The graph on the right could represent f”(z) for function f on the left.

For graph III, the graph of f is concave down for 1 < z < g and concave up for g <z <4
So, f"(z) < 0for 1 <z < % and f”(z) >0 for 3 <z < 4. The graph on the right could
represent f”(x) for function f on the left.

The answer is D.

Practice AP® Exam, Part II

31.

Use a graphing calculator to examine the graph of g(t) = (t — 2)sin (3£) on the interval
0<t<2

g(t) = (¢t — 2)sin ("7‘)

Since g(t) <0 forall 0 <t <2, f(z) = [, (t —2)sin () dt <0forall 0 <z <2.
Using the Fundamental Theorem,

o d
~dz

F(x) (t — 2)sin (%) dt = (z — 2)sin (?) <0forall0<az <2

Finally, since the graph of g is increasing on the interval & < z < 2 for some k, f/'(z) =
¢'(t) > 0 on the interval k < z < 2. Therefore, only statements I and II are true.

The answer is B.
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32. For function f(z) = 222 + V/z* — 8 defined for = > 0, find x so that f(z) = 10.
Using a graphing calculator, f(z) = 10 for z = 2.

Using a graphing calculator, f/(2) = 33—2

Since g is the inverse of f and f'(2) = 32 # 0, then ¢/(10) = f’b) = (é) = 2 ~|0.0937 .
3

The answer is D.
33. For f(xz) =e® — 2° — e, find the point where the graph of f crosses the z-axis.
Using a graphing calculator to solvef(z) =0, x ~ 3.4711.
Using a graphing calculator, f/(3.4711) ~ 9.1063.
The slope of the normal line to the graph of f at x =~ 3.4711 is

~ _ 1 ~__1 ~_
Muorm ~ — gy ~ ~o1063 ~ | 0110}

The answer is B.

34. Functions f and g have perpendicular tangents for all z such that f/(z) - ¢'(z) = —1.

Since f'(z) = %H and ¢'(z) = —ﬁ, find all z such that (%H) . (—211\/5) = -1

Equivalently, find all z such that (z + 1)(2zv/z) = 1.

Using a graphing calculator, x ~|0.484|.

The answer is A.

35. Partition [0, 2] into five subintervals, each of equal width: [0, 0.4],[0.4,0.8],[0.8,1.2],[1.2,1.6],
and [1.6,2.0].

The width of each subinterval is Az = 0.4.
Now apply the Trapezoidal Rule:

/0 F@)dz ~ [£(0) + F(0.4)] Az + %[f(().zl) + F(0.8)]Az

N =

+ %[f(O.S) + f(1.2)]Az + %[f(1.2) + f(1.6)] Az + %[f(l.G) + £(2.0))Az
[£(0) +2£(0.4) + 2£(0.8) + 2£(1.2) + 2£(1.6) + £(2.0)](0.4)
[10 + 2(12) + 2(13) + 2(16) + 2(19) + 20](0.4)
—[30]
B.

The answer is

1
2
1
2

36. Given v(0) = 2, the velocity of the particle at time ¢ is given by
t t
v(t) :v(O)-i-/ (3—\/E)dx:2+/ (3—Vz) du.
0 0

The velocity at time t =4 is v(4):2+f04(3—\/5)dx:2+%: =

The answer is C.

37. Using a graphing calculator, the region in the first quadrant enclosed by the graph of
y =tanz, y = 3 — x, and the y-axis is pictured below.
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38.

39.

40.

Using a graphing calculator, the graphs of y = tanx and y = 3 — x intersect at x ~ 1.089.

y y=tanx
3
.\_\
2
b
1 \
y = 3—x
X

The area of the region in the first quadrant enclosed by the graph of y = tanz, y = 3 — z,

and the y-axis is given by A ~ fol.osg [(3 — ) — tanz] dx.

Using a graphing calculator, A ~ f01.089 [((8—x) —tanz]dx ~| 1.905|.

The answer is A.

Let w(t) denote the weight of the animal after ¢ days.
Then w(t) = w(0) + fotr(x) dr = w(0) + fot 0.16eV* dz.
The number of pounds gained from ¢ = 0 to ¢t = 5 days is w(5) — w(0) = f05 0.16eV* dz.

Using a graphing calculator, w(5) — w(0) = f05 0.16eV® dx ~| 4.0 pounds|.

The answer is B.

The function g(x) = ZB2Z=2 ig defined for all 2 > 0.

x+1
For g(x) = zl;‘f;m, find ¢'(x) using the Quotient Rule.
o (a:—l—l){d%(xlnx—x)}—(xlnx—x)[%(x—kl)}
g(I)— 2
(x+1)
- (z+1)(z-2+hz-1)— (zlnz —2)(1) _ Inz+z
- (z+1)? S (@

To find a critical number for g(z), set ¢’'(z) = é;if;ﬁ =0.

Using a graphing calculator to solve Inz + 2z =0, x ~|0.567 |

The answer is C.

The distance between a point (z,y) on the graph y = 22+ and the point (3, 4) is given by

d=/(r =32+ (y—4)2 =/(x — 3)2+ (22 + = — 4)2.

Since d > 0, finding x so that d is a minimum is equivalent to finding = so that d? is a
minimum.

Let f(x) =d? = (v — 3)? + (22 + 2 — 4)%
Then f/'(z) = 2(x — 3) +2(2? + x — 4)(2x + 1).
To find the critical numbers of f, solve f/(x) = 2(x — 3) 4+ 2(2®> + 2 — 4)(2x + 1) = 0.
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41.

42.

43.

Using a graphing calculator to solve 2(z — 3) +2(2? + 2 —4)(2x +1) =0, z ~ —2.137, -1,
and 1.637.

Note that f(—2.137) ~ 28.854, f(—1) ~ 32, and f(1.64) ~ 1.958.

Therefore, the minimum distance is d ~ v/1.958 ~|1.399 |

The answer is B.

The perimeter of a regular hexagon is given by P = 6s, where s is the length of each side.

When the perimeter is P = 120 cm, the length of each sideis s = P = £(120 cm) = 20 cm.

i3OCm

The perimeter is increasing at a constant rate of 30 cm/min. So, 4 - p—

The rate of increase in the area of the hexagon is

Toa(F) - ) - F ) ()

d ds
From P = 6s, 4 = 4 (6s) = 6.

ds 1dP _ 1 cm cm
SO’ dt — 6dt 6(30m1n) - 5111111'

Therefore, %4 = 31/3(595) = 3v/3(20 cm) (522 ) ~|519.6152

b dt dt min min |

The answer is B.

For g(z) = [} [3f(t) + VI? + 1] dt
9(2)=/2[3f(t)+ t3+1}dt=3/2f(t)dt+/2\/t3+1df-
0 0 0

Using a graphing calculator, f02 Vi3 + 1dt =~ 3.241.

Since [T f(t)dt =10, g(2) = 3 [7 f(t)dt + [ VB + Ldt ~ 3(10) + 3.241 = 33.241.
By Part 1 of the Fundamental Theorem of Calculus,

g’(x):%/ox{?)f(t)—i— t3+1}dt:3f(:c)+ a3 + 1,

and ¢'(2) =3f(2) + v22 +1=3(4) +3 =15.
Therefore, g(2) + ¢'(2) ~ 33.241 + 15 = | 48.241 |.

The answer is C.

The average density across the length of the rod is f = f V10 — 23 dx.
Using a graphing calculator, f02 V10 — 23 dx ~ 5.584.

Therefore, the average density is f = 715 f02 V10 — 23 dz ~ 1(5.584) =|2.792 ],

The answer is C.
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44.

45.

The distance traveled by the object from ¢ = 0 to ¢ = 10 is given by folo [v(t)] dt.

Since v(t) = €%?' — 3, we find that v(t) <0if 0 <t < 5In3 and v(t) > 0if 5In3 < ¢ < 10.
Therefore,

10 5In3 10 5In3 10
v = —v v = — e02t — e02t — .
/0 lu(t)| dt /0 [—v(t)] dt + /5 (t)dt /O ( 3)dt + /5 ( 3)dt

In3 In3

Using a graphing calculator, 051[13 (%2 —3)dt ~ —6.4792 and f5110n3 (%2 —3) dt ~
8.4245.

Therefore, the distance is

5In3 10
—~ / (%2t —3) dt + / (%% — 3) dt ~ —(—6.4792) + 8.4245 ~[14.904]
0 5

In3
The answer is D.
Consider cross sections perpendicular to the z-axis of thickness dzx.

The base of each triangle is [sinz — (1 —sinz)] = 2sinz — 1.

The height of each triangle is %(2sinz — 1).

The area of each triangle is 5 (base) (height) = 1[1(2sinz — 1)] (2sinz — 1) = $(2sinz — 1)°.
The volume of each cross section is dV = (Area) dz = §(2sinz — 1)% da.

To find the range for z, find the intersection of y = sinz and y = 1 —sinx.

sinx =1—sinx

2sinx =1
sing = 5
_ T Sm
SO, Tr = 3 and 5
S _ r5m/6 1 . 2 1 r57/6 . 2
Therefore, the volume of the solidis V' = fw/G 7(2sinz —1)"dx = 3 /6 (2sinz — 1)" dz.

Using a graphing calculator, V = § 576/6 (2sinz — 1)? dz ~[0.272]

The answer is B.

AP® Practice Exam

Part
1.

2, Free Response
(a) Partition [0, 6] into four subintervals: [0,1],[1, 3], [3, 5], and [5, 6].
Ar;=1-0=1, Aag=3-1=2, Aag=5-3=2, and Azy =6-5=1.
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Now apply the Trapezoidal Rule:

6
1/0 E(z) de ~ % {%[E(O) + E()] Az + %[E(l) + E(3)|Aws + %[E(?,)

+ E(5)]Azs + %[E(S) + E(6)]Ax4}

= S IEO) + BOI1) + [EQ) + EG)Q) + [B3) + BG)](2)

+ B
+ [E(5) + E(6)](1)}

_ 1_12[E(0) +3E(1) + 4E(3) + 3E(5) + E(6)]
_ %[1,0 +3(1.3) + 4(2.1) + 3(4.1) + 5.6]

= | 2.6 thousand feet |

(b) %ff E(z)dx = 2.6 thousand feet is
‘ the average elevation of the trail along the entire length of the trail. ‘

(¢c) For a function f that is continuous on the closed interval a < z < b and differentiable
on the open interval a < z < b, the Mean Value Theorem guarantees that f/(c) =

W for at least one ¢ between a and b.

Since function F is differentiable on the interval 0 < x < 6, it is also continuous on the
interval. For the interval 3 < z < 5, the conditions of the Mean Value Theorem are
satisfied. Since F(3) = 2.1 and E(5) = 4.1, there F’'(c) = E(5g:3E(3) =421 — 1 Mt
for at least one ¢ between 3 and 5. Therefore, there must be at least one distance x
for which the elevation increases at a rate of 1000 feet per mile.

(d) Since E’(x) > 0 on the interval 0 < x < 6, F is increasing on the interval 0 < x < 6.
Therefore, the Left Riemann sum is the lower sum and ‘ underapproximates | the value

of & f06 E(z)dx.

2. (a) The region is pictured below.

AT

y

I\J|n—t

=
+
=I

To find the points of intersection of the curve y = 13-916-7 with the horizontal line y = %,

set mﬁfq = % and solve for x. Multiply both sides by 2(:102 + 7) to obtain

8r=a>47
22 -8z +7=0
(x—=1(x-7)=0

The curve and the line intersect at z = 1 and 7.
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The area bounded by the two curves is fl ( 217 — %) dx.

Using a graphing calculator, the area is fl (mﬁ—fﬂ — %) dr ~|0.892 |

(b) Use the method of rings to find the volume of the resulting solid when the region in
(a) is rotated about the line y = —2.

7
Volume = 7 / [(outer radius)® — (inner radiuS)Q] dx
1
7 4z \? 1\
=7r/ (2+ 2+7> —(2+5> do ~[14.551
1 x

(¢) Each section perpendicular to the a-axis is a rectangle with a height equal to five

times the length of the base. The base is 1;417 . The height is 5(z2+7 — %)

2
The area of the rectangle is 5(12+7 — %) .

Multiply the area by the thickness of the section dzx.

2
The total volume is given by V =5 fl ( 2 — %) dx ~|0.862]|.

(a) The acceleration of the object is given by a(t) = v'(¢).

Use the product rule to find v/ (¢).
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(b) The position of the object at time ¢t = 5 is given by

5
z(5) = z(0) + /0 v(t)dt

= 4+f0 10e %1 cos (%) dt |.

(c) Since both the velocity v(t) and acceleration a(t) are negative for 2 < ¢t < 3.839, the
speed of the object is ‘ increasing on the interval 2 < t < 3.839 |.

Since v(t) < 0for 2 < ¢t < 6, the object is‘ moving to the left on the interval 2 <t < 6 |.

(d) The distance traveled by the object on the interval 0 < ¢ < 6 is

6
:/ [v(t)| dt = 10f§ le0-2 cos (ZE)| dt |
0

fo t) dt is the area of the trlangular region between f and the z-axis from

x—Otox—2. So, g(2 :fo 25(2)(4):'
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(b)
(©)

()

Using Part 1 of the Fundamental Theorem, ¢/(z) = & [ f(t)dt = f(z). So ¢'(2) =

dz Jo
f2)=[4]
Since ¢'(z) = f(z),g"(z) = f'(z). The graph of f has a cusp at = 2. The slope of
the line tangent to the graph of f at z = 2 is not defined. So, ¢(2) .
Since ¢"(x) = f'(x) > 0 for x < 2 and ¢"(z) = f/(z) < 0 for z > 2, function g has a
point of inflection at

For h(z) = [*, f(t)dt, I/ (z —dmf f(t)dt = f(z) = 0 when z = 5. So, h has a
critical number at x = 5. Since h'(z) = f(z ) >0 for x < 5 and h/(z) = f(z) <0 for
x > 5, function h has a relative maximum at .

Using properties of integrals, break up ff2 flt)dt

/Zf(t)dtz/Zf(t)dt—i—/:f(t)dt—i—/;f(t)dt—i—/jf(t)dt
+/02f(t)dt—|—/;f(t)dt—i-[lﬁf(t)dt

From the graph, fo t)dt = 4 and f4 t)dt = 0. Also, h(6) = 2 and h(0) = —2.

So, 2 = —2+ 4+ [} f(t)dt +0 and [, f( :.

Since f(x) = [;* V100 — 3 dt, g(0) = [ /100 — 13 dt = 0.

Using Part 1 of the Fundamental Theorem,

4z
g (z) = < V100 — t3 dt = /100 — (4x)3 [d } = 44/100 — 64x3.

dzr 0

So, the slope of the line tangent to the graph of g at x =0 is ¢’(0) = 40.
Using the point-slope form of the line, y — 0 = 40(z — 0).

The equation of the line tangent to the graph of g at x =0 is .

Since ¢'(x) = 4v/100 — 6422 > 0 on the interval 0 < 2 < 1, function g is increasing
on the interval 0 < z < 1. So, g is one-to-one on the interval 0 < x < 1 and therefore
has an inverse on the interval 0 < z < 1.

Since g(1) = A and h is the inverse of g, h'(A) = q/l =t 1]
’ g'(1) +/100—64(13) 24
(@) = g (a) = i4(100 — 642%)"/ R
g ~ 4! C dx

_ (! 3\ -1/2] d 3
= 4<2)(1oo 642 [dx(mo 642%)
B —384x:2

/100 — 6423

Since ¢”(x) < 0 on the interval 0 < z < 1, the graph of ¢ is concave down on
the interval 0 < x < 1. Therefore, a trapezoidal sum used to estimate g(1) =

f04 V100 — 3 dt is an | underestimation |

The right side of the differential equation d—;’ = % gives the slope of the line

tangent to the graph of y(z) at (z, y). For example, the slope of the line tangent to
2

the graph of y(z) at (1,2) is % = 2. Continuing in this manner, the slope is

calculated for each point indicated on the graph.
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(z, y) | Slope (z, y) | Slope
(1,2) 2 22) | 3
Ly ) o (2,1) | 0

The slope at each point is plotted on the graph below to produce the slope field.

4

1+ . .
/ J
/ 2 x

b) The line tangent to the graph of f at the point (1,2) has slope m = 220 _ o
(b) g grap p p 7

Use the point-slope form of a line to find the equation of the line.

y—2=2(x—-1)

‘y—2:2x—2‘0r‘y:2x‘

(¢) Rewrite the differential equation % = 2(‘”\/_51)2 as (yf—%)z = % dx.

Integrate both sides to obtain [ (yf—yl)z = % dz or —ﬁ = 4y/z + C for some
constant C.
Applying the condition that y = 2 when x = 1 yields —1 =4+ C.
Thus, C = —5 and —-15 = 4,/z — 5.
Y

Solving for y yields |y = 541\/5 + 1|




